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OPTIMALLY SPARSE REPRESENTATIONS OF 3D DATA WITH C? SURFACE
SINGULARITIES USING PARSEVAL FRAMES OF SHEARLETS

KANGHUI GUO* AND DEMETRIO LABATE?

Abstract. This paper introduces a Parseval frame of shearlets for the representation of 3D data, which is especially
designed to handle geometric features such as discontinuous boundaries with very high efficiency. This system of 3D shearlets
forms a multiscale pyramid of well-localized waveforms at various locations and orientations, which become increasingly thin
and elongated at fine scales. We prove that this 3D shearlet construction provides essentially optimal sparse representations
for functions on R? which are C2-regular away from discontinuities along C? surfaces. As a consequence, we show that within
this class of functions the N-term approximation f ]‘3 obtained by selecting the N largest coefficients of the shearlet expansion
of f satisfies the asymptotic estimate

If = fall3 < N"'(log N)?,  as N — oo.

This asymptotic behavior significantly outperforms wavelet and Fourier series approximations which only yield an approxima-
tion rate of O(N—1/2) and O(N—1/3), respectively. This result extends to the 3D setting the (essentially) optimally sparse
approximation results obtained by the authors using 2D shearlets and by Candés and Donoho using curvelets and is the first
nonadaptive construction to provide provably (nearly) optimal representations for a large class of 3-dimensional data.

Key words. Affine systems, curvelets, nonlinear approximations, shearlets, sparsity, wavelets.

AMS subject classifications. 42C15, 42C40

1. Introduction. Sparse representations of multidimensional data have gained more and more promi-
nence in recent years as a variety of applied problems require to process massive and multi-dimensional data
sets in a timely and effective manner. This is a major challenge in applications such as remote sensing,
satellite imagery, scientific simulations and electronic surveillance. Sparse representations enable not only
to accurately and reliably compress data and expedite their transmission and storage, but also to develop
more effective algorithms for tasks such as feature extraction and pattern recognition. In fact, constructing
sparse representations for data in a certain class entails the intimate understanding of their true nature and
structure [10].

Wavelets and other traditional multiscale methods have been extremely successful during the past 20
years because of their ability to provide optimally sparse representations for data with point singularities.
This property was exploited to develop a number of impressive applications in signal and image processing.
Wavelets, however, are not equally efficient when dealing with distributed discontinuities, and this is a ma-
jor limitation in multidimensional applications where edges and discontinuous boundaries are frequently the
dominant features of the objects to be analyzed. This inefficiency of wavelets in dealing with distributed
singularities is due to their isotropic nature, which hampers the ability to really capture the geometry of
edges and other essential features of multidimensional data. To overcome these limitations, a new generation
of multiscale systems was introduced in recent years, most notably the curvelets [2], the contourlets [8] and
the shearlets [13, 14], which are especially designed to represent efficiently anisotropic features in images.
The intuitive idea behind their construction is that, in order to deal efficiently with the edges and the other
anisotropic features which are prominent in most images of practical interest, the analyzing elements must
be defined not only at various locations and scales, as traditional wavelets, but also at various orientations
and with highly anisotropic shapes. Thanks to their geometrical properties, the curvelet and shearlet repre-
sentations turn out to be essentially as good as an adaptive representation from the point of view of their
ability to approximate images containing edges. Specifically, for functions f which are C? away from C?
edges, the N term approximation ff, obtained from the N largest coefficients in its curvelet or shearlet
expansion, obeys

IIf = ff,”g = N_2(logN)37 as N — oo. (1.1)

*Department of Mathematics, Missouri State University, Springfield, Missouri 65804 (KanghuiGuo@MissouriState.edu).
TDepartment of Mathematics, University of Houston, Houston, Texas 77204 (dlabate@math.uh.edu)

1



2 K. Guo and D. Labate

Ignoring the loglike factor, this is the optimal approximation rate for this class of functions, as claimed in [2];
in comparison, the wavelet and Fourier representations only achieve approximation rate N—! and N—1/2
respectively.

The goal of this paper is to extend to the 3D setting the remarkable optimal approximation result
achieved for piecewise smooth functions of 2 variables. This new 3D result will be derived using a system of
3D shearlets which forms a Parseval frame of well-localized functions defined at various locations, scale and
orientations.

Notice that a number of 3D multiscale directional constructions have been already proposed in the
literature, including the 3D curvelets in [1] and the surfacelets in [26]. In all these cases, the focus of
these constructions is the numerical implementation. Also 3D shearlets have been already introduced in the
literature (e.g., [5, 6, 14]) and some of their microlocal properties have been recently analyzed by the authors
in [16]. However, no rigorous analysis of the sparsity properties of curvelets or shearlets or any other similar
system in the 3D setting has been published so far and, in particular, there is no proof of the analogue of
estimate (1.1) for the 3D setting. The extension of this result to 3D is highly nontrivial since the proof of
the (almost) optimal sparsity does not follow directly from the arguments used in the 2-variable case and,
as it will be apparent from our presentation below, this analysis requires to introduce some fundamentally
new tools.

In this paper, we prove that Parseval frames of 3D shearlets provide essentially optimal sparse represen-
tations for piecewise smooth function of 3 variables. As a consequence of our result we show that, denoting
by fx the shearlet approximation of f which is obtained from the N largest coefficients of its shearlet
representation, the approximation error satisfies

||f—fj€,||% xN_l(logN)27 as N — oo. (1.2)

This is the first published proof for a result of this type and it is the analogue of estimate (1.1) in the 3D
setting. In a certain sense which will be made precise below, the rate N ! is the best rate achievable. Notice,
in particular, that the approximation error rate (1.2) obtained using the shearlet representation significantly
outperforms wavelet and Fourier approximations, whose asymptotic approximation error rates are of the
order of N=%/2 and N~1/3, respectively.

As an additional remark, it is important to emphasize that the approach presented in this paper is
purely non-adaptive. Adaptive approximations of multidimensional piecewise smooth functions can be found
in [3, 25, 27, 31, 32]. Remarkably, for the class of functions considered in this paper, the shearlet approach is as
effective as an adaptive representation with respect to its ability to approximate 3D data with discontinuous
boundaries.

Concerning the comparison of shearlet and curvelet representations, one prominent difference is that
shearlets use shear matrices rather than rotations to control the directional features of the representation
system. This is more ‘natural’ in discrete implementations, since shear matrices, unlike rotations, preserve
the integer lattice. In fact, it is useful to recall that the so-called digital curvelets introduced in [1] to derive
a digital implementation of the curvelet transform use shearing rather than rotations. In this respect, the
shearlet approach ensures a unified framework for both the continuum to the digital setting [19, 20, 22].
Digital implementations of the shearlet representation which are faithful its continuous-domain counterparts
are found in [12, 23] for the 2D setting and in [29] for the 3D one.

Remark. During the final editing of this paper, a similar (essentially) optimal sparsity result was
announced, without proof, by Kutyniok, Lemvig and Lim, based on a new remarkable construction of
compactly supported shearlet frames [24]. This approach considers frames which are not Parseval frames
and extends the corresponding 2D approach introduced by the same authors in [21]. Despite the fact that
such frames are not tight, the ability to have compactly supported analyzing functions is an advantage in
some applications. While the proof of this result is not available at this time, we expect it to be very different
from the one found in this paper, due to the very different construction of the analyzing system (cf. the 2D
proof in [21]).
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1.1. Outline. The paper is organized as follows. The construction of the 3D Parseval frame of shearlets
is presented in Section 2. The main results of the paper are given in Section 3. The technical constructions
needed for the proofs are collected in Section 4. Finally, Section 5 discusses the general issue of optimally
sparse approximations and the theoretical best error approximation rate that can be achieved in 3D.

2. The shearlet representation. The shearlet representation, originally derived from the framework
of wavelets with composite dilations [18, 19], provides a general method for the construction of function
systems made up of waveforms ranging not only at various scales and locations, as traditional wavelets, but
also at various orientations. Thanks to the ability of the shearlet systems to deal with directionality and
anisotropy, the geometric content of multivariate functions and data is captured much more efficiently than
using wavelets or other traditional representation methods. In addition, as mentioned above, the use of
shear matrices enables shearlets to provide a unified treatment of the continuum and digital setting. These
properties and the special flexibility of the shearlet framework made shearlets very successful in several
imaging applications [4, 11, 12, 15, 30, 34].

)

Fic. 2.1. Frequency support of a representative shearlet function ¢J(. ¢ 1 inside the pyramidal region P1. The orientation

of the support region is controlled by £ = (£1,£2); its shape is becoming more elongated as j increases (j = 4 in this plot)

The construction of 3D shearlets presented below is similar to the digital curvelets from [1]. An alter-
native way to construct smooth Parseval frames of shearlets is discussed in Sec. 5.2
In dimension D = 3, a shearlet system is obtained by appropriately combining 3 systems of functions
associated with the pyramidal regions
7)1 = {(51752763) € R3 : |%| S 17 |%| S 1}7
7)2 = {(51352753) € RS : |%| < 17 |%| < 1}7
Py ={(61.6.6) € R 8] < 1,18 <1},

in which the 3D Fourier space is partitioned.
To define such systems, let ¢ be a C°° univariate function such that 0 < ¢ <1, ¢ =1 on [—1—16, %] and

¢ = 0 outside the interval [—g é] That is, ¢ is the scaling function of a Meyer wavelet, rescaled so that its
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frequency support is contained the interval [—3, £]. For & = (£, &, &3) € R?, define

B(€) = (&1, 60,63) = D(E1) (&) D) (2.1)

and

= /8222 - ().
It follows that

)+ > W227%g) =1 for £ € R, (2.2)
7>0

Notice that each function W]-Q = W?2(27%.) has support into the Cartesian corona
[-272—1 9=2%—1]3\ [_9~2%—4 9=2—4]3 - R3,
and the functions W]-Q, j > 0, produce a smooth tiling of the frequency plane into Cartesian coronae, where
> W2 V) =1 for R\ [-3, 3% (2.3)
Jj=0
Next, let v € C*°(R) be such that suppv C [-1,1] and
lo(u — )2 + o)) + [v(u+ 1) =1 for |u < 1. (2.4)

In addition, we will assume that v(0) = 1 and that v (0) = 0 for all n > 1. It was shown in [14] that
there are several examples of functions satisfying these properties. It follows from equation (2.4) that, for
any j > 0,

27
Z (29 u—m)? =1, for |u| < 1. (2.5)

m=—27

Hence, for d = 1,2,3, £ = (¢1,€3) € Z?, the 3D shearlet systems associated with the pyramidal regions
P, are defined as the collections

(0390 5> 0,27 < ty,6, <2k € 2%, (2.6)
where

~ . [
w](j?k(g) — |detA(d)|*J/2 ( 235) V(d)(fA B[ E) 27rz£A(d)B(d) : (2’7)

Vi (€1,62,83) = v(éf) (5’) Vigy(€1,62,83) = U( Lv ( ), Vis) (&1, 62, &3) = U(£ )U(%% the anisotropic dila-
tion matrices A(d) are given by

4 0 0 2 00 2 00
A(]_) - 0 2 0 B A(g) = 0 4 0 5 A(g) == 0 2 0 5
0 0 2 0 0 2 0 0 4
and the shear matrices are defined by
" 1 4 4 " 1 0 0 " 1 0 0
B(1) =10 1 0 B(Q) =46 1 4, B(g) =10 1 0
0 0 1 0 0 1 b by 1
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Notice that (B(Md]))* B([d)é])
Due to the support conditions on W and v, the elements of the system of shearlets (2.6) have compact

support in Fourier domain. In particular, for d = 1, the shearlets 1/3](-12) (&) can be written more explicitly as

i i i pl=t1—£2]
Vi e n(€) =279 W(Q2Pe)w ( 22 51) ( Z’ — fz) 2RiEAG By TR (2.8)
showing that their supports are contained inside the trapezoidal regions

3

Uje = {(&1,&,8&) 1 & € [-2%71 2%~y 2274 22771 |§ — 27| <27 |ff£22 i< 279},

These support regions ' become increasingly more elongated at fine scales, with the orientations controlled
by 41, {5, as illustrated in Fig. 2.1.

A simple computation shows that the elements of the shearlets systems (2.7) can be written in space
domain as

d ¢
wj(',z),k( ) = \detA( )|J/2 jZ(B([d])Azl)

for j >0, £ = ({1,0s) with £1,0, <27 k € Z3,d =1,2,3, where

DY) = W(2THEB Aly) Vi (),

— k), (2.9)

showing that the systems (2.7) are not affine-like. However, the functions w](.f? depend very little on j, /.
Indeed, thanks to the support and regularity conditions on W and V{g), one can show [17] that for each
v = (71,72,73) € N* and each N > 0 there is a constant C, n 4 > 0 such that,

L7 (@)| < Oy (L4 la) 7Y, (2.10)

with Cy n g independent of j, .

2.1. A smooth Parseval frame of shearlets for L?(R?). A Parseval frame of shearlets for L?(R?)
is obtained by using an appropriate combination of the systems of shearlets associated with the 3 pyramidal
regions Py, d = 1,2, 3, together with a coarse scale system, which will take care of the low frequency region.
In order to build such system in a way that all its elements are C2° in the Fourier domain, the elements of
the shearlet systems overlapping the boundaries of the pyramidal regions P, in the Fourier domain have to
be modified. Hence, we define the 3D shearlet systems for L?>(R3) as the collections

[ ke U {Brona: 520000 <2, |l <2 ke Z8,d=1,2,3}
U {%,z,k D> 0,0,0p=+2 ke Z3} (2.11)

consisting of: B
e the coarse-scale shearlets {¢)_1 = <I>( k) : k € Z®}, where ® is given by (2.1);
e the interior shearlets {QZM’;W = wﬂk J > 0,[0]] < 29,k € Z3,d = 1,2,3}, where w () are
given by (2.7);
e the boundary shearlets {’(ngkd 2§ >0,0 <290y = £29 k € Z3,d = 1,2,3} and {lzjgk j >
0,01,0 = £27 k € Z3}, obtained by joining together slightly modified versions of @/}j Ok ¢(2)k and

wj( Lk for 41,09 = +27. Their precise definition is given below.

!Notice that, since |¢1], |€2\ < 27, each support region U, , is contained in a box of size ~ 227 x 27 x 27 in the Fourier

domain. Since the functions 1/)] Z 0ok ATE C2°, it follows that in space domain their supports are essentially contained inside

c

boxes of size & 2729 x 277 x 277,
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For j > 1, 61| < 27, b5 = +27 we define

(V)01 ,3,01)

(Vj,01,00,k,2)

(V),61,02,5,3)"

FOYj > ]., 81762

. . . . [—(£1,22)]

o [FPEWEEOU(E - 0) (¥ - 6) 7 T e e py
= . . 2477 Bl (z )],

2 U B W(2 e o(28 - ) 0(2E - ) STETADTGTTE e e Py

&2
(2.12)
—2j—3 —2j j£1 J 53 27.”52 JB[ (€3, /1)]k_ .
) 2 W (2 f)v(2 5—2—62)@(2 5—2—61)6 7@ if £ € Pa,
= , , . . =2 4—i gl—(f2,€1)]
(B8 ) o(S - 6) T e

2723 W (22 v (22 —
—2j—3 —2j &1
2-2-3 /(2 Jg)v(2J5;

. -2 [ (£1,€2)]

(&) = . [~ (¢1,62)]
1)11(21% —42) 62’”52 @B ’“, if € € Py

14
4

= £27, we define

. . . . [—(£1,£2)]
2-2j-3 W(2—2]£)v(2]% _gl)v( % —52) 27272 J)B(> 1.2 k7 iffePl,

~ . . . —j gl=(£1,£2)]
(Brnta ) () = § 2753 W (2728 0(28 — 1) (28 — ) ST TR e e Py,

‘ ‘ L roy— i gl=(1.62)],
28 W (22 (28 — ) v(2 8 — ) ST TGP TR e e Py,

Similarly, for j =0, ¢1,f5 =0, £1, we define

£ —l)u(g o)™, ey,
(Co,00,02.6) () = W w( & — 1) v( & — ) 2™k, if £ € Py,
£ &2
&3 3

*1—61 v *3—62 e27ri§k’ 1f£€P3

Notice that the boundary shearlet functions are compactly supported in the Fourier domain by construction.
In addition, it can be shown that they are C*° in the Fourier domain. In fact, let us consider the function
(V25 0,.)", given by (2.12). To show that it is continuous, it is easy to verify that the two terms of the
piecewise defined function are equal when & = & and & = £3. The smoothness is verified that checking the
derivatives of these functions on the plane & = & = £3. Specifically, we have that

56 T POu(2(E - 1) o E - ) T T

0&1 13
=2 G (2 (6,60,60)) o0) o2 — 1) 27
' 1
%W@*Qﬂ' (€1,61,€0)) 0/ (0) 0(2 — £y) 272761k
‘ZW@-%‘(a,gm))v(m V(27— by) 22 0k

F2mi(27 2 2k = 27 Pk — 27 o ky) W27 (61,61, 61)) 0(0) 0(27 — £2)

Xe27‘ri(272j72§1k1+27j72(52—51)k2+27j72(53_€227j51)kS)-
?
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. . . o2 g —i =27, 1]
[W(rzﬂov(zjé—l4))11(2]5—342) T ABED T e e,

2 13
B (27 (6,60,0)) (0) o2 — ) 270k

0
0

— 9~

+§i W (27 (£1,61,61)) v (0) v(27 — £y) e2mi2 ik

1

F2mi(27 2y — 279 2y — 272 kY W27 (€1, 61, 61)) v(0) v(27 — £3)

XeQwi(272j72§1k1+27j72(52—51)k2+27j72(53—5227j51)k3)_

Since v/(0) = 0 and v/(27 — f3) = 0 (this is due to the fact that v'(0) = 0 and v’ vanishes outside its support

in (—1,1)), the two partial derivatives agree for £ = & = £3. A very similar calculation shows that also the

partial derivatives with respect to & and &3 agree for §; = & = £3. This observation can be repeated for

higher order derivatives since v(™)(0) = 0 for all n > 1, implying that the functions (¢, ¢, x)"(£), given by

(2.12), are infinitely differentiable. A similar computation shows that all boundary shearlets are infinitely

differentiable. Notice that this idea for constructing regular boundary shearlets by matching the shearlet

elements from different pyramidal regions is similar to an idea [1] (even though no details are provided there).
For brevity, in the following it will be convenient to denote the system of shearlets (2.11) using the

compact notation:

{thu, 1€ M}, (2.13)

where M = M U M;U Mp are the indices associated with the coarse-scale shearlets, the interior shearlets,
and the boundary shearlets, respectively, given by
o Mc={p=(j,k):j=—1,k € Z3} (coarse-scale shearlets)
o My ={u=(jly,la,k,d): j>0,l1|&|la] <27,k € Z3 d=1,2,3} (interior shearlets)
o Mp = {/J, = (j,gl,gg,k,d) 3 >0, ‘€1| < 2j,€2 = :t?j,k S Zg,d = 1,273} U {N = (j,gl,gg,k) >
0,01,0y = £27 k € Z3} (boundary shearlets)
We have the following result, whose proof is found in [17].
THEOREM 2.1. The 8D shearlet system (2.13) is a Parseval frame for L2(R3). In addition, the elements
of this systems are C*° and compactly supported in the Fourier domain.

2.2. Significance. Before presenting the proof of the main sparsity result, a simple heuristic argument
can be used to explain why the 3D Parseval frame of shearlets constructed above is expected to be particularly
effective in providing very sparse representations for functions of 3 variables with discontinuous boundaries.
In fact, let us consider a bounded function f, defined on a bounded domain, which is smooth away from a
discontinuity along a smooth surface. We will examine the behavior of the shearlet coefficients of f, which
are given by s,(f) = (f,%,), where the shearlet elements ¢, are given by (2.13). For simplicity, we will

only consider the interior shearlets wﬁ)’k, given by (2.6). The first observation is that, thanks to their
localization properties, at scale 2727, the elements wj(.de) &> are essentially supported on a parallelepiped of size

272 x 279 x 277 with locations controlled by k, and orientations controlled by £. Also, using (2.9) it follows
that

d i d 4 j 924 d
[ wu@ae =2 [ B Alye = wlde =27 [ 0]

so that, at scale 2727, all these shearlet coefficients are controlled by

55,06 (F)] < 1 Flloo 10571122 < C27%. (2.14)

At sufficiently fine scales (for j sufficiently large), it is reasonable to assume that the only significant coef-
ficients are those corresponding to the shearlet elements which are tangent to the surface of discontinuity.
Since there are O(227) coefficients of this type and they are bounded by (2.14), it follows that the N-th
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largest shearlet coefficient in magnitude, denoted by |s(f)| x| is bounded by O(N~'). This implies that, if f
is approximated by taking the N largest coefficients in the shearlets expansion, the L?—error approximately
obeys the estimate:

If = falie < ) ls(HIfy <N (2.15)

>N

A rigorous analysis of the behavior of the shearlet coefficients is the main goal of this paper and will be
presented below. This analysis requires a careful examinations of the terms which were neglected in our
heuristic argument and, as the detailed calculations below will show, this produces an additional logarithmic
factor, finally yielding estimate (1.2).

3. Main Results. Before stating our main results, let us define the class of functions that will be
considered in this paper. Fix a constant A > 0. We will consider a class M(A) of indicator functions of sets
B C [0,1]* whose boundary ¥ = 9B is a C? 2-manifold which can be written as |J, £, where o ranges
over a finite index set and X, = {(v, Ea(v)), v € Vo, C R?}, such that ||[Eql/c2(v,) < A for all a. Also, let
C2([0,1]3) be the collection of twice differentiable functions supported inside [0, 1]3. Hence, we define the
set £2(A) of functions which are C? away from a C? surface as the collection of functions of the form

f=fo+ fixs,
where fo, fi € CZ([0,1]*), B € M(A) and || fllcz = 3 ,j<all D flloo < 1.

Let {{EH : u € M} denote the Parseval frame of shearlets for L?(R3) given by (2.13). The shearlet
coefficients of a function f are the elements of the sequence {s,(f) = (f,v¥,) : p € M}. We denote by
|s(f)|(n) the N-th largest entry, in magnitude, in this sequence. We can now state the main results of this
paper. _

THEOREM 3.1. Let f € E2(A) and {s,(f) = (f,1u) : p € M} be the sequence of shearlet coefficients
associated with f. Then

sup [s,(f)lvy < C N~!(log N). (3.1)
feEZ(A)

Let us comment on the significance of this result. It shows that, up to the loglike factor, the shearlet
representation provides the optimal degree of sparsity for functions in £2(A). In fact, as discussed in more
detail in Sec. 5.1 (extending a classical 2D result by Donoho in [9]), there is no representation

F=cilf) e

satisfying polynomial depth search that can provide approximations for f € £2(A) where the coefficients
(ci(f)) are bounded in weak P norm for p < 1. That is, the rate N~! in (3.1) is the optimal that can be
achieved using not only orthogonal bases or frames but even considering larger dictionary, as long as they
satisfy a polynomial depth search condition.

Using Theorem 3.1, we are just one step away from our other main result about shearlet approximations.
Indeed, let f f, be the N—term approximation of f obtained from the N largest coefficients of its shearlet
expansion, namely

=" (f ),
nelN

where Iy C M is the set of indices corresponding to the N largest entries of the sequence {|s,(f)| =
|(f,1u))? : u € M}. The approximation error satisfies the estimate:

1F = FR15 < D7 150 Emy-

m>N
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Therefore, from (3.1) we immediately have:
THEOREM 3.2. Let f € E2(A) and f3 be the approxvimation to f defined above. Then

If = FNl3 < CN! (log N).

This result extends to the 3D setting the essentially optimal approximation result given by (1.1).

3.1. Arguments and constructions. The general structure of the proof of Theorem 3.1 follows the
overall structure of the corresponding 2-dimensional sparsity result in [14]. However, as it will be clear below,
the core of the proof requires a fundamentally new approach which is significantly different from the 2D case.

As in [14], it will be convenient to introduce the weak—? quasi-norm ||-||we» to measure the sparsity of
the shearlet coefficients (cf. [7] for an overview of the weak¢? spaces). For a sequence (s, ), this is defined
by

1
I8 pullwer = sup NP [sul vy,

wheret [s,|y) is the N-th largest entry in the sequence {s,}. One can show (cf. [33, Sec.5.3]) that this
definition is equivalent to

1
p
sy llor = (sup#{u: 5] > })
e>0

To analyze the decay properties of the shearlet coefficients {(f, J,Q: € M} at a given scale 277, j > 0, we
will smoothly localize the function f near dyadic cubes. Namely, for a scale parameter j > 0 fixed, let Q;
be the collection of dyadic cubes of the form @ = [’2“—}, klg-l] X [%, kz;jl] X [’;—f, k?’;jl], with k1, k2, ks € Z. For
w a nonnegative C°>° function with support in [—1,1]3, we define a smooth partition of unity

Z wg(z) =1, z€R?

QeEQ;

where, for each dyadic square Q € Q;, wg(z) = w(27xy — kq,2 2wy — ko, 27w3 — k3). We will then examine
the shearlet coefficients of the localized function fo = fwg, ie., {( fQ,J,) : 4 € M}, where M, denotes
the collection of the u € M such that j is fixed (for example, in the case of the indices associated with the
interior shearlets, M; = {(j, {1, (2, k,d) : =27 < l1,0 <29 k € Z3,d=1,2,3}).

As it will be shown below, for f € £2(A), the shearlet coefficients {(fq, 7:2;#> : € M;} exhibit a different
decay behavior depending on whether the surface intersects the support of wg or not. Let Q; = Qg-) U Q},
where the union is disjoint and Q‘; is the collection of those dyadic cubes @) € Q; such that the surface
intersects the support of wg. Since each ) has sidelength 2 - 277, then Qg has cardinality \Q?\ < Cp 2%,
where Cj is independent of j. Similarly, since f is compactly supported in [0, 1], \Q]l\ < 2% 4+6-2%,

Using this notation, we can now state the basic results that are needed to prove Theorem 3.1. For

simplicity, in the following, we will use the same letter C' to denote different uniform constants.
THEOREM 3.3. Let f € £2(A). For Q € Q?, with j > 0 fized, the sequence of shearlet coefficients

{<fQ7{EmU> RN TAS M]} obeys

(£, D) llwer < C 27,

for some constant C independent of Q and j.
THEOREM 3.4. Let f € E2(A). For Q € Q}, with j > 0 fized, the sequence of shearlet coefficients

{(fQ,{/JVM © p € M;} obeys

1(fq, bpudllen < C27%,
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for some constant C independent of @ and j.

The proofs of Theorems 3.3 and 3.4 are rather involved. Theorems 3.3, in particular, is the “hardest”
part of the new sparsity result, and is the result whose argument is most different with respect to the 2D case.
Concerning Theorem 3.4, it also shows that 3D shearlets are as effective as traditional isotropic wavelets in
dealing with smooth functions. 2 Before presenting the proofs of Theorems 3.3 and 3.4, we show how these
two theorems are used to prove Theorem 3.1. Indeed, we have the following simple corollary.

COROLLARY 3.5. Let f € E*(A) and, for j >0, s;(f) be the sequence s;(f) = {{f,u): p € M;}. Then
there is a constant C independent of j such that:

155 () lwer < C.

Proof. Using Theorems 3.3 and 3.4, by the triangle inequality for weak ¢! spaces, we have

lss(Nllwer < D 1@ ) e

QEQ;
< S e ddllus + 37 Fas Bl
QeQy QeQ!

<ClQ) 27 +ClQ)|27Y
<C(2%27% 4 2% 274y < C,

Here we used the facts that [Q9| < C'2%, where C' is independent of j, and |Q}[ < 237 + 6 - 2%7.
We can now prove Theorem 3.1

Proof of Theorem 8.1. By Corollary 3.5, we have that
R(j,e) = #{ne M;: [(f )] >} <Ce L. (3.2)

Next observe that, for an interior shearlet wﬂ)w given by (2.6), using (2.9) and (2.10), a direct calculation
gives

(D ) = ‘ /R (@) 2% w<d>(B}f})A{d)w — k) da
<2 || £l / R (B Algyw — )] de
=2 fle [ W)y < 727, (3.3)

A very similar computation holds for the boundary shearlets. As a consequence, there is a scale j. such
that |(f,v,)| < € for each j > je. Specifically, it follows from (3.3) that R(j,e) = 0 for j > 2 (log,(e™!) +
log,(C")) > 2 logy(e1). Thus, using (3.2), we have that

2logy(e™ ")
#peM: |(fdu) >ed <D RGe)= Y R(j,e) < Ce ' logy(e™),
Jj=0 Jj=0

and this implies (3.1). O
4. Proofs of Main Theorems.

2Furthermore, an argument similar to Theorem 8.2 in [2] can be used to analyze the estimate the Sobolev norm of a smooth
function using shearlet coefficients.
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4.1. Proof of Theorem 3.3. Let us consider a function f € £2(A) which contains a C? surface of
discontinuity. For j > jo sufficiently large, the scale 277 is small enough, so that, over a cube of side 277,
the surface of discontinuity can be parametrized as 1 = E(x9,x3) or xo = E(x1,x3) or x5 = E(x1,22). For
simplicity, we will assume that this surface, denoted by 3, satisfies the equation

z1 = E(v2,23), —277 <zg,23 <277,

Also we assume that the surface contains the origin (0,0, 0) and the normal direction of the surface at (0,0, 0)
is (1,0,0), which is equivalent to assuming that E(0,0) = E,,(0,0) = E,.(0,0) = 0. As we will show in
Section 4.5, there is no loss in generality in analyzing this case only, since the situation where the surface
does not contain the origin or has a different normal direction can be easily converted into the case where
E(0,0) = F,,(0,0) = E,,(0,0) = 0. To further simplify the notation, throughout the remainder of the
paper, for a function g(z) with € R? and m = (mq,ms) with 0 < |m| = my + mo < 2, we will write %g
as gm.-

From Taylor’s Theorem we have that E(z2,23) = 1(E(2,0)(c)23 + 2E(1,1)(c)z2m3 + E(g,2)(c)x3), where
¢ = (c2,c3) is some point in [—277,279)2. Tt follows that

|B(@2,23)] < 27 (| E2,0) oo + 1B 11 lloo + 1 E0,2)lls0)-

Thus, the surface is locally nearly flat near the origin. Notice that this only holds for j > jo. The situation
when j < jo is much simpler and will be handled separately in Section 4.6.

x3

X2

7L
L¢/

suface — 2

x1=E(x2,x3)

x1

FiGc. 4.1. The surface of discontinuity ¥ of equation x1 = E(x2,x3). A line with direction E¢/ through the point x
intersects the surface at most in one point.

The key step in the following argument is based on the estimate of the decay of the function f near the
surface of discontinuity. In order to define this localized version of f, let wy be a nonnegative C*° window
function with support in [—1,1]3. Hence, for j € Z, a surface fragment is a function of the form:

(@) = wo(2'2) 9(&) Xjar> Bas o) (7), @ € [-277,277, (4.1)
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where g € C2((—1,1)3). After re-scaling, we have
F(I) = f(27jI) = wo(:c)g(277z) X[z1>EW (z2,23)] (SC), (S [_lv 1]37 (42)

where EU)(zy,23) = 29 E(277x5,2 723). In particular, we have that ﬁ(f) = 237 f(27¢), and, thus, writing
¢ € R3 in spherical coordinates as A®, where A > 0, © € 52, we have that

/ |F(AO))? d\ =275 / |E(AO)[2 dA. (4.3)
A€EJa,b]

Ax€2-7[a,b]

For simplicity of notation, without loss of generality we may assume that (|| E2,0)llco +1E(1,1)lloc + [ E(0,2)[l0c) =
1, which yields that |E(z2,73)| < 27% and |E, (22, 73)| < 277 for |m| < 2 for all (zq,23) € [-1,1].

4.2. Analysis of the Surface Fragment. The main goal of this section is to obtain an L? estimate for
the elements of the Parseval frame of shearlets against the surface fragment (4.2). For this, it will be sufficient
to consider the interior shearlets (2.6) associated with the pyramidal region P;. In fact, the boundary
shearlets satisfy similar support and regularity conditions, except for the fact that they are piecewise defined,
so that the estimates involving these functions against the surface fragment can be handled in the same way.
It is also clear that the analysis for the shearlets associated with the other pyramidal regions P, and Ps can
be handled in exactly the same way.

In the following, it will be convenient to express ¢ € R? using spherical coordinates, so that we will write
& = (pcosfsin ¢, pcosfsin g, pcos @), where p > 0, 6 € [0,27) and ¢ € [0,7]. Since we are only dealing

T 37 T T

with the frequency region contained in P;, we will assume that ¢ € [§, ] and 6 € [-F, §]. Also notice

that, since the variables &5, 5 are symmetric in the construction of the shearlets in P;, we may assume that
|| < [€2]. :
For€:(€13527€3)€7)17j207 |£1|§|£2‘§2Jalet

L;0(6) =W(27%¢) v(?j & _ el) v<2j & _ £2> . (4.4)
&1 &1

Using this notation, the interior shearlets (2.8) associated with the pyramidal region P; can be written as
R . e a—d =t
B0k = 27 Dy (g) STABP,

We have the following useful result:
THEOREM 4.1. Let f be the surface fragment given by expression (4.1). Then, for each j > 0, and
[01],|l2] < 27, the following estimate holds:

L ORI de < 02701+ feal) ™ (4.5)

The proof of these results is based on the computation of the ray transform of the surface fragment f which
is presented below.

4.3. Ray Transform And Fourier Slice Theorem. While the Radon and ray transforms of bivariate
functions are equivalent, this is not true in the three-dimensional setting [28]. Namely, the 3-dimensional ray
transform maps a function on R? into the sets of its line integrals; this is different from the Radon transform
which maps a function on R? into the sets of its integrals over planes in R3. More precisely, if © € S2? and
x € R3, then the ray transform of g € S(R?) is defined by

Pg(O, ) z/Rg(t@—i—x) dt.

This is the integral of g over the straight line through x with direction © (see Figure 4.2). Notice that
Pg(©,z) does not change if x is moved in the direction ©. Hence, z is normally restricted to O~ so that Pf
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is a function on the tangent bundle {(0, ) : © € S?,x € ©+}. It is useful to recall the Fourier Slice Theorem
which establishes that following relationship between the ray transform of g and its Fourier transform:

Fa[Pgl(©,n) = Pg(©,x) eT2mInT gy — a(n), ne o+,
@L

where F» denotes the Fourier transform over the second variable. We refer the reader to [28] for this and
additional properties of the ray transform.

X2

T1

Fic. 4.2. The ray transform is defined by integration over the lines through the point x with direction ©.

In order to deduce an estimate for the integral of the surface fragment given by the expression (4.3),
T T

we will analyze the ray transform of the surface fragment F', given by (4.2). Let ¢’ € [-7,%]. The ray

transform of F' in the direction E¢/ = (sin¢’, 0, cos ¢') is given by
PF(¢',x) = / F(tLy + z)dt (4.6)
R

where x € R®. This is the integral of F over the straight line through z with direction Ly . Notice that
PF(¢',x) does not change if z moves along the direction E¢/. Hence, z is effectively restricted to I_jq{, SO
that PF is a function on the tangent bundle {(E¢/,x) : I_:¢/ € S%x e Ej;,} By introducing the vectors
Ly = (0,—1,0) and Ly = (cos ¢',0, —sin ¢'), we can express x € Ly as

{z e Eél} = {sL, +wLly: s,w e R}. (4.7
It follows that

t
PF(¢,s,w) = / Flpg|s dt, (4.8)
R w
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where py = 0o -1
cos¢’ 0 —sing’
By the Fourier Slice Theorem, we have that

sing’ 0 cos¢’ >
0 .

PE(¢,s,w)e ™m0 dsdw = F(n,¢/), ne L.

Lg/

FAPF(, 1) = /

Hence, by the properties of the Fourier transform (Plancherel and differentiation theorems), we obtain the
following identity:

I(PF)ss|? + 2l (PF)swll* + |(PF)uwu|® = (2m)* /]Rz [n[*1F(n, ¢")|* dn. (4.9)

where n =m El + 12 EQ.

4.3.1. Ray Transform of the Surface Fragment. For brevity, let us introduce the following nota-
tion:

¢ ¢ t
F(tssw)=F(py | s ||, ¢”tswy=g(27ps [s]]. w’tsw)=w|py|s
w w w

Using this notation, we will rewrite the ray transform of the surface fragment, given by expression (4.8), as

PF (¢, s,w) = / F?(t,s,w) dt. (4.10)
R

As described above, this is an integral over the lines Ag ¢ = {y € R3: y- Li=s & Y- Ly = w}, where

L1 and Lo, given by (4.7), depend on ¢’. Depending on the values of (s,w,¢), the lines A, 4 may or

may not intersect the surface ¥ = {(EYW) (u,v),u,v) : |u|,|v| < 1}. In the following, we will analyze the two
situations separately.

Case 1: No Intersection.
When the line A; ,, ¢ does not intersect the surface X, the ray transform of F' takes the form:

PF(ng’,s,w):/Rg‘ﬁl(t,s,w)wd’/(t,s,w) dt. (4.11)

In this case we have the following result.
PROPOSITION 4.2. The function PF is twice differentiable as a function of s and w and admits the
decomposition,

(PE(¢,s,w)),, (¢, 5,w)+(PF(¢,5,0)),, (¢, w)+(PF(¢,s5,w)),., (¢ sw)=F(¢,s,0)+F (¢, s,w),
where

1728, s,w)|* < C27%,
I(FH (&, 5,w)) 7 + 1(FH (', 5,w)) I < C.

Proof. With an abuse of notation, in the following we will write g for g¢l and wy for wg . By direct
computation we have:

82

952 (g(t, s, w)w(t,s,w)) dt = F°(¢,s,w) + F*(¢', s, w),
R

(PF)ss(b,8,w) =
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where FO(¢/, s,w) = [;(gss wo + 2gs wos) dt and F' (¢, s,w) = [ g woss dt.

Recalling that g(t, s, w) = g% (t,s,w) =g (2*jp¢/ ( : )), a direct computation yields that |gs| < C'277
and |gss] < C 272, Tt follows that |gswos| < C277 and |gsswo| < C'27%7. Since wg (and hence PF) has
compact support, it follows that [; |gss woldt < C27%, and [, |gs wos|dt < C'277. This implies that

[FO(¢',s,w)||> < C27%.
For F(¢',s,w), we have

0

0
N Fl / = _ e = o . .
88( (¢ 755w)) /]R Os (ngas)dt /R(gs Wss gwssa) dt

Using the same argument as the one used for FO(¢',s,w), it follows that [|(F*(¢',s,w)) [|> < C. Simi-

larly it follows that || (F L, s,w))wH2 < C. The proof is completed by repeating the same argument for
(PF)sw (¢, s,w) and (PF )y (@, s, w).

From Proposition 4.2, using the Fourier Slice Theorem for the ray transform and the Plancherel theorem,
it follows that

e} 27
/ / |ﬁ'(7‘, 0, ¢ *r® do dr < C 2%
o Jo

and, hence, that

2J+1

27
/ \E(r, 0, ¢")>do’ dr < C 2779,
0

2j—2

Since F(z) = f(277z), we have F(£) = 2% f(27¢). Thus, the above inequality implies the following one:

92j+2

27
/2 _ / |f(r,0',¢)|?do dr < C'271%. (4.12)
2j—4 0

This completes the analysis in the case where there is no intersection.

Case 2: Intersection.
In order to find the intersection of the line Ay 4, 4 and the surface ¥, one has to solve the equation

t EU) (u)
Pols]=1 » |,
w v
which leads to the system:
t = BY)(u,v)sin¢’ +vcos ¢, (4.13)
s = —u, (4.14)
w = EY (u,v)cos ¢’ —vsing'. (4.15)

To compute the solution of this system, we will use the Implicit Function Theorem to express t as a function
of s and w. In order to do that, we first check that the conditions of the Implicit Function Theorem are
satisfied. A direct computation gives:

Sy = —1,5, =0,

wy = EY) (u,v) cos ¢’ w, = EY) (u,v) cos ¢’ —sin ¢,
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and

A(¢') = det (Su Sv) =sing’ — EY) cos ¢’ (4.16)

w’LL wv

The following proposition deals with the case when |sin ¢’| < 2177,
PROPOSITION 4.3. Assume that |sin@’| < 2177, Then, for each fized j and ¢, we have that

92542

2T
/ / 0 )2 a6 dr < C2T,
22j—4 0

where where C' is independent of 7 and ¢'.

Proof. Since |E1(,j)| < 277 (from the assumption that ||[E”|| e~ = 1), it follows that |A(¢')] < C277
with C' independent of j and ¢'. Let A be the region defined by {(s(u,v),w(u,v)) : (u,v) € [~1,1]?}. Since
J4dsdw = fil fil |A(¢)| dudv < C|sin¢’| and F is bounded (and hence PF' is bounded), it follows from

a direct calculation that ||(PF)||2, < C fil fil |A(¢")|dudv < C277. Using the Fourier Slice Theorem for
the ray transform and the Plancherel theorem, we have that

fe%s) 27
/ / \E(r, 0, ¢V db' dr < C 277
0 0

and, hence, that

2i+1

27
/ \E(r, 0, ¢ )2 do’ dr < C 272,
0

2i—2

Since F(z) = f(277z), we have F'(£) = 23 f(27¢). Thus the above inequality gives

92542

2
/ / |f(r, 6, ¢)|?do" dr < C277,
22j—4 0

This finishes the proof of Proposition 4.3.

For the case when |sin¢/| > 2'77, we have that 277 < 1|sin¢/| < |A(¢)| < 2|sin¢/|. Thus, we can
apply the Inverse Function Theorem and use equations (4.14) and (4.15) to derive the functions u = u(s, w)
and v = v(s,w). Inserting these functions into (4.13), we obtain the intersection point in terms of ¢ as

to(s,w, ") = BEY (u(s,w),v(s,w))sin ¢’ + v(s,w)cos ¢’ (4.17)

This shows that there is at most one point of intersection for each fixed (s, w) and ¢'.
We can write ) € Lj;, asn = (nacos@’,—ny, —n2sing’) = (rsin@ cos @', —rcos @', —rsin @’ sin ¢’), where
m =rcosf, ny =rsind’. Then (4.9) can be rewritten as

') 2T
PF)lP + 2PE )l + PFYul = [ [ 010 6P a0 av (4.18)

Since the same n can also be expressed in spherical coordinates as n = (pcosfsin ¢, psin 6 sin ¢, cos @), it
follows that we must have p = r and

sin @’ cos ¢’ = cos 0 sin ¢,
cos @ = sin fsin ¢,

—sin @ sin ¢’ = cos ¢.
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From the first and the third identities, we have tan ¢’ = — cot ¢ sec §, which implies that ¢’ is equivalent to
¢ — %, that is, there is are constants 0 < C1(f) < Ca(f) < oo such that C1(0) ¢’ < ¢ — § < Co(6) ¢'. Also

since |¢p — 5| < 7 and 0] < §, we see that |(%| < C and |%—‘g| < C and hence

|9} — @5 < C (|1 — d2] + |61 — 62]). (4.19)

Also, we have

B Eq(,j)(um) cos ¢ — sin ¢

Ug = A Sy = 0, (4.20)
()
B W (u,v) cos ¢ _ 1
Vg = _W,Uw = A(QS/) . (421)

From (4.20) and (4.21), it is easy to verify the following proposition.
PROPOSITION 4.4.

1 2-3 2-3 23
el = g 11l = g el = O 1= Ol
0l € O o € O ol € O2 o] < O
v _— v —_— v _— V. _—
= T sing/|’ = [sing/[3” "N = 7 |sing/[3” wil = |sing/[3’

where the constant C' is independent of (u,v) € [-1,1]?, ¢/ € [-%, Z] with |sin¢'| > 2! 7.
Using the expression (4.17) that was found for the intersection point, from (4.6) and (4.8) we obtain the
following formulation of the ray transform PF(¢', s, w):

to(s,w,¢")

t
PF((b’,s,w):/ Flpy|s dt. (4.22)
w

— 00

From Proposition 4.4, one can use essentially the same argument as the 2-dimensional case (see Lemma 6.2
in [2]) to prove the following proposition. For completeness, a sketch of its proof is provided below.

PROPOSITION 4.5. The ray transform of F is twice differentiable as a function of s and w and admits
the decomposition

(PF(¢',5,w)) 5 (¢',5,w)+(PF(¢', 5,w)),, (¢, 5,0)+(PF(¢', 5,w0)),,, (¢, 5,w) = F (¢, 5, w)+F(¢/, 5,w),

where

IF°(¢', 5,w)|* < C 27| sin |72,

I(FH(¢',5,w)) 7+ 1(FH(¢,5,w)), I < Ol sing'| 7.

Proof (Sketch). We will adopt the same notations as in Proposition 4.2.
From (4.22), we have that

to(s,w,¢") t to(s,w,9")
PF(qS’,s,w):/ Flpg|s dt:/ g(t, s, w)wy(t, s, w) dt.

— 00 w — 00
This implies that
to(s,w,¢")
(PF)S(¢/7 s,w) = g(tO’ S, w) ’LUo(to, 5, w) los + / (gs(ta S, w) wO(tv S, w) + g(t7 s,w) wOS(tv S, w)) dt
—o0

(PF)SS(¢/ﬂS7w) = Tl +T2 +T3 +T4>
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to(sw¢)(

o0

where T1 = g; wo (tos)? +gs Wo tos + 9 Wo toss, To = gwor (tos)*+ 9 wos tos, Tz = [ gss Wo+2gs wos) dt,
Ty = fioo(;y“h(ﬁ ) g Woss dt.

From to(s,w,¢’) = E(j) (u(s,w),v(s,w)) sin¢’ + v(s, w) cos ¢’, using Proposition 4.4, it is easy to ver-

27.7
ify that |tgs] < C \%mgﬁ\’ ltoss|] < C Tsmgms- 1t follows that |Ty| < C"gmwg and, hence, ||T1]]? <
C WIA dsdw < \jnaﬁ’I" since [1dsdw < C|sing’|. Using the assumption that |sing’| > 2277, one

can verify that |(T2)s] < C |bm¢,‘3 Similarly one can verify that |T3] < €277, and (Ty)s| < C. Thus, it

follows that ||T3]]?> < C |51n¢,‘57 and ||(Ty)s||? < C|sin¢’|® since |sin¢/| < 1.
Now the argument is completed by letting FO(¢', s,w) = Ty + T3 and F*(¢', s,w) = Ty + Ty. O

As a direct corollary of Proposition 4.5, it follows that
0 2
/ / VB, 0, ¢V 2 d0 dr < C 22| sin /|7,
o Jo

which implies that

J+1 2
/ / \B(r, 0, &) 2 8’ dr < C 27| sin /| 5. (4.23)
212 0

Using again the identity £(€) = 237 f(27¢), from (4.23) it follows that
92j+2

2
/ / F .0, &) A6 dr < C 2129 |sin /|, (4.24)
22j—4 0

We can now prove Theorem 4.1

Proof of Theorem 4.1.
We only need to consider § = ({1, &2,&3) inside the support of I'; ; By the assumptions on the support
of W and v if follows that

supp W (27%9¢) C {& € [-2% 71, 7221‘74] U 224 2271},

suppv(2/ & — €) C {(&1,62,83) : 21 2 5— — ] <1},

supp(2/ & — £) € {(&1,62,8) : 2 & g l<1}

By representing (1, &2, £3) using spherical coordinates as (X cos 0 sin ¢, Asin 6 sin ¢, A cos @), we can write the
last two expressions as

suppv(2/ 82 —£) C {(X,0,¢) : 279 (6 — 1) < tan6 <279 (44 + 1)},

cot(ob <2790y + 1)}

2% _ D270l — 1) <
Suppv( & €> - {(A797¢) (£2 ) = cos

Notice that |#] < T, so that 1 < |cosf| < @
Since A2 = €2 + €3 + €3 = €2 (1 + (tan )2 + (<& ¢)2) and |f1| < |y < 29, it is easy to verify that

(cos 0)2

92i—4 < |)\| < 2%+2,

Thus, using the fact that tan ¢ > 277 cosf (¢ — 1), it follows that the support of the function I'; 4, given by
(4.4), the set:

Uje={(\0,0): 2274 <A <292 tan 1 (277(4; — 1)) <0 < tan” (277 (¢; + 1)),
cot 7127 (ly — 1)) < ¢ < cot (277 (y 4+ 1))}. (4.25)
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When (), 0, ¢) is contained in the set Uj g, the variables § and ¢ are contained in intervals of length
C 277, which, in the following, will be denoted by Iy and I, respectively. Hence, from (4.19), it follows that
¢’ is contained in an interval I of length C'277. Furthermore, if (), 0, ¢) € U;, and |sin¢’| > 2'77, then
27| sin ¢'| is equivalent to ||, so that £ # 0.

Let & = rsin® cos¢’, & = —rcost/, & = —7" sin@’ sing’. A direct computation shows that the
Jacobian of (&1, &, &3) with respect to (r, 6’ ng’) —r2sin® ¢, Tt follows that

/\f 2T, (¢ >\2ds</ FO)2 de

92j+4

27
/ / / |f(r, o', ¢')|?r*sin? @' dr do’
Id’, 22j—2 0

22itd on
gc24j/ / / f(r, 0, ¢)E)|>do" dr dg’ (4.26)
I, J22i-2

We can now use the estimates from Propositions 4.2, 4.3 and 4.5 to complete the proof. Namely, in the
non-intersection case, inequality (4.12) gives that

L ORI d < 0270, 4.27)
For the intersection case, with the assumption that |sin¢’| < 2177, Proposition 4.3 gives that

LR IR de < 02t
Finally, for the intersection case, with the assumption that |sin ¢/| > 2177, inequality (4.24) yields

[ FOP T2 de < C2¥ / |sin /|5 d/
Rs T
< C 274 |4y 75.

Since |l < 27, the proof of Theorem 4.1 is completed by combining the three inequalities given above. [J

Before proving Theorem 3.3, we need some additional estimates involving the derivatives of the surface
fragment.

Let m = (my,me,m3) and, let us adopt the usual multi-index notation where |m| = my + my + ms,

%&%% F(€). For a surface fragment f, we may rewrite ™ f(z) as
1 2 3

a" f(z) =277 f (@),

where f,,,(z) = g(2)(272)™ w(272) X[z, > B(2s,24) (¥) is another surface fragment. Since the Fourier transform

mi,ma M3 om £ _
™ =z ry ey and g f =

of 2™ f(z) is im%f, the inequalities (4.5) and (4.27) imply the following estimates:

/ |a§m FE)2|T;.0(€))2 de < C 2791 274 (1 4 |4,])7°,  if there is an intersection,

87” . .
/ |8§m oI IT';0(& )Pde < C 9—lml =97 if there is no intersection.
Notice that, for the non-intersection case, the estimate 2-71m12-97 {5 the best possible one. However, for the

intersection case, the estimate 2771™2~ 43(1 + |€2])75 can be improved if m; > 0. The reason is that, on the
surface, |x1| = \E] (19, 23)] < C277. Indeed, using the argument of Proposition 4.5 for the surface fragment
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F,,(x) (recall that F,,(z) = f,(2772)), if the derivatives don’t involve x, then one obtains the additional
factor 279™1. On the other hand, when one takes one derivative with respect to 2", this only produces
a factor 277(m1~=1) However, in this last case, one can compute one additional derivative with respect to
the the remaining function in the expression of F,,(x) so that the missing factor 277 can be compensated,
thanks to Plancherel theorem and the observation that, in the Fourier domain, the domain is restricted to
the region where 27~ < [¢| < 2772 Indeed this is the key idea in the proof of Lemma 6.2 in [2] (and hence
in the proof of Proposition 4.5).

Using these observations, we obtain the following refinement of Proposition 4.5 valid for F,,,(x), in the
case where m; = 2. The behavior for other values of m; is similar.

PROPOSITION 4.6. The ray transform of Fy, is twice differentiable as a function of s and w and admits

the decomposition

(PF((;5/, S,w))ss (¢/’ va) + (PF(le, svw))sw (¢Ia S,’LU) + (PF((bla s,w))ww (d)/a s,w)

where, for ¢ = (q1,q2) and |q| = ¢1 + g2, we have that
IF(¢', s, w)||* < C 272%™ 272 | sin ¢/,
[(FH (s 5,w)) N2+ 1(FH (¢, 5,w))  |IP < C27%™ | sin¢'| 7%,
D FAS 5,w)) oy oo [P < C272 0D sin g 72,
lal=2

S TIENS,5,w)) 0y s IIP < €272 72 [ sin ¢ |75

lg|=3

Using the assumptions on the supports of W and v and the assumption that |¢1] < |¢3], one can easily
verify the following inequality (see the proof of Lemma 2.5 in [14] for a similar argument):

am

el €] < 2 ™27 (1 4 g™,

Since the sets Uj¢, ¢, and Ujy,, ¢, are essentially disjoint for £; # £y, (that is, each point lies in a finite
number of sets Uj 4, ¢, ), using the last inequality we obtain that

[£2]

8m —m m
> |agm i0(6)] < Cp 27™I27ImII (1 4 |gy] )™ (4.28)
41:7\62

Notice that, even for |f5]| = 27, the above estimate is uniform for all £ in the interior of P;. Exactly the same
type of estimate holds for the corresponding functions defined in the other pyramidal regions. Due to the
regularity of the shearlet construction, this estimate also holds for the boundary shearlet elements, which
are piecewise defined.

Finally, letting my = (mg1,mpa, mys3), my = (My1,My2,M,3), using Proposition 4.6 and inequal-
ity (4.28) we obtain:

|£2]
oms A
Y. Ll P | e Tre(©)P e
iy e 08T g™
< 027 Imsl (2720ma19740 (1 4 |fy|) =% + 27%9) 27mond =Ml (1 4 |gy[) (4.29)

Let L be the differential operator defined by:

v (- (o) o) (- () a) (- () ) o
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From inequality (4.29), a routine calculation gives the following theorem which extends the result in Theo-
rem 4.1 (again using the fact that [/5] < 27).

THEOREM 4.7. Let f be the surface fragment given by expression (4.1) andI'; , be given by (4.4). Then,
for § >0 and —27 < €y < 27, the following estimate holds:

[£2]

> L

£=—|6o]

L(FOT;00)| de< 0¥ j) .

It is clear that the same type of result will hold for functions defined on the other pyramidal regions. In
particular, for

B0 =W o2 ) (2 ).

which is supported in the region Ps, one obtains the following analogue of the estimate from Theorem 4.7:

L1=—Lz]

2j 2 92 i\ 2 92 iN2 92
L (I_ (2) 8) <1_ <2> 8) (1_ (2> 6),
2m (1+|62]) ) 03 21 ) 0&? 2w ) &2
A similar result holds for the region Ps. B

In the following section, the estimates above will be used to analyze the shearlet coefficients (f,,,). In
particular, the result of Theorem 4.7 relates directly to the analysis of the interior shearlets in P;. As shown
above, the interior shearlets associated with the other pyramidal regions can be handled in a very similar
way. For the boundary shearlets, the situation is as follows. Consider, for example, the boundary shearlets

corresponding to the boundary of P; and Ps. In this case, we define (for both regions where the shearlets
are piecewise defined) the differential operator

2\? 52 2\* 92 2\* 92
Lip=|I-|>7—=] 55 I-(—=) =5 I-(—=) 55 |-
2w ) 0& 2r ) 0&3 2n ) 0&3
Since 5 = 427 for the boundary shearlets, it follows that the operator Ly is equivalent to L; on P; and

to Ly on Ps, so that the analysis of the boundary shearlets is equivalent to the interiors ones. Thus, in the
following section, it will be sufficient to consider the interior shearlets associated with P; only.

Ly (F©T2©)| de <02 (14 ja)) >,

where

4.4. Proof of Theorem 3.3. Using the preparatory work from the previous sections, we are now ready
to prove Theorem 3.3.

Fix j > 0 and, for simplicity of notation, let f = fgo. As discussed above, it will be sufficient to consider
the system interior shearlets in the pyramidal region P; only.

For u € Mj, the shearlet coefficients of f associated with the interior shearlets in P; can be expressed
as

() = (000 = et A 72 [T a6 <02

where I'; ¢ is given by (4.4). By the equivalent definition of weak ¢! norm, the theorem is proved provided
we show that

#{pue M : ‘(f, zM‘ Sl < 027, (4.31)
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Observe that

- 2720 0\ (1 -6 -\ [k
AFB k=0 & @) 0 27 oo 1 0]k
0 0o 27/ \0 1 1 k3

= (k1 — kol — k3la) 2729¢) + k9279 &y + k32795, (4.32)

Let L be the second order differential operator defined by (4.30). It is easy to check that

¢ omitAZIBI .
(AP (1+ b PGy — Bt 2 00)?) L+ DA+ R AR in 20

Bl
(1+k3)(1+ K3)(1 + k) ¥4 Py if 6o =0,
(4.33)
where we have +k3 depending on whether /5 is positive or negative. Using integration by parts, we have:

() = | det Ay 77/ /@s b (f(ﬁ) Fj,e(f)) L ( PricAzh P ) de.

To analyze this quantity, we will consider separately the case £ # 0 and ¢ = 0.
Case 1: {5 # 0. In this case, using (4.33), we have that

L (TSGR = Gk, )t TP (4.34)

where G(k, () = (1 + ()2 — M4 + k3)2) (1+ k2)(1 + k2). Thus, we have that

(o) = et A | 260,07 [ L(FOT,00)) 40 g,

or, equivalently, that

Gl ) (£,0,) = det Ay |77 [ L(F(Ts€)) 4070 e
R3
Let K = (Ki,Ky,K3) € Z® and define R = {k = (k1, ko, k3) € Z° : |T1| € (K, K, + 1], ’Tﬁfﬂ €
[K», K>+1], ks = Ks}. Since, for j, £ fixed, the set {| det A()| =7/ ATEAG B Z3} is an orthonormal
basis for the L? functions on [—3 7]AJ BEL]]) and the function I'; (&) is supported on this set, then

272
2 2

S GO ((f, )] / ’L T, o ))‘ de.

kERK

This implies that

[€2] [€2]

> Y okt |

ly=—|ts| kKERK lr=—|ly]

From the definition of R, it follows that

[€2] [£2]

S AP SO (L4 (K - Ky £ Ko)?) T (14K3) 2(14K3) 72 ) /

6=—|6s| KERK =—|0s]
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Thus, by Theorem 4.7, we have that

€2

Yo D MW <OLE 2 (14 ]6), (4.35)
6 =—|ts| kERK
where Lg = (14 (K1 — Ky = K3)?) (1+ K3)(1 + K3)
For j, ¢ fixed, let N ¢ k(€) = #{k € Rk : |<f, M k>| > e}. Since |¢1] < |£s], it is clear that Nj o x(€) <
C (1+€2])? (C is independent of ¢1) and, hence, E&:_MZ‘ Njok(€) < C(1+|€s])3. Using the new notation,
from (4.35) we have that

[€2]
Z N]gK < CLI_(2274JI 672(14‘ |£2|)75
Zl——lézl
This implies that
€2
> Niex(e) < Cmin (([fo +1)% L2279 (1 + |6a]) 7). (4.36)
E1=—|€2|

Using (4.36) we will now show that:

[£2]

Z > N )< CL 274 et (4.37)

lo=—27 £1=—|Ls|

In fact, let £5 be defined by (£3 +1)3 = L2274 € 2(1 4 £5)~°. That is, (¢5 +1)* = L' 2% ¢~!. Then

24 [£2] [£2] [£2]
YD Nuxlgs Y > NixlO+ Y > Njuxl(e)
Ly=—27 £r=—|l2] [€2|<(£3+1) L1=—|{2] [€2]>(€3+1) £a=—|L2|
< Y (el+)P+ DY LF2Ve(l4|k)
[e2]<(£3+1) [€2]>(€541)

SCLAD) +CLE227Y e 2(14+05) 74 <O (65 + 1)4,

which gives (4.37).
Since 3 jeegs Ly < 00, using (4.37) we then have that

27 [£2]
#{p e My |(f,h)] > €} < Z Z Z Njok(e) <C27% ! Z L <C027% e,

KETB3 ly=—27 1 =—|ls] Kez3

and, thus, (4.31) holds.
Case 2: /5 = 0. In this case, we also have £; = 0. It follows that

L‘1(2’”£A<1> ):(1+k§)—1(1+k§)—1(1+k3) L 2mitAGk,

Let Ly, = (14 k?) (1 + k2) (1 + k3). It is clear that also in this case Y, 72 L' < 0o. We have

<f7 wj 0, k> |det A(l)‘_]/2le1 /@3 L (f(g) F],Z(&)) eQTrifA(Sk: d57
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or, equivalently, that

(050 4) i = | det Ay | 7772 /ﬁg L(f©)Tje(e)) T4 ag,
It follows that
~ 2 )
S el = [ e (fero)] d< e,

kez3
In particular, for each k € Z3, we have |(f, w§1gk>| < C L;' 27% and hence Y k € Z3|(f, ¢J(10)k>| <C27%,
1 Lo 1. 1 Y
or [[(f, 450 lln < € 272 which implies || (f, %) ) lwin < C27%.

This completes the proof of the theorem. [

4.5. Remark on the proof of Theorem 3.3. In the proof of Theorem 3.3, it was assumed that
the boundary surface contains the origin and has normal direction (1,0, 0) at the origin. In general one can
“transform” any given surface into the above special case by using a combination of translation and rotation.
Obviously the translation has no impact on the proof which was given above. It only remains to explain the
effect of rotations, since the shearlet system is not invariant with respect to rotations.

As in the proof of Theorem 4.1, let us consider £ = (£1,£2,&3) € P1. Recall that the support of the
function T'; 4, given by (4.4), is contained in a set U; ; which, using spherical coordinates, is given by:

Uje={(\,0,0): 2574 <N\ <2272 tan™1(279(4, — 1)) <0 < tan"1(279(¢ + 1)),
cot 127 (ly — 1)) < ¢ < cot™H (27 (ly 4+ 1))}

Also, as in the proof of Theorem 4.1, for the special case considered, we notice that there are positive
C1,C5 such that, on the set U, we have C1279 < 0] < Cy2779, C1277 < |¢p| < C2277 and C12779|ls| <
|cos ¢| < C2277]4y] for all large j and all |¢5] < 27 (recall that |¢ — | < Z). Let ¢’ and ¢’ be the angles
derived from the ray transform. In the proof of Proposition 4.3, we obtain the following identities.

sin @’ cos ¢’ = cos 0sin ¢,
cos @ = sin fsin ¢,
—sin @ sin ¢’ = cos ¢.
Next, we deduced that |sin ¢'| is equivalent to | cos ¢| on Uj, and the rest of the proof (for the special case)
follows from there.

In spherical coordinates, a rotation can be realized by the mapping (X, 8, @) — (\,0—0y, ¢— o), where 6y
and ¢q are the two rotation angles. Let F?,Z(f), Ujol and f© be the images of T'; 4(§), U, ¢ and f, respectively,
under the rotation by 6y and ¢¢. Then we have

Uy ={(A\.0,0): 2271 < |A| <29%2 tan ' (277 (6 — 1)) <60 — 6 < tan™ (277 (41 + 1)),
cot 127 (ly — 1)) < ¢ — o < cot™H(27 (y + 1))}

Now one can adapt the ray transform to the rotation angles by letting

sin 0’ cos ¢’ = cos(0 — 6p) sin(p — ¢y),

cos @' = sin(f — 6y) sin(¢p — ¢o),
—sin @’ sin ¢’ = cos(¢ — o).

It follows that | sin ¢'| is equivalent to | cos(¢ — ¢o)|. On UY,, we have C1277|fa| < | cos(¢ — )| < Ca277|fy].
Hence it follows that

L \POF @R de < c2 51+ )~

The rest of the argument is exactly the same as in the proof of Theorem 3.3, where f (&) and T'j (&) are
replaced by f9(¢) and I’?,Z(ﬁ).
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4.6. Analysis of the coarse scale. At the beginning of Section 4.1, we assumed that the scale
parameter j is large enough, i.e., 7 > jo for some jo > 0. The situation where j < jg is much simpler. In
fact, if fg is an edge fragment, then a trivial estimate shows that

1/2
I foll2 = (/ IfQ(x)IQd%“) < C'lsuppwg|'/? = €273,
supp wq

It follows that [|(fg,¥u)lle < Cllfollz < C2737. To deduce an ¢! type estimate, we notice that

1@ Yuller < N772([{f ) le2

is valid for any sequence {(fg,%,)} of N elements. Since, at scale 277, there are about 2% shearlet elements
in Q9, it follows that

I{fq Yu)ller < C 272737 = C274d,
This satisfies Theorem 3.3 for j < jo.

4.7. Proof of Theorem 3.4. The proof of Theorem 3.4 follows essentially the idea from the 2-
dimensional case in [14]. We start by proving the following lemmata which will be useful in the following.
LEMMA 4.8. Let f = gwg, where g € E2(A) and Q € Q; and Uj ¢ be given by (4.25). Then

| ifera <oz, (438)
U.

gt

Proof. The following proof adapts [14, Lemma 2.6].
The function f belongs to C?(R?) and its second partial derivative with respect to x; is

82f 82g Q+2@8wQ

8211}@
027 ~ 022" T 2 5, om

:=h1 + ha + hs.
ox?

+f

Using the fact that wg is supported in a square of sidelength 2 - 277, we have
/ 7 ()] d€ =/ |hy(z)? do < C 2739,
R3 R3

Next, observe that ||32-hs|s < C'2%. Using again the condition on the support of wg it follows that

9 ? :
—ha(z)| de < C2,

[ lemeabuteas = [ |2

R3

and thus, for £ € U, (hence & ~ 2%7),

/ ho(€)[? d < C 279
U.

gt

Finally, observing that Haa—;hgﬂoo < C2%, it follows that [5, |hs(€)|? d¢ < C 257 and, thus,

| lha©p s < o2
Uj,e

Since —(2m)2 €2 f(€) = hy(€) + ha(€) + hs(€), it follows from the estimates above that

/ O de < ca1V.
U.

7.2
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This completes the proof. - R
LEMMA 4.9. Let m = (m1,m2,m3) € Nx Nx N, £ = (&,8&,&) € R® and T be given by (4.4), where
{ = (fl,ég). Then

2
<C, 2*2|m\j’

> ¥

l1=—27 f3=—27

aé-m J £1,62 (g)

where C,, is independent of j and & and |m| = m1 + ma + mg.

Proof. Observe that U;, N U, ¢+ = 0, whenever |¢}| > 3 or || > 3. Since |¢1], |l2| < 27, the lemma
then follows from (4.28).

LEMMA 4.10. Let f = gwg, where g € E2(A) and Q € Q} and set

T= <I - (227:)2 A) : (4.39)

where A = Then

352 + 8{2 + 352
2 .
/ S 72 (FTy0,0) (©)] de < 271,
R g = —2i py=—2i
Proof. Observe that, for N € N,

- o* . o8
()= 3 o (5 ) (sm0):

laf+|Bl=2N

where a = (a1, ag, a3), 8 = (b1, B2, B3), and «;, §; € N. Also notice that, by Lemma 4.9, we have that
27 5o . 2
/R . Z g f©

Recall that f(z) is of the form g(x)w(27z). Tt follows that z® f(z) = 2771°l g(x )wa(QJx) where w, () =
r%w(x). By Lemma 4.8, g(2) w. (272) obeys the estimate (4.38). Thus, observing that -2 P f(€) is the Fourier
transform of (—2mix)® f(x), we have that

Combining the estimates above we have that, for each «, 8 with |a| + |5] = 2N,

2

: 0%
de < Cg27 218l / —
g U, |08

2

B
0 de.

o¢p Lj.e(6) £©

2

o d¢ < C, 27 2ol =117,

7%= F(€)

27 2

d¢ < Cp g2 11 274N, (4.40)

2

o8
a¢

0°
g

L'j.0(6)

RS

Since T2 =1 -2 (227:)2 A+ (22:)4 A?) the lemma now follows from (4.40) and Lemma 4.9.

We can now prove Theorem 3.4.

Proof of Theorem 3.4.

As in the arguments above, it is sufficient to consider the system interior shearlets in the pyramidal
region Pj.
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For T given by (4.39) and ¢ = (¢1,{3), a direct computation gives that
o —d 1l . =i 1l
T (627T2§A(1J)B(1) ’“) — (1427 (ky — ko £y — k3 ) + k2 + k3) ™40 B0 F, (4.41)

Hence,

—J —[e]k

R 4] . .
7° (62”’€A<1€B<1> k) = (L4 27% (ks — ko by — k3 £)? + K3 + k2)” 2440 50 (4.42)

Fix j > 0and let f = fo, with Q € Q}. Then, using integration by parts as in the proof of Theorem 3.3,
from (4.42) it follows that

~ T2 (f(g)rj7£(£)) eQTrifA(*lJ)'Ba[)e]kdf.

<f, 1;“> = ‘ det A(1)|_j (1 + 2_2j(k‘1 — kot — k3 £2)2 + k% + k‘g)_Q/

Let K = (K1, K2, K3) € Z3 and Ry be the set
RK = {(kl,kz,kg) (S Z3 : kg = K27k3 = K3,27j(l€1 — Kgfl — Kgfz) S [Kl,K1 + 1]}

Observe that, for each K and each fixed ¢, there are only 1 4+ 27 choices for k; in Rg. In fact, Rx =
{k1 : 2Ky < k1 — Kol — K3y < 27(K; + 1)}. Hence the number of terms in Ry is bounded by 1 + 27.
Also notice that, as in the proof of Theorem 3.3, we can take advantage of the fact that, for j, ¢ fixed, the

. A~ glll

set {|det A(1)|’]/262”1A<1])B<1>k : k € Z3} is an orthonormal basis for the L? functions supported in the set

[—%, %]314{1)3([?). Thus, using this observation and the fact that the function I'; , is supported on the set
11

T 202

[ ]3AZ1)B([§]), we have that

‘ 2

2 (fT50) 0| e

kERx R?

S aP <C (KRR [

From this inequality, using Lemma 4.10, we have that

i Z > |<f,1Zu>|250(1+K2>*4/@2 Z Z 72 (F15.0) (©)

ly=—27 #1=—2] k€ERK loy=—27 f1=—27
<C(1+K?*) 4271, (4.43)

dg

‘ 2

For any N € N, the Holder inequality yields:

=

N N 2 1
Z|am|§<2|am|2> Nz, (4.44)

m=1 m=1

Since the cardinality of Ry is bounded by 1 + 27, it follows from (4.43) and (4.44) that

27 2J
ST S el <C (29) 1+ K222 <027,

lo=—27 £1=—27 kKERK

Thus, for f = fo, with Q € le-, we have that:

DORIFRTAIEY el 2l

neM;
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5. Discussion and Extensions. In this section, we collect some observations which are relevant to
the results discussed in the paper. In Sec. 5.1, we extend to 3D the result of Donoho about the optimal
degree of sparsity for the representation of piecewise smooth functions. This shows that, in a certain sense,
N~ is the optimal approximation error rate that can be achieved for functions in £2(A4). Next, in Sec. 5.2,
we discuss the extension of the results presented in this paper to the more general setting where the surfaces
of discontinuities are allowed to be piecewise smooth.

5.1. Optimal Approximation Rates. In [9], Donoho investigates the problem of finding an optimal
dictionary for spaces of synthetic images that can provide a simplified model of natural images. In particular,
the class of Star-Shaped Images C*(R?) C L?(R?) is introduced, whose elements are defined as characteristic
functions of star-shaped sets with C*(R?) smooth boundaries. The approach developed in [9] considers
adaptive decompositions in an overcomplete (possibly uncountable) dictionary ® = {¢; : i € I} C L?(R?) of
the form

f: ch(f) (Z)ia (51)

i€ly

where {¢; : i € It} is a countable normalized subset of ®, which depends on f, in general. To avoid situations
which are computationally unfeasible, the selection of I in I is required to satisfy a polynomial depth search
constraint. That is, the i-th term in the expansion is selected according to the selection function o (i, f)
which obeys o(i, f) < p(7), for a fixed polynomial p(i). The sparsity of the expansion (5.1) is measured in
terms of the quasi-norm ||¢(f)||wer, where c(f) = (¢;(f)), with the optimal degree of sparsity being associated
with the smallest p such that ||¢(f)||wee is bounded. The main result in [9] is that the optimal degree of
sparsity for the class C*(R?) is pg = 2/(a + 1). That is, no representation system satisfying the polynomial
depth search constraint can provide approximations for C®(R?) with the coefficients ||c(f)||wer < 00, for
p < po. Hence, if we have that ||c(f)|wero < 00, denoting by |¢(f)|m the m-th largest entry in the coefficient
sequence (|c(f)|), there is a constant C' > 0 such that
a+1

sup [¢(f)|m < Cm™ 27, (5:2)
fecx

and no decay rate faster than m=F s possible. As a consequence, if ® is an optimal dictionary for C*(R?)
and is also a Parseval frame, then, from (5.2) it follows that

If =l < D0 le(hlz <€ > m-e <N,

m>N m>N

If, in addition, we have that ® is a Riesz basis, then we can conclude that
If = fnl? = C N2,

so that in this case O(N~%) is truly the optimal decay rate. If ® is only a Parseval frame but not a Riesz basis,
even though one cannot ensure that O(N~%) is truly the optimal decay rate, yet no better approximation
can be achieved under the procedure described above. In this weaker sense, as it is used in [2], the rate
O(N~?) is identified as the optimal approximation rate for functions in C*(R?). When « = 2, this gives the
optimal approximation rate which was mentioned in the introduction and which is nearly achieved by 2D
shearlet and curvelet approximations (cf. eq. (1.1)).

The result about the optimal degree of sparsity in C*(R?) from [9] follows from an information theoretic
argument which leads to determine the values p such that C*(R?) contains a copy of £5. By definition, a
function class F is said to contain a copy of ¢ if F contains embedded orthogonal hypercubes of dimension
M(A) and side A, and if, for some sequence (Ay) — 0, there is a constant C' > 0 such that

M(Ay) > CAL", k=koko+1,......
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Thus, to extend the result about the optimal degree of sparsity py to 3D, it is sufficient to extend Thm. 3
in [9] by proving the following result.?

THEOREM 5.1. The class C3(R3) contains a copy of €5 forp = 1.

Here C%(R?) C L%(R?) is the class Star-Shaped 3D Images, whose elements are the characteristic func-
tions of 3-dimensional star-shaped sets with C? smooth boundaries. It is clear that the class £2(A) of
piecewise smooth function of 3 variables considered in this paper contains the class C2(R?). Hence, Theo-
rem 5.1 shows that no representation system satisfying the polynomial depth search constraint can provide
approximations for C?(R?) with the coefficients ||c(f)|lwer < 00, for p < 1, where py = 1 is the optimal degree
of sparsity. From that it follows that if we have that ||c(f)||wer < 00, then there is a constant C' > 0 such
that

sup [e(f)lm < Cm™,
fec?

and no decay rate faster than m™! is possible. Using the same argument as above we conclude that, if fx
is the best NV term approximation to f € C?(R3) using a Parseval frame, then

If=fnP<C Y m><CcN"

m>N

This shows that, in the weaker sense described above, N~! is the optimal error approximation rate, as it
was indicated in the Sec. 1.

Proof of Theorem 5.1. Our proof follows very closely the proof of Thm. 3 in [9]. We will mainly
emphasize the modifications needed for D = 3 and refer to [9] for more detail about the argument.

Let g be a smooth and nonnegative bivariate function with compact support in [0, 27| x [0, ]. For scalars
A and m(A4,J) to be determined, let

Gijm(ti,t2) = Am™2g(mty — 2mi,mty — 7j), 4,5 =0,1,....,m— 1.

Notice that ||gijmlc2 = Allglce and [lgijmllzr = Am™?|g||z:. We introduce a spherical coordinates
(p,0, ¢) with origin in (3, 3, 3). For po = , set

11
212>
wi,j,m = X{pSpo} - X{pSgi,j,nL+P0}7 7i7.j = 07 17 e, — 1.
Hence, we define the radius functions
1 m
re=g+ Z §ij igoms>  Gig € {0,1}
ij=1
and the corresponding functions
m
f£ = X{p<po} + Z gi,j dji,j,m? fi,j S {07 ]-}
i,j=1

Similar to the 2D argument, the functions v; ;,, are bulges around the sphere of radius py and have disjoint
support; each f¢ is the indicator function of the the sphere of radius py plus some addition bulges. Using
the fact that g is bounded and nonnegative, a direct calculation shows that

i gmlZe = Nlgigmlz = Am™lgllzs,

3For simplicity, we consider only the case a = 2, which is what is needed in this paper. A similar proof works with C*(R?)
and yields p = 4/(a + 2).
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and, for each radius function r¢,

Irellez < llgijmllc2 = Allgllez

Hence, as in [9], the hypercube embedding is achieved whenever A < C/||g|lc=-
Now, whenever A < C/||g||c2, the sidelength A = ||9; ; m||L2 of the hypercubes satisfies:

—4 ||9HL1

lgllc="

Hwi,j,m”QL? =A*~ Hgi,jJn”Ll = Am74||g||L1 <Cm

Hence, setting

1

_(Plglley _ ool
mo) = L FEE) L A6.0) =8 gl

it follows that A < C/|g|lc2 and A ~ §, which shows that the hypercube embedding is satisfied with
sidelength A ~ § and dimension M = m?(d). The dimension of the hypercube obeys

M =m?(6) > KCY?571,
for all 0 < § < §g, where dg is the solution of
(58|9|02 )”2 KoL (gc2>1/2
C gl ’ 2 \llgllz
Since A ~ ¢, it follows by the observations above that there is a ¢ > 0 such that M(Ay) > cA,?l, for a
sequence (Ay) — 0.

5.2. Extensions and Modified Construction. There is an alternative construction of 3D smooth
Parseval frames of shearlets which was found by the authors during the revision of the manuscript and will
be briefly sketched below. Similar to Sec. 2, whose notation we adopt here, we consider three systems of
shearlets associated with the pyramidal regions Py, d = 1,2, 3. In this case, however, we consider affine-like
systems of the form

{7/)] 0k = | det A(d)|j/2 ( AJ

@ —k):j =0, —Y <y, by <Yk € 2P}, (5.3)

where

DD (1, 62,6) = U(€a) Viay (€1, €2, €3),

and U € C¢°(R) has support in [—3, —{-]U[15, 3] and it satisfies 250 lU(2 T20¢q)|> =1, for [€4| > §. Notice
that the functions (5.3) have exactly the same frequency support as the functions (2.7). Similar to Sec. 2,
the issue is how to combine the three systems of shearlets (5.3) for d = 1,2, 3 in order to obtain a Parseval
frame. If we directly combine these three systems7 in the Fourier domain, each £ is covered exactly by two
directional windows Vj ¢ 4(§) = (fA J B(_d) ]) and the sum of the squares of such windows is exactly one,
except for the windows overlapplng the boundaries of the pyramidal regions. To enforce the partition of
unity and obtain a Parseval frame, we borrow the following clever idea from [35]. We redefine the directional

windows as

Viea(€) = Vita®) -
Yo Vie a6

Due to the properties of V', the denominator of this expression is 1 for all indices ¢ such that %,g,d is
supported away from the boundary surfaces of the pyramidal regions; for ¢ corresponding to the boundaries,



Optimally Sparse Representations of 3D Data using Parseval Frames of Shearlets 31

the sum at the denominator reduces to a sum of the few terms having support near the boundary regions.
This construction ensures that we obtain a smooth partition of unity and that the resulting Parseval frame
of shearlets is a smooth Parseval frame of L?(IR?). Since frequency support and regularity conditions are the
same as those of the shearlet system from Sec. 2, it is clear that the sparsity result discussed in this paper
carries over to this modified Parseval frame of shearlets. It is also clear that a similar construction can be
used to obtain a smooth Parseval frame of shearlets for L?(R?) as it is needed to derive the 2D sparsity
result presented in [14].

Finally, it useful to make a comment about potential extensions of our result to more general objects.
We have shown that the Parseval frame of 3D shearlets provides (nearly) optimally sparse approximations
for C? regular functions of 3 variables containing discontinuities along along C? boundaries. This class of
functions provides a simplified model for many objects typically found in applications. However, for a more
realistic model one should consider the situation of piecewise smooth boundaries. Based on our previous
work in the 2-dimensional case and preliminary observations, we expect that Theorem 3.2 can be extended
to the situation where the surfaces of discontinuity are not simply C? but piecewise C2. This extension goes
beyond the scope of this paper and will be addressed elsewhere.
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