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CHARACTERIZATION AND ANALYSIS OF EDGES USING THE
CONTINUOUS SHEARLET TRANSFORM

KANGHUI GUO* AND DEMETRIO LABATEf?

Abstract. This paper shows that the continuous shearlet transform, a novel directional mul-
tiscale transform recently introduced by the authors and their collaborators, provides a precise ge-
ometrical characterization for the boundary curves of very general planar regions. This study is
motivated by imaging applications, where such boundary curves represent edges of images. The
shearlet approach is able to characterize both locations and orientations of the edge points, including
corner points and junctions, where the edge curves exhibit abrupt changes in tangent or curvature.
Our results encompass and greatly extend previous results based on the shearlet and curvelet trans-
forms which were limited to very special cases such as polygons and smooth boundary curves with
nonvanishing curvature.

Key words. Analysis of singularities, continuous wavelets, curvelets, directional wavelets, edge
detection, shearlets, wavelets

AMS subject classifications. 42C15, 42C40

1. Introduction. Consider a function f(x,y), on a bounded subset of R?, which
is smooth apart from singularities along the curves vy, ...,v,. Our goal is to exactly
identify the curves 7, ...,7, and analyze their geometrical properties. This setting
provides an idealized model for a large class of images f where the singularity curves
Y1,---,7n represent the edges of the images. Since edges are the most prominent
features in images, their detection and analysis is a major task in several applications
from image processing and computer vision [3].

In this paper, we show that the shearlet transform, a novel multiscale directional
transform introduced by the authors and their collaborators, provides a most powerful
tool for the precise geometrical characterization of the edges of f. Our results encom-
pass, extend and refine a number of observations appeared recently in the literature,
which use the continuous wavelet transform and their generalizations to resolve the
singularities of functions and distributions.

It is well-known that the continuous wavelet transform, which maps a function f
into a transform Wy, f(a,t) depending on the scales a > 0 and the locations ¢, has the
ability to identify the set of singularities f. If f is smooth apart from a discontinuity
at a point x¢, then the continuous transform W, f (a, t) decays rapidly as a approaches
0 (fine scales), unless ¢ is near xo [10, 13]. Thus, the locations for the slow decay of
Wy f(a,t), as a — 0, can be used to resolve the singular support of f, that is, the set of
points where f is not regular. However, this standard multiscale approach is unable to
provide additional information about the geometry of the set of singularities of f. In
many situations, including the study of propagation of singularities in PDE problems
or in imaging applications where one is concerned with the analysis and detection
of edges, it is useful to not only identify their locations, but also their geometrical
properties, such as tangent vectors and curvature.

Very recently, starting with the seminal work by Candes and Donoho on the
curvelet transform [2] and later using our approach based on the shearlet transform [6,
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11], it was shown that, by appropriately combining the multiscale framework with the
ability to capture anisotropic and directional features, it is possible to describe both
the location and geometry of the set of singularities of functions and distributions. For
example, the continuous curvelet and shearlet transforms are useful to characterize the
wavefront set of a distribution [2, 11]. Other results show that, for some special regions
such as polygons and convex sets with boundary having non-vanishing curvature,
the continuous shearlet transform precisely capture the geometric information of the
boundary curves through its decay at fine scales [8]. Specifically, the transform decays
rapidly at fine scales everywhere, except on the edge points, for normal orientation, in
which case the decay is ‘slow’. Notice that it was previoulsy observed in [1] that the
curvelet transform of a function f decays rapidly for locations ¢ where f is regular; for
t on a singularity and normal orientation 6, the (discrete) curvelet transform satisfies
(fij04)] < C 217 at fine scales (see also [7]). This upper bound estimate, however,
does not guarantee that the decay is necessarily as slow as 2-%7 at t. To effectively
“detect” the discontinuity, an appropriate lower bound estimate is needed. This issue
was addressed in [8].

In this paper, we extend the observations above to a much more general and
“realistic” setting, by showing that the continuous shearlet transform is useful to
characterize the boundary curves of very general planar regions. This includes not
only smooth edge points, but also edge points with abrupt changes in the tangent
or curvature. Indeed such points (frequently indicated as corner points or junctions)
usually provide the most conspicuous and useful features for many algorithms of edge
analysis and feature extraction [17, 12].

\O(a%

Fic. 1.1. Asymptotic decay of the continuous shearlet transform of the B(x) = xs(x). At the

reqular points p € 9S, for normal orientation, the shearlet transform decays as O(a4). For all
other values of s, the decay is as fast as O(a™N), for any N € N. At the corner points, the shearlet

3
transform decays as O(a#) for both normal orientations.

To illustrate our results, let S C R? and suppose that its boundary 9S is a
piecewise smooth curve. Let B = xg, and consider the continuous shearlet transform
of B:

SHyB(a,s,p) = (B,Yesp), a>0,sceRpe R2.

This transform is mapping B € L%*(R?) into a collection of coefficients (B, qsp)
associated with scales a > 0, orientations s € R and locations p € R%. This approach
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is a truly multidimensional extension of the classical continuous wavelet transform,
providing a unique ability to capture the geometric information of multidimensional
functions. Specifically, we will show that the asymptotic decay of SHyB(a, s, p), at
fine scale a — 0, signals both the location and the orientation of the boundary curve
0S. The decay properties of the continuous shearlet transform are illustrated in
Figure 1.1, which shows that:

o If p ¢ 0S5, then |SHyB(a,s,p)| decays rapidly, as a — 0, for each s € R.

e If p € 0S and 0S is smooth near p, then |SHyB(a, s, p)| decays rapidly, as
a — 0, for each s € R unless s = s¢ is the normal orientation to S at p. In
this last case, |SHyB(a, so,p)| ~ at, as a— 0.

e If p is a corner point of 9S and s = sy, s = s; are the normal orientations
to 0S at p, then |SHyB(a, so, p)|, |SHyB(a, s1,p)| ~ al, as a — 0. For all
other orientations, the asymptotic decay of |SHyB(a, s,p)| is faster (even if
not necessarily “rapid”).

Notice that, by “rapid decay”, we mean that, given any NV € N, there is a Cy > 0
such that |SHyB(a, s,p)| < Ca, as a — 0. The more precise statements of these
results, including the discussion of the corner points, will be given in Section 3.
Supported by the theoretical results presented in this paper, numerical algorithms
for edge detection and identification of corner points have been developed by the
authors and other collaborators and presented in a separate paper. The numerical
tests clearly indicate that the shearlet approach outperforms wavelet-based and other
traditional methods which do not have the same ability to extract the directional
information of edges. We refer to [16] for extensive numerical demonstrations of the
application of the shearlet transform to problems of edge analysis and detection.
The paper is organized as follows. In Section 2, we recall the definition of the
continuous shearlet transform. Our main results are stated in Section 3. In Section 4
we develop some technical tools with are used in the proofs of our main theorems,
presented in Section 5. Finally, in Section 6, we briefly describe a shearlet-based
approach for the classification of some geometrical features in planar shapes.

2. The shearlet transform. We start by recalling the basic properties of the
continuous shearlet transform, which was introduced in [6, 11]. Consider the subspace
of L2(R2) given by L2(C)Y = {f € L2(R2) : supp f C C}, where C is the “horizontal
cone” in the frequency plane:

C ={(¢,6) €R?: & > 2 and |§—f| <1}.

The following proposition, which is a simple generalization of a result from [11], pro-
vides sufficient conditions on the function v for obtaining a reproducing system of
continuous shearlets on L2(C)V.

PROPOSITION 2.1. Consider the shearlet group A = {(Mys,p) : 0 < a <

> . For &= (61,52) S R2, &) 75 0, let

a —a'/?s

1 3 3
1)~ 92 S S S §7p € R2}7 where Mas = <0

") be defined by

al/2

M (€) = PM (&1, ) = (&) o (),

where:
(i) ¥1 € L3(R) satisfies the (generalized) Calderon condition

/00 |z/31(a§)|2@:1 for a.e. £ €R,

0 a



4 K. GUO AND D. LABATE
and suppids € [-2,~3]U[3,2];

(i) ||v2llL2 = 1 and suppips C [—1,1].
Then, for all f € L?>(C)Y, we have

:oqd da
fa) =[] [F ol vl 5 dsan

3
2

where ((IZL])D(:E) = | det M|~ 29 (M} (x — p)), with convergence in the L* sense.

If the assumptions of Proposition 2.1 are satisfied, we say that the functions
o = fp i 0<a<i -3 <s<3 peR? (2.1)

asp *

are continuous shearlets for L?(C)V and that the corresponding mapping from f €

L2(C)Y into SH™ f(a, s,p) = (f, 1/1((1];;» is the continuous shearlet transformon L?(C)Y
with respect to A, The index label (h) used in the notation of the shearlet system
U (and the corresponding shearlet transform) indicates that the system (2.1) has
frequency support in the horizontal cone C'; a second shearlet system will be defined
below with support in the complementary vertical cone.

Observe that, in the frequency domain, a shearlet 1/1,(1]2;, € ¥ has the form:

B (€1 60) = ¥ty (a€) dalaH (& - ) 29,
Thus, each function 1/3((1];;, has support:

~ 1
supp (), C {(€1,&) & €[~ 2, — &)U [, 2], |2 — 5| <af}.

That is, its frequency support is a pair of trapezoids, symmetric with respect to the
origin, oriented along a line of slope s. The support becomes increasingly elongated
as a — 0. This is illustrated in Figure 1.

13

(a, S) = (i,O)

Fic. 2.1. Support of the shearlets 1/A)asp (in the frequency domain) for different values of a and s.

There are a variety of examples of functions 11 and ¥ satisfying the assumptions
of Proposition 2.1. In particular, one can find a number of such examples with the
additional property that ¢, ¢ € C§° [6, 11]. For the kind of applications which will
be described in this paper, some further additional properties are needed. In particu-
lar, we will require that 1&1 is a smooth odd function, and that g[AJg is an even smooth
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function which is decreasing on [0, 1). We refer to [8] for details about their construc-
tions. In the following, throughout the paper, we will assume that the functions
and 1, satisfy these assumptions.

As shown by Proposition 2.1, the continuous shearlet transform SHEZL) provides
a reproducing formula only for functions in a proper subspace of L?(R?). To extend
the transform to all f € L?(R?), we can introduce a similar transform to deal with
the functions supported on the “vertical cone”:

C® = {(&1,6) €R*: |&| > 2 and & > 1}.
Specifically, let
(&) = P (&1, &) = () o (E),

where 77/}1, 1/32 satisfy the same assumptions as in Proposition 2.1, and consider the
shearlet group A") = {(Ngs,p) : 0 < a < 1, 73 <s < 3,p € RQ}, where N,z =
/2 o
( ) . Then it is easy to verify that the functions
—a

/25 q
W = (1) = |det Noo| 29 (N @ —p)): 0<a <) -3 <s<3peR?

are continuous shearlets for L2(C("))Y. The corresponding transform ‘S’l-lgf)f(a7 $,p) =

{f, wl(féb is the continuous shearlet transform on L?(C)Y with respect to A(*). Finally,
by introducing an appropriate window function W, we can represent the functions
with frequency support on the set [—2, 2]

£= [ W, o

where W, (z) = W (z—p). As aresult, we can represent any function f € L?(R?) with
respect of the full system of shearlets, which includes the set of horizontal shearlets
w((l};,),, vertical shearlets ¢E{i§) and coarse-scale isotropic functions W,,. We refer to [11]
for more details about this representation. For our purposes, it is only the behavior
of the fine-scale shearlets that matters. In this paper, we will apply the continuous
shearlet transforms SH,(;L) and 67{1(;), at fine scales (¢ — 0), to resolve and precisely
describe the boundaries of certain planar regions. Hence, it will be convenient to
re-define the “fine-scale” shearlet transform as follows. For 0 < a < 1/4, s € R,
t € R2, the (fine-scale) continuous shearlet transform is the mapping from f € L?(R?\
[—2,2]?)V into SHy f which is defined by:

SI—[(h) (a,s,p) if]s| <1
SHy f(a, s -
vf(a5:p) { 2”) (a,t,p) if|s|>1.

Remark. One can define a more general family of shearlet groups, associated
with a parameter 0 < o < 1. They are defined by Ay = {(Mys,t): 0 <a < i, -3 <

§,t € R2?}, where M, = (a - S) . Corresponding to these groups, one can

0 a“”
define a family of Continuous a-Shearlet Transforms SHS;‘) f with properties similar
to those of the one we defined above (case a = 1/2). For simplicity of notation, in the
following we will only consider the case & = 1/2. Our results presented below can be
easily extended to the other values of « € (0, 1) (see [8], where the transform SHf;X) f
is applied to characterize the boundaries of convex boundaries with non-vanishing
curvature).
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3. Main results. The main goal of this paper is to characterize the boundaries
of bounded planar regions S C R? by applying the continuous shearlet transform.

We assume that the boundary set of S, denoted by 0., is a simple curve, of finite
length L, and is smooth except for finitely many ‘corner points’. To precisely define
such corner points, it is useful to introduce a parametrization of 9S. Hence, let @(t)
be the parametrization of 35 with respect to the arc length parameter ¢t. For any tq €
(0, L) and any j > 0, we assume that lim, _, - A0)(t) = aV(ty ) and lim, .+ all(t) =
AW (tf) exist. Also, let 7i(t™), 7i(t*) be the outer normal direction(s) of S at @(t)
from the left and right, respectively; if these two are equal, we will write them as 7i(t).
Similarly, for the curvature of 95, we use notations x(¢t7), k(t1) and r(t).

We say that p = d(to) is a corner point of S if either (i) &' (ty) # +£a'(tJ) or
(i1) d'(ty) = £ (tg), but k(ty) # k(td). When (i) holds, we say that p is a corner
point of first type, while when (ii) holds, we say that p is a corner point of second
type. On the other hand, if &(¢) is infinitely many times differentiable at ty, we say
that d(to) is a regular point of 9S. Finally, we say that the boundary curve a(t) is
piecewise smooth if the values @(t) are regular points for all 0 < ¢ < L, except for
finitely many corner points.

The above definition of piecewise smooth boundary curve can be modified by
assuming that the regular points of 3S are M times differentiable, for M € N rather
than infinitely differentiable. All the results presented below can be adapted to the
case of piecewise CM boundary curves, for M > 3.

Let p = d(to) be a regular point and let s = tan(fp) with 6y € (=7, 7). Let
O(6p) = (cosbp,sinfy). We say that s corresponds to the normal direction of 95 at
p if ©(6y) = £7i(to). We can proceed similarly when &(to) is a corner point. In this
case, however, there are two outer normal directions 7i(¢; ) and 7(tg).

We are now ready to state our results.
If p ¢ OS, it was shown in [8] that the continuous shearlet transform SH,, B(a, s, p)
decays rapidly, asymptotically for a — 0. That is, for any s € R,

lim+ a N SHyB(a, sg,p) =0, forall N >0.
a—0
On the other hand, if p € S the asymptotic decay of the continuous shearlet trans-
form SHyB(a, s,p), as a — 0, we have the following facts.
THEOREM 3.1. Let p € 3S be a regular point.
(i) If s = sg does not correspond to the normal direction of S at p then

lim a_NSHwB(a, s0,p) =0,  for all N > 0. (3.1)

a—0t+

(ii) If s = sg corresponds to the normal direction of OS at p then

0< lim+ a i |SHyB(a, so,p)| < c. (3.2)
a—0
THEOREM 3.2. Let p € S be a corner point.
(i) If p is a corner point of the first type and s = sg does not correspond to any
of the normal directions of S at p, then

lim a~ % |SHyB(a, so,p)| < o. (3.3)

a—0t
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(ii) If p is a corner point of the second type and s = sy does not correspond to
any of the normal directions of S at p, then

0< lirg+ a” i |SHy B(a, so,p)| < 0. (3.4)
(i) If s = s¢ corresponds to one of the normal directions of S at p then
0< lim a% |SHyBla,50,p)| < oc. (3.5)

Theorem 3.1 shows that, for p € 95, the continuous shearlet transform decays
rapidly, asymptotically for a — 0, unless s = sy corresponds to the normal direction
of 3S at p, in which case

|SHyB(a, so,p)| ~ O(a?), as a — 0.

This generalizes the results found in [8, 11], which were limited to the case where
B = xs was a disc or a convex set with non-vanishing curvature. In the case of
the disc, a similar result, with the same decay rate, holds for the continuous curvelet
transform [2].

Theorem 3.2 shows that, at a corner points p, the asymptotic decay of the con-
tinuous shearlet transform depends both on the tangent and the curvature at p. If
s = sg corresponds to one of the normal directions of S at p, then the continuous
shearlet transform decays as

|SHyB(a, so,p)| ~ O(a?), as a — 0.

This is the same decay rate as for regular points, when sy corresponds to the normal
direction (but now there are two normal directions). If p is a corner point of the
second type and s does not correspond to any of the normal directions, then

|SHy B(a, s, p)| ~ O(a%), as a — 0,

which is a faster decay rate than in the normal-orientation case. Finally, if p is a corner
point of the first type and sy does not correspond to any of the normal directions,
then, by the theorem, we only know that the asymptotic decay of |SHy B(a, so,p)| is
not slower than O(a?); however the decay could be faster than O(a%). For example,
the following result shows what happens under certain special assumptions on the
curvature k(t) at p.

PROPOSITION 3.3. Let p = a(tg) € 9S be a corner point of the first type and
suppose that s = so does not correspond to any of the normal direction of 3S at p.

(i) If k(ty) k(td) = 0 and K(ty) + K(tg) > 0, then

0< hHl+ CL*% |SH1/)B(aa307p)‘ < 0.
a—0

(ii) Assume that &9 (tg) = 0 for all j > 2, then

lim a N SHyB(a, sg,p) =0,  for all N > 0.

a—0t

By Proposition 3.3, the asymptotic decay of SH, B(a, so,p), as a — 0, at a corner
p is very different when S is a half disk or S is a polygon. In the case when p is
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a corner point of a half disk (which satisfies the assumptions of Proposition 3.3(i)),
when sy does not correspond to the normal directions, we have that

|SHyB(a, so,p)| ~ O(a%), as a — 0.

However, when S is p is corner point of a polygon (which satisfies the assumptions
of Proposition 3.3(ii)), when sg does not correspond to the normal directions, for any
N € N there is a constant C > 0 such that

|SH ,B(a, s0,p)| < Cna®, as a — 0.

We want to point out that, for the continuous curvelet transform, when sy does
not correspond to the normal directions, the corner points of either the half disk or the
polygon have the same decay rate O(a%) as @ — 0. The reason behind this difference
is that the affine-like structure of the shearlet transform yields some useful cancelation
properties (see the remark made in the proof of Theorem 3.2); these properties do
not hold for the curvelet transform.

4. Localization lemmata and other useful results. We will now establish a
number of results providing the essential analytical tools to prove the main theorems
of this paper. Lemmata 4.1 and 4.2, in particular, show that the continuous shearlet
transform exhibits precisely those localization properties which are needed to analyze
the geometry of edges.

Let S be a bounded planar regions whose boundary is smooth except for finitely
many corner points, according to the definition in Section 3. Let B = xg.
By the divergence theorem, we can write the Fourier transform of B as

A - 1 Y .
B =%s(6) = ~gmgy |, ¢ i 9 () - 7i(x) do ()
1 [E . .
= _27rlp / e—QTF’Lp @(0)~a(t) @(9) . ﬁ(t) dt (41)

where £ = p©O(6), ©(0) = (cosf,sinf). (Notice that this is the same approach which
is used, for example, in [9]).
Using the expression above, we have that

SHwB(asp)
B, Yasp)
27
/ / (0,0) 5 (p,6) pdp do
27
—5 / /wffii, )e~2mip©O)3(1) ©(9) . fi(t) dt dpdh,  (4.2)

where the upper-script in w,(li)p is either d = h, when |s| < 1, or d = v, when |s| > 1.

For € > 0, let D(e,p) be the ball in R? of radius € and center p, and D(e, p) =
R?\ D(e,p). Hence, using (4.2), we can write the shearlet transform of B as

57'{¢B(a,s7p) = Il(a,37p) + 12(6173,19)7
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where

11(a 5,p)

27
~5 / / DD (p,0)e=27P OO0 Q) . fi(t) dt dpdf  (4.3)
i aSND(e,p)
Ir(a,s p)

27
_ 1 / / D (0, 0)e~2m 0 OOGD ©(9) . () dt dp do. (4.4)
aSNDe(e,p)

21

The followmg lemma shows that the asymptotic decay of the shearlet transform
SHyB(a,s,p), as a — 0, is only determined by the values of the boundary 9.5 which
are “close” to p.

LEMMA 4.1. Let Iy(a,s,p) be given by (4.4). For any N >, there is a constant
Cn > 0 such that

|I2(a757p)‘ S CN aN

asymptotically as a — 0, uniformly for all s € R.

Proof. We will only examine the behavior of Iz(a, s,p) for |s| <1 (in which case
we use the ‘horizontal’ shearlet transform). The case where |s| > 1 is similar. We
have:

2w
Ir(a,s,p) = / / D) (p, 0)e=2mir O3 ©(g) . (1) dt dp db
27” a0SNDe(e,p)
_ 3/4 27 . R
= - / / / U1 (ap cos ) hy(a=?(tan b — s))
21 Jasape(ep) Jo  Jo

2P ©(0) p dp dfe=2mir ©(0)-a(t) o) - 7i(t) dt
a-1/4

_ 2w 0o ~
S / / / V1(p cos0) da(a”/?(tan b — s))
21 Jasape(ep) Jo  Jo
x e2mi% ©(0)-(p—di(t)) O(0) - ii(t) dpdb dt.

By assumption, |p — @(t)|| > e for all @(t) € S N D(e,p). Hence, there is a
constant C) such that inf,cosnpeep) [p — 2| = Cp. Let T = {0 : |[tanf — 5| < az},
I, ={0:10(0)-(p—=x)| > %} N Z, and Z = Z\Z;. Since the vectors ©(6), ©’ () form
an orthonormal basis in R?, it follows that, on the set Z5, we have |©'(0)-(p—x)| > C—\/%
Hence we can express each one of the integrals I as a sum of a term where 6 € 7; and
another term where 6 € 7, and integrate by parts as follows. On Z;, we integrate
by parts with respect to the variable p; on Zy we integrate by parts with respect

to the variable 6. Doing this repeatedly, it yields that, for any positive integer n,
|I| < C,, a>. This finishes the proof of lemma 4.1. 1]

When p is a corner point of 9S and s corresponds to one of the normal directions
of 0S at p, it will be useful to replace a tiny portion of 35 around p by appropriate line
segments and arcs of circles. This is the motivation of Lemma 4.2. Before presenting
this lemma, we need some notations.

Let @(t) be the boundary curve 95, with 0 < ¢ < L. We may assume that L > 1
and p = (0,0) = @(1). We can write

C=05ND(e(0,0) =CuC™,
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where
T={dlt): 1-e<t<1}, Ct={alt): 1<t<1+e} (4.5)

According to the definition given above, if 04(7")(1’) # :I:oz(?”)(lJr) for some m > 1,
then p = (0,0) is a m-corner point. Otherwise, if @(t) is continuously differentiable
at t = 1, then p is a regular point.

Let k(17), x(1T) be the curvature of 3S at p from the left and right respectively.
If K(17) >0, let C~ = {3(t) : 1 —e <t <1} be an arc of the unique osculating circle
of OS at p from the left. If, on the other hand, x(17) = 0, then let C~ = {A(t) :
1—€e <t <1} be asegment of the tangent line of 9S at p from the left. In the proof
of Lemma 4.2, we will use the fact that ||@(t) — 5(t)|| < C(1—t)? forall t € [1 —e, 1].
Also let M~ to be the line segment connecting a(1 —€) to B(1 —¢). Similarly, we
define the curve Ct = {3(t): 1 <t <1+ e} and the line segment M+ which are
associated with the curve C*. Finally, we set C=C" U C*and M = M- U M M+ and
we denote by S the planar region whose boundary is 5 = (85 \ C)U (CU M ) and
B = Xg- That is, in a neighborhood of (0,0), we have replaced the boundary 95,
with unions of arcs and/or segments, depending on the values of the curvature of 9.

The following lemma adapts some ideas from the proof of Theorem 4.1 in [8].

LEMMA 4.2. Let B = X3, where S is defined above. For any s € R, we have

lim a~ 7 |SHyB(a,s, (0,0)) — SHyB(a, s, (0,0))| = 0.

a—0t

Proof. Without loss of generality, we may assume s = 0. Let  be chosen such
that 3 < < 3. Also one can assume that a” < ¢, so that D(a?,(0,0)) C D(e, (0,0))
(and, hence, Lemma 4.1 applies).

A direct calculation shows that

‘SH¢B(a,0,(0,0)) SH,B(a,0, (0,0)) / [a0o ()] [xs(x) — xg(z)|dx
=Ti(a) + Ts(a),

where, for = (z1, 22), we have:

lw

Ti(a) =a~

/ W(a e, a= b)) [xs (@ 2) — xa (@ e2)| de des
D(a",(0,0))

NI

To(a) =a~

/ [W(a e, a”2x0)| |xs (a1, 22) — x5(21, 22)| day daa.
De<(aY (0 0))
Observe that:

Ti(a) < Ca~? / IXs (@1, 72) — x5 (21, 22)| dy daa.
D(a",(0,0))

To estimate the above quantity, it is enough to compute the area between S and S.
From the construction of C, we have

14+a”

L@=cat [ an - Al
1—a”
5 14+a” )
gca*z/ |1 —t]3dt
1—a”

_s3
=(Ca" 1,



CHARACTERIZATION AND ANALYSIS OF EDGES 11

Since v > £, the above estimate shows that T} (a) = o(at).
The assumptions on @ imply that, for each N > 0, there is a constant Cy > 0
such that [ (z)| < Cn (1 + |2[?)~N. Thus, for a < 1, we can estimate T»(a) as:

Ts(a) < Ca™1 / W(a_lxl, a_%xg)\ dx1 dxo
De(av,(0,0))

1

-N
/ + (o tey)? + (a_EJ:g)Q) dxy dzo
¢(a7,(0 O))

I/\
»Mw

I /\

—-N
% / _1/2 ) + (a_5x2)2) dxl dl‘g
(a7,(0 O))

1

=CyaVN™1 / (:B%+33§)7N dxq dxsy
D¢ (a7,(0,0))

oo
/ r 72N g
a”

= Oy a2NG—+2-1

N—

oo

:CN(Z

Since v < 1 and N can be chosen arbitrarily large, then Th(a) = o(a?). d

The following result is a special case of the method of stationary phase (Proposi-
tion 8.3 from [14]).

LEMMA 4.3. Let ¢ and ¢ be smooth functions. Suppose ¢'(xg) =0 and ¢"(xg) #
0. If ¢ is supported in a sufficiently small neighborhood of zq, then

J(N) :/ ei/\¢(m)w(m) d = aget #(@0) \~1/2 +o(Y),

as X — 0o, where

Finally, the following technical result follows by adapting an argument from [8].
For completeness, its proof is reported in Appendix A.

LEMMA 4.4. Let 1y € L2(R) be such that ||ibs]lz = 1, suppihs C [—1,1] and v is
even and decreasing on [0,1]. Then, for each p > 0, one has

/0 Yo (u) (sin(ﬁpu2) + cos(wqu)) du > 0.

Notice that the assumptions above on 1 are the same as those we made in
Section 2.

5. Proofs of Main Theorems. We start by proving Theorem 3.2.

5.1. Proof of Theorem 3.2. (Part (i)). Assume that s = sy does not corre-
spond to any of the normal directions of 8S at p = (0,0). Let sp = tanfy. In the
following, we will assume that |0g| < F. Otherwise, for the case § < [0y < 7, we
can proceed very similarly, after replacing the “horizontal” shearlet transform, with
the “vertical” shearlet transform. Since the analysis of this situation is very similar,

it will be omitted.
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T.%] and [Z,3"], and changing the variable § = ¢’ 4+ 7

27 2D

Cutting [-F, 5] into [-F, §
for the integral on [7, 37”] we can write Iy, given by (4.3), as

Il(a, S0, (0 0)) = 111(a S0, (O 0)) + Ilg(a,S(), (0,0)),

where, for j = 1,2,

Ilj(a7 S0, (0 0))
a
271

) tha(a™?(tan 0 — tan 6y)) K i(a, p,0)dédp,

and
Kj(a7p7 0) = Kjl(a7p70) + KjZ(CE,p, 9)7

with
1 L
Kii(a,p,0 / e 2miaO0)dM) 9 (0) - n(t) dt,
1

14+e€
Kia(a, p, 6 / o 2mi50(6) a(t)@( ) - n(t) dt,
1

1
/ 2771”@(9 )-a(t) @(9) (t) dt,

Kon(a, p,0) = / e2miEO0)E(0) (9) . n(t) dt.
1

By the support condition on 1&2, we have that 8 — 0y as a — 0. Since sy = tan 6
does not correspond to any of the normal directions of 95 at (0,0), it follows that
(1) # 0. Hence, for a sufficiently small (in which case 6 is near ), there is an

O(fp)-a'(1
e > 0 sufficiently small, such that ©(6)-&'(t) # 0 for all § neat 6y and ¢t € [1 —¢,1+4¢].
Writing
o~ 2mi2O(0)-a(t) _ —a (6727”25@(0)-52@))/
2mip ©(0) - ' (¢) '

and then integrating by parts twice the integral K71, with respect to t, we obtain

1 N
___a —amice)-aw) ©0) - 7i(t)
Kuf(a.p,9) zm'p/ (e ) o) - ™

= Ki11(a, p,0) + Ki12(a, p,0) + K113(a, p,0) + O(a®),

where
K (a, p,0) = _%Z_pe—zm"w a1 >W
Kiia(a, p,0) = %6—27””@(9) a(- 6)99(())2((1156))
Kiia(a,p.0) = (Q;‘;) (emsoman L0 0}
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Similarly, one can write
K12(CL, 12 0) = K121(a7 P 0) + K122(a7 P 9) + K123(CL, P 9) + O(QB)'

Accordingly, we can write

Li1(a, s0,p) = Ii1(a, 0. p) + I112(a, 0, p) + L113(a, s0,p) + O(a®),
where, for [ = 1,2, 3,

a i 0o p2m ~ 12
- P1(pcosh) a(a (tand — tanfp)) x
2 Jo  Jo

x (K11(a, p,0) + Ki2(a, p,0)) d6 dp.

Illl(aa Spr) =

Similarly for the integral I;5, we can write

Ia(a, s0,p) = Ti21(a, s0,p) + I122(a, so,p) + I123(a, so,p) + O(a®),
where, for [ = 1,2, 3,

a i oo 2 R
/ Y1 (pcosf) y(a /2 (tan § — tan b)) x
271 0 0

x (Kau(a, p,0) + Kaa(a, p,0)) db dp,

IlQl(aa 507p) =

and the terms Ko7, Ko9; are constructed as the corresponding terms K1, K19;. It is
easy to see that

Ki11(a, p,0) + Ki21(a, p, 8) + Ko11(a, p, 0) + Ka21(a, p,0) = 0;

hence it follows that!

I (a, s0,p) + L121(a, so,p) = 0.

Since 0 is simple, it follows that @(1—¢) # (0,0) and &(14¢€) # (0,0). Therefore,
by the argument in Lemma 4.1, we have that, for any N > 0,

|I12(a, 50,p)] < Cna, asa—0.
similarly one has
|T122(a, S0, p)| <CndaV, asa—0.

It only remains to analyze the terms I113, I123. To do that, notice that each one of
the elements K113, K123, K213, K223, is made out of two terms, one at t = 1+€ and one
at t = 1. Similarly to I112(a, so, p) and I122(a, so,p), the terms evaluated at t =1+ €
have fast asymptotic decay as a — 0, and can be included in negligible part O(a?).
Thus, in order to determine the asymptotic decay rate for I113(a, so, p) + I123(a, so, D),
one only needs to analyze the corresponding Kj;;, terms at ¢ = 1.

IHere the the assumption that ¢:1 is odd makes this cancelation possible. Notice that the cor-
responding generating function in the curvelet system is only defined in the radial direction and,
hence, does not have the same cancelation property.
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Let x(t) be the curvature of 9S at @(t). According to the Frenet formulas [4], we
have that @’ (t) = (t) 7i(t) and @' (t) = —k(t) &'(t). Hence, using these formulas and
the fact that the pair {&@’(¢), 7i(t)} is an orthonormal basis in R?, we have:

( e() - ni(t) >'
0(0) - &(t)
_ (©(0) -7'(t) (©(F) - a'(t)

It follows from the above observations that

2
lim (B> (K1_13(a750ap) +Kf—23(aa SOvp))

a—0t \a

_ K(17) B k(17)
-~ (2mi)? ((9(90) Sa'(11))3  (©(6p) .07(1—))3) : (5.1)

Similarly one has

. PN\2 "
lim (a) (K213(a,50,p) +I(22:3<aa So,p))

a—0t

_ K(17) B k(17)
 (2mi)? ((@(90) ~a@'(1+))3 (©(6) .@’/(1—))3) : (5.2)

Now by making the change of variables u = a*%(tané —tanfy) in I113 and I3,
and applying (5.1) and (5.2), we obtain

lim ai(%+2) (1113(aa307p) + 1123(a7507p)) = _A7

a—07t
where
~ cos? by k(1T) B K(17)
4= ((@(90)'d’(1+))3 (@(90)'&’(1))3)
X/O U1 (pcosby) dp /_1@[;2(u) du. (5.3)

This completes the proof of part (i) of Theorem 3.2.

(Part (ii)) Tt is enough for us to show that A # 0, where A is given by (5.3).
In this case, we have that

FOH) =a@17) or &(1t) = —a'(1).
If &(17) = a’'(17), from k(1) # k(17), we have

cos? 0y k(11) — k(

_ 17) [ 1
4= (@(90)-@(1))3/0 1(pcosty) dp [1¢z(u>du¢o.
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If on the other hand, @'(17) = —a&'(17), then it follows that #(1F7) = —7 (1~
Since @”(11) = —k(11)7i(17) and @"(17) = k(17) 7(17), and since (1) # k(1™
we see that it is not possible to have xk(17) = x(17) = 0. Since we know /{(1*) >
and x(17) > 0, it follows that k(17) + x(17) > 0.

Thus we have

)-
);
0

Y

cos? 0y, k(1T) + k(17

( ) oo 1 R
B sy fy Dt [ o

This completes the proof for (ii) of the theorem.

A:

(Part (iii)). By the assumptions on the corner points, we see that if s corresponds
to the normal orientation to C~ at p, then it cannot correspond to the normal ori-
entation to C* at p. By part (i), it is enough to consider C~ or C*. Thus, we may
assume that s corresponds to the outer normal direction to C~ at p = @(1) = (0, 0).
Without loss of generality, one may assume that @'(17) = (1,0) so that 7(17) = (0, 1)
(by rotating the coordinates if necessary).

Case 1: k(17) > 0.

According to Lemma 4.2, we may replace C~ with g(t), a tiny arc of the osculating
circle of C~ at p = a(l) = (0,0). We observe that in this setting, 7(t) = O(¢),
dt = {7 do and 3(¢) = (0, wiy) + sa ©(¢) with ¢ € [~7/2 — 6, —m/2], where
d = arcsin(e £(1)). Omitting faster decaying terms, we can write:

—7/2 )
Kolap.0)= [ riso0 ot o0 o(9) 0(g) — do,

—m/2—4 H(l)

1 ome sin 6 /2 i2 1o cos(6—¢)
- ¢ e e @ ®(D cos(f — ¢) do,

K 1) —m/2—46
/24045
_ 1 6_27ri§ K<11) sin 0 / 6_27”'§ﬁ cos(¢) COS((Zﬁ) do.
H(l) /240
Let
a”i o Y (—1/2
I7 (a,00,0) = — o /0 ; U1 (psin ) 1y (a=? cot ) K~ (a, p, 8) db dp.

Thus, using the expression of K~ (a, p, ), and the change of variable § — 0+ m/2,
one obtains:

_1 27
_ a 4 . - _ —2mi2 —1 _sin6
L W”Q“Z‘Wm/o [ i(psind) dofa™ 12 corg) T TS

/24045 o
x/ e~ 2mie za=y os(@) cos(¢) do df dp
/2460

a” %

2T R R ) . ‘
e — _ 9 _ 71/2t 9 27TZ§ FCO&E’
2m'f<;(1*)/0 | Y1(—pcost) Pa(—a anf)e

0445 . 1 3
" / 6—2ﬂz§m cos(¢) COS(¢) dd) dé dp
6
= T1(a,00,0) + Tx(a, 00,0),
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where
Ty(a.00,0) = i /oo /2 12} ( Coso)'l/; ( ~1/2 tan 0) 62771‘5 Tll—) cos 6
R 2mik(17) Jo —r/2 e 2
6+6 cp 1 .
x / ¢ 2wy SO) cos() dp df dp
0
-1 oo p3m/2 )
a 4 h 2 2mi2 —1— cos @
T. 0)= —— 0 “1/2tan6 @ %)
5(a,00,0) Srin(i) /0 /ﬂ/2 1 (pcos ) a(a anf)e
o+o i2 —1 _ cos
X / ¢ e T cos(@) cos(¢) do df dp.
0
We can break up the integral with respect to the variable ¢ which appears in T}
and T5 as
0+5 o
H(a, p,6) = / e PR Y cos(9) do
0
- Hl(aa p) + HQ(aa 12 9) + H3(CL, 12 9)3
where

1

5 )
Hi (a, p) = / e MRS ) cos(9) do
0

o+6 —27mi 2 —L1— cos(¢)
Hofa,p.0) = [ 25505 ) cos(9) ds
0

—2miga=y ©os(9) cos(¢) do.

0
Hifa,p.0) =~ [ ¢
0

Hence, we can break up T as 17 = T11 + T2 + Ti3, where, for j = 1,2, 3, we have:

_1 oo pm/2 .
a 4 ~ ~ _ i L 1 0
TU(“»OO’O):W/O | Dilpeost) dn(a tant) ¢ T oo
xHj(a,p,0)df dp.

For the T» term, notice first that the support condition on ¢, implies that 0] <
a'/2; hence the integral H, is supported on an interval of size 0] < a'/2. In addition,
(cos ) =sing # 0 for ¢ € [0, + 0]. Thus, one can integrate by parts the integral
H, repeatedly. By doing this, one shows that the integral T} ;(a, 00,0) exhibits fast
asymptotic decay as a — 0.

To analyze Ti3, we start applying the change of variable ¢(a) = a'/?a to the
integral Hs:

cos(al/?

*) cos(a'?a) a'da.

Hs(a,p,0) = —/ e

0

Hence, the corresponding integral T3 can be expressed as

1 oo pm/2 )
a4 ~ A _ 2mi2 —1 (cos0—1)
00,0) = ————— 0 1/24an6 a w(17)
T13(a, 00, 0) 27”_5(17)/0 _ﬂ/zz/}l(pcos ) ¥2(a anf)e

a" 120

—27i 2 —1 cos(a'/?a)—
x/ e’ ey (cost )-1) cos(a'%a)da df dp.
0
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Using the change of variables u = a~'/?tan# (from which: 6,(u) = arctan(a'/?u),

df = ﬂ%, cosf = ﬁ), we obtain:
% 2mil —1 <71 _1)
Tis(a,00.0) = T sty o T
2mik(17)
~%e 1 1/2 d
></0 Pl 5 (cos(a'/?a)-1) cos(al/Qa)doz 1+1Zm2 dp.

cos(a'/?a)—1 _

Notice that lim, o a~/260(u) = lim,_.o a~/? arctan(a'/?u) = u, lim, ¢ -

1
1 " Vitau? _

—§a2 and lim, .o —~ "~ = %uz‘ Hence:

lim a=%/*Ty3(a, 00, 0) = / U1 (p / (/ emRa® da> o (1) e TR du dp.
a—0 27rm 0

Since [;' ™70 do is an odd function for the variable u, and 1 is even, then the
above quantity is 0. This implies that T13(a, 00,0) is a o(a®/*).
Concerning 771, notice first that

§
—2mi2

Hifa,p) = [ e 05 9 cos() do

S~

1 —2mi COSs
) / 5 cos(9) do.

Let G € C§°(R) be a such that G(t) = 1 for |t| < 16 and G(t) = 0 for [t| > 36, and
write

1 0 —27i 2 —L — cos(¢)

5/ ¢ Y cos(¢) do = Ji(a, p) + J2(a, p),

)

where

PP

5
Ji(a,p) = %[5 e e tas ma=y cos(@) cos(¢) G(¢)dg

1 6 —27i2 — L _ cos
To(a,p) = 3 / 5 P D cos(g) (1 - G(6))de.

By Lemma 4.1, it follows that Ja(a,p) = O(a”) as a — 0 for any N > 0. For
J1(a, p), one can use Lemma.4.3 to show that

1 —2mil Lo —3/2
e o))

Thus, we may write 711 (again omitting the higher order decay term) as

1 3m,
Tn(a,oo,()) = % / 7,/11(,0(3089) wZ( —-1/2 tan&) 2mi L (—(cose—l)dgp,%dp
—m/2

It follows from the argument for 713 that

371 7i7u2
lim a=%/*Ty; (a, 00, 0) = - / Ui (p / Yo (u e dup_%dp.

L T L1
a—0 4mi(k )2
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Similarly one has

}Lii% a73/4T21 (Cl, o0, O)

4mi(k % / d)l / ¢2

. p 2
Tl——<Uu
r(17)

dupfidp.
Thus
hm+a i SHyB(a, 0, 0)

a—0
= lim a 4(T11 a,00,0) + Tr (a, 00,0))

a—0t

37 — iLuz T 71'1;#11.2 1

=7 / di(p / Uo(u)feTle RO feile™ R0 TdupT2dp

4m )z

=—F ) ho (1) [cos u2) + sin(—L w2 dup %
= - / ¢1(p)/ Y2 (u)[cos( (,) )+ ((K(l,) ) dup~2dp
/ U1 (k / Py (w)[cos(mpu?) + sin(wpu?)] du p~ 2 dp

Now it follows from Lemma 4.4 that

lim a~*/*SH,, B(a, o0, 0) > 0.
a—0

Case 2: k(1) = 0.
By Lemma 4.2, we may assume that C

is a segment of the tangent line of S at
(0,0). Thus, omitting faster asymptotic decay terms, we can write

Iy (a,0,0)
- 2m
= C;ﬂ—: / ’(Z)l(pslne) 1;2(01—1/2 cot 9) / e—27ri§@(0)~(x1,0) @(9) . (0 _1) diL’]_ do dp
o Jo .
a~"i [0 [ . 0 y
= T om / / P1(psin0) vo (a2 cot 0) / e=2mifeLcost g 0 dry df dp
o Jo .
a % o] 2
~ 2mi

0
/ U1 (pcosB) o(a™/? tan 0) / TG TG o650 dxy df dp,
0 0 —€

where, in the last equation, we have used the change of variable § — 6+ /2. Finally,
similarly to Case 1, we write I; (a,c0,0)

T (a,00,0) + T>(a, 00, 0), where
.Y
4

Tl (a’a 00, 0)

211

3#/2
T5(a,00,0) =

0
/ / 1 (pcos )y (a? tan ) / 2rigesing o066 dry df dp,

271'1

0
1(pcosB) ihy(a™/? tan 0) / e2mETsing o650 dxy df dp,
To analyze Ti(a, 00,0), it will be useful to introduce

_ -1 o pm/2 R 0
Ty (a,0,0) = C;WZ/O P D1(p) the(a™? sin@)/ e?miamising o5 0 day df dp.
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For |0 < C a'/?, we have

11 (p cos 0) o (a™? tan 0) — ¥y (p) Ya(a™ "/ sin 0)|
< WI(PCOSH) — 9 Y1(p)| \7,;2( —1/2 tan0)| + |1;1(p)| Wg(a_l/2 tan g) — 1&2(@_1/2 sin 0)]
|cosf — 1] +a~ 2| tan 6 — Sln0|>

| /\

<c

( +a V2| tang||1 — cos¢9|)

( +a 12 92) < Ca.

Hence, noticing that the integration with respect to 6 yields a term C a'/?, we obtain
‘Tl(a, 0,0) — T} (a, oo,())’ < Ca Y4 ?a = C .

Using the change of variables u(6) = a~'/?sin 6, we have:

1
Tl(a 00, 0) ar / / 1/11 1/12 / g dzidudp
27rz e

/ / QZ}Q(U) eQﬂi%Ull dudxy dp

271'2
27m (%) dry dp
2m/ o [ ierde a.
where, in the last equality, we have used the change of variable x = %xl. Hence
ilina 4T1(a 00,0) = (2mi)~ / U1 (p dp / o (x
Similarly one has
ilina 4T2(a 00,0) = (2mi)~ / 1/) dp / Ya(x
Thus
hm a=*4SHy B(a, 0, 0) = (2mi)~ / Ui(p / o(z) da

= Cri) (0 [ L #o
0 p
This finishes the proof of Theorem 3.2.

5.2. Proof of Theorem 3.1. (Part (i)) Since p = (0,0) is a regular point,
there is no need to split C' as C~ and C*. Thus, as in the proof of (i) of Theorem 3.2,
we let

1

—
I](CLS0,0) 27_‘_1

2m
/ / 1 (pcos ) by (a2 (tan 6 — tan 60)) K (a, p, 0) dO dp,
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where
1+e Y .
K(a, p,0) = / ¢~2Ri200)-3(1) O (9) - n(t) dt.
1—e¢
Let G(t) € C5°(R) with G(t) = 1 for [t —1| < £ and G(t) = 0 for |t — 1| > 3¢. Let
14+e€

Ki(a,p,0) = / e~ 2miEOOaM) g0 . n(t)G(t) dt
1—e

14e€
Ks(a,p,0) = / e~ 2miEOOa) g0 . n(t) (1 — G(t)) di
1—e

_1
a1 ~

00 2m
/ / U1 (pcos ) by (a2 (tan 6 — tan 00)) K1 (a, p,0) db dp,
o Jo

Ill(a,S(),O) = — omi
a_% o0 2 ~ ~
Ii5(a, $9,0) = o7 / ¥1(pcosB) hy(a /2 (tan O — tan b)) K2 (a, p, 0) d6 dp,
o Jo
such that I (a, s0,0) = I11(a, so, 0) + I12(a, so, 0).

Applying Lemma 4.1 to I2(a, so,0), it follows that |I12(a,so,0)] < Cna¥ for
any N > 0. Since sy does not correspond to the normal direction at p, we see that
O(0) - a'(t) # 0 for ¢t near 1 and 6 near y. It follows from repeated integration by
parts that |I11(a, s9,0)| < Cya®.

Part (ii)) This can be proved by following the argument for (iii) of Theorem 3.2
with C~ replaced by C.
This finishes the proof of Theorem 3.1.

Finally, notice that the proof of Proposition 3.3 follows easily from a closer ex-
amination of the arguments of parts (i) and (ii) of Theorem 3.2.

6. Algorithms for edge analysis. To demonstrate the potential of the shearlet
framework in the analysis of edges, we will now briefly illustrate how the properties
of the shearlet transform can be exploited to identify smooth regions and edges,
and to distinguish regular edge points from different kind of junctions and corner
points. Let us consider the simple image u, in Figure 6.1(a), containing edges and
smooth regions. Figure 6.1(b) shows several plots of the discrete shearlet transform
SHulj, ¢, k], at a fixed scale ‘“fine’ jo, for some representative locations kg. Notice that
the discrete shearlet transform maps the image u into coefficients depending on the
discrete scales 277, j € Z, orientations 1 < ¢ < 2/+! and locations k € Z2. We
refer to [5, 16] for details about the discrete shearlet transform and its numerical
implementation. As Figure 6.1 indicates, we can recognize four classes of points from
the plot of Sk, (¢) = |SHuljo, !, ko]|. Namely, at the junction point kg = A, Sa(¢)
exhibit three peaks corresponding to the three normal orientations to the three edge
segments converging into A; at the point ko = B on a smooth edge, Sg(¢) has a single
peak; at a point £ = C in a smooth region, Sc(¢) is essentially flat; finally, at a point
ko = C “close” to an edge, Sp(¢) exhibits two peaks but they are much smaller in
amplitude than those for the points A and B. The same behavior holds, essentially,
for more general images. In particular, in the presence of a corner point, the behavior
is similar to point A, with the plot of the shearlet transform showing two main peaks
corresponding to the orientations of the two normal orientations at the corner point.

Based on these observations, one can design simple algorithms for classifying
regular edge points, corner points and different kind of junctions points based on
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their geometrical properties. We refer to [15, 16] for additional details about this

and other algorithms for edge analysis and detection, and for extensive numerical
demonstrations.
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Fic. 6.1. (a) Test image and representative points A (junction), B (regular edge point), C
(smooth region), D (near edge). (b) Magnitude of the Discrete Shearlet Transform Si({), as a
function of the orientation parameter £ for the points k indicated in (a). Notice the different scaling
factor used in the y-axis, for the plots of points C' and D.

Appendix A. Proof of Lemma 4.4.

Here is the proof of Lemma 4.4.

Proof. Let g(p) = fol o () (sin(mpu?) + cos(mpu?)) du. By a change of variable,
we obtain:

9(p)= /Op

M\»—-

Vo (\/Z) (sin(mv) + cos(mv)) dv = g1(p) + g2(p),

where

91(p) = /OP vTE 1&2(\/%) sin(mv) dv
92(p) = /OP vE 152(\/%) cos(mv) dv.

If p < 1, it is trivial to see that g;(p) > 0 since 1hy(0) > 1, s(z) > 0 on [0,1]
and sin(rz) > 0 on (0,1). Now assume that 1 < p < 2. Since by (x) is decreasing on
(0,1), we have

g1(p) = /1 v_%%(\/;) sin(7v) dv +/ 2 sm(m;) dv

0
1}_%1/;2(\/:) sin(7v) dv —/ (v+1) %d; (\/7) sin(mv) dv
(v_%z/;g(\/:) (v+1)~ 24, (\/m)) sin(mv) dv > 0.

N)-‘

>

O\HO\H
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For p > 2, one can find £ > 1 and 0 < ¢ < 2 such that p = 2k 4 {. In this case,

we have:

2k 1o~ L 1~

np) = [ o al [ sin(ro) vt [ v bialf3) sin(ro)do
0 2%k
= go(p) + 9¢(p),
where

90(p) = kg/ ((0+2)7445(,/ 220+
— (0425 + 1) 2y /%pj“)) sin(rv) dv;
gc(p) = / o+ 26 F () sin(ro) do.

It is easy to verify that go > 0 and g > 0 and hence g; > 0.
Next we consider ga(p). If p < 1, it is trivial to see that go(p) > 0 since cos(rz) >

0 on (0,%). Now assume that + < p < 3. Since cos(mv) < 0 on (3, 2), we have

’ v_%lﬁg(\/%) cos(mv) dv

—/Oé v_i’?ﬂ}(\/g)Cos(m;)clv—&-/é

SIS

g2(p) =

> /0; v_%@l;g(\/%) cos(mv) dv + /Og ’U_%ll;z(\/%) cos(mv) dv
> o aly/ ),

3 e
where ¢ = 2 0™ cos(mv) dv. Since [V 2 cosudu > 0.4 > 0, it follows that co > 0.

0
For 3 < p < 5, since cos(mv) > 0 on (2, 2) , we have:

Az(\/g) cos(mv) dv + /1g v_%lﬁg(\/%) cos(mv) dv

v
p
2

2(\/%) cos(mv) dv
’ 1)7%1/;2(\/%) cos(mv) dv

3 U*%q/;z(\/g) cos(mv) dv +/
> Co 1&2(\/%) > 0.

For p > g, one can find n > 1 and 0 < ¢ < 1 such that p = %—i—n—i—g. Let us
examine the cases where n is even and odd separately. If n = 2k, for some k > 1, we

-

+
o\ mh o\
<
e
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have

((v + 2j)_%1ﬁ2(\/@) —(v+2j+ 1)_%zﬁ2(, /%)) cos(mv) dv

3+¢ .
+/ (v+2k)_%w2(1/Lp2k) cos(mv) dv
> co 1/;2(\/;2) > 0.

If n =2k + 1, for some k > 1, we have

This completes the proof. ]
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