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CHAPTER 1

INTRODUCTION

After a brief review of the more important basic concepts of complex
analysis, we present Residues and Cauchy’s Residue Theorem. Many consider this
theorem to be the most important theorem of complex analysis and it is the
cornerstone of this thesis. Cauchy’s Residue Theorem is not only important in
complex analysis but has an important role in real analysis, one that may possibly
outweigh its importance in complex analysis. In order to make full use of the
Residue Theorem, we derive various methods of calculating residues. Some of our
techniques rely on Bernoulli numbers, so we define and explore their properties,
before using them to obtain some important infinite sums. We conclude this thesis

with two chapters evaluating both finite and infinite sums using these methods.



CHAPTER 2

PRELIMINARIES

2.1 Differentiation

In complex variables the derivative is defined the same way as in the real
number system. It is, therefore, not surprising that the usual differentiation rules,
such as the sum and difference rules, hold when taking derivatives of complex

functions.

DEFINITION 2.1. Giwen G C C, let f : G — C be a complex valued function and let

z0 € G. The deriwative of f at zy is

when this limit exits. If so, we say f is differentiable at z.

DEFINITION 2.2. Let f : G — C be a complex valued function. If f is
differentiable at a for every a € G and these derivatives are continuous, the function

f is said to be analytic on G. If f is analytic on the whole complex plane C, f s

said to be entire.
As an example, the complex polynomials are entire functions.

DEFINITION 2.3. A disc or a ball centered at zy with radius r is

B(zp,7) ={2€C: |z — 2| <r}.

DEFINITION 2.4. A set G C C is open, if for every z € G there exist v > 0 such

that B(z,r) C G.



Using the definition above, it is easy to prove a subset of C is open if and only if it
includes no points of its boundary. It follows that the region inside a closed contour
is open.

The following theorem is called Taylor’s theorem in honor of the English
mathematician Brook Taylor, who discovered its first form. This result is
fundamental in the proofs of Cauchy’s theorems and many other important

theorems in complex variables, as well as in many other area of mathematics.

THEOREM 2.5. If f is analytic on a disc B(zo,r), then
f(z2) =2 an(z—2)",
n=0

for all z € B, where each
f™(2)

n!

an = 1S unique.
The proof of the part of Taylor’s theorem giving the existence of the series is much

like, but simpler, than the proof of Laurent’s Theorem, which will be included in a

later chapter.

THEOREM 2.6. Suppose f(z) => " an(z — 2)" has a radius of convergence R.
Then f can be differentiated term by term inside B(zy, R). That is

f'(z) = Z nay,(z — z)" L.

Moreover [’ has a radius of convergence R, as well.

Proof. Without loss of generality we assume 2z, = 0. Since

(n+ 1Dansy
na,,

.on+1 . ap .
= lim lim = lim
n— 00 n n—00 (U, n—00 (U,

lim
n—oo

An41 - R
- )

we see, by the ratio test, that the second series has the same radius of convergence

as the first.



Now let z € B(0, R) and let € > 0. There exits r > 0 such that

z € B(0,r) C B(0, R). Let

Sn(§) = Lo W~ D O _ 1 iak(zk —&h),
k=0

z—£ z—&
d, s
an Rn(g) = 2 if Z ak(zk _ gk)
k=n+1

S,(€) denotes the n'" partial sum of %ﬁ(g) and R, (§) the corresponding

remainder. Since r < R, the series Y oo k|ay|r*~! converges and so there exist

N € N such that
Z klag|r*t < =
3
k=N
It follows that for every w € B(z, 1),
% k

Z ap(2F — wk)

k=N

[Bn(w)| =

o
< Z lag||2F 7t + 2" 2w . Wbt
k=N

oo
< Z E|ag|rF?
k=N
o€
3
Let S denote the N partial sum of Y ;> kay2*"! and R’ the corresponding
remainder. Thus,

o
4 €
|R'| < ];Vk|ak|rk T< 3



Now, since the partial sums of f are polynomials,
lim S N — SJ/V

w—z

Therefore, we have 0 > 0 with ¢ < r such that when |w — 2| <4, |Sy — Sy| < 5. It

now follows that when |w — z| < 4,

BT = nana | = [n(e) + Rv(o) = Si— R

N

Sy = Syl + [Bu(w)| + [ Ry

which finishes the proof. O

The following corollary is an example of how important Taylor’s theorem is in

complex variables.

COROLLARY 2.7. If f is analytic on an open set G, then f is infinitely

differentiable on G.

Proof. Let zy € G. Since G is open, it contains a ball centered at zy. By Taylor’s
theorem, f has a valid power series on that ball. By the previous theorem f’ has a
power series form which is differentiable on the ball as well. Continuing inductively

f must be infinitely differentiable. O



2.2 Integrals and Contours

Integration of functions along contours in the Complex plane will play an
important role in our methods. Some of the concepts and theorems given in this

section will become powerful tools for proving important theorems in later sections.

DEFINITION 2.8. Let C' be a curve in C. We say 7 : [a,b] — C parameterizes C, if y
1s a continuous surjection. Furthermore, C' is smooth, if it has a differentiable

parameterization with a non-zero continuous derivative. The orientation of C' is

given by its parameterization; y(a) is “before” ~y(b).

When 7 : [a,b] — C parameterizes C, it is easy to see y(a + b —t) is also a
parameterization of C' but with the opposite orientation. We generally refer to —C'

when switching to the parameterization giving the opposite orientation.

DEFINITION 2.9. A curve C' is a contour, if it is the union of finitely many smooth
curves C1, Csy, ... Cy, and the end point of Cy coincides with the starting point of

Cryr, fork=1,2,...n—1. We write C =C,+Cy+---+ C,,.

DEFINITION 2.10. A contour C' is closed, if its starting point and endpoint are the

same.

DEFINITION 2.11. A closed contour is positively oriented, when its

parameterization traverses it in the counterclockwise direction.

DEFINITION 2.12. A contour C is simple and sometimes called a Jorden arc, if it

never cross itself, except possible at the endpoints.



DEFINITION 2.13. When g : [a,b] — C,

b b b
/g(t)dt:/ Re[g(t)]dtJri/ Iml[g(t)]dt,

where the integrals on the right are defined as in elementary calculus.
DEFINITION 2.14. When 7 : [a,b] — C parameterizes a smooth curve C' and f is
defined on C', we define the integral of f on C, by

[ = [ raen

and when C = Cy + Cy + -+ -+ C,, is a contour, the contour integral of f on C is

[ 1@z = [ i+ [ g [ g
C Cq Co Ch

Since the values of these integrals are independent of the particular parameterization
used, DEFINITION 2.13 above is valid. To get an idea of how a proof would run, let
g be real and consider v : [a,b] — Domain(g) and o[c, d] — Domain(g), with

v(a) = o(c) and y(b) = o(d). By the substitution principle we have

b (b) o(d) b
/g(v(t))’y’(t)dt:/ g(u)du:/ g(u)du:/ g(a(t))o'(t)dt.

(a) (¢)
A complete proof would require combining real and imaginary parts and so on.

More of this type of reasoning can show that the integration rules from elementary

calculus, such as the sum, difference and constant multiple rules all hold.

THEOREM 2.15. If 7y : [a,b] — C' is smooth and length of C, L(C), is finite, then

b
| b= o),
Proof. Since the length of C' € C is the same as the length of (Revy, Imy) € R?, this

follows immediately from the arc length formula in elementary calculus.Thus

L) = [ VR OF + Tmy @t = [ /(o).

The proof is complete. 0



The following corollary will be indispensable as we proceed. It’s proof is immediate.

COROLLARY 2.16. [4] If the integral of f on C exists, the length of C is finite and

L F(2)dz

where L(C) is the arclength of C' and My is the mazimum value of |f| on C.

f is bounded on C', then

< L(C)My,

The field of complex variables has an analog of the fundamental theorem of calculus

from real analysis.

DEFINITION 2.17. The function F' is a primitive of the function f on the set G, if

for all z € G,

THEOREM 2.18. [4] Let C be a contour in an open set G, with endpoints o and (3. If
F is a primitive of f on G, then

Lﬂ@hzﬂm—FQ»

Proof. Let 7y : [a,b] — C parameterize a smooth curve C from « to 8. Then

[ = [ o= [ Fownoa

_ / (For)(t)dt = F oy(b) — F ov(a)

= F(B) — F(a).
Now consider a contour C' = C + Cs + - - - + C,, with connections at z1, 2o, ..., 2,_1,

respectively. Then from the smooth case, we have
/Cf(z)dz =F(z) = F(a)+ F(z) — F(z) -+ F(B) — F(zn-1) = F(B) — F(a).

8



The proof is complete. 0

Since F(B) = F(a), on a closed contour, we then have the following immediate

corollary.

COROLLARY 2.19. [4] Let C be a closed contour in an open set G. If F is a

primitive of f on G, then

/C f(2)dz = 0.

The following corollary is often called the first version of Cauchy’s theorem.

COROLLARY 2.20. If C is a closed contour in B(zy,r) and f is analytic on B(zy,T),

then

/Cf(z)dz = 0.

Proof. Since f is analytic on B(zp,7), it has a Taylor series valid on B(zg, ).
Taking the antiderivative term by term yields a primitive for f. Proof is immediate

by the previous corollary. O

2.3 Homotopy

DEFINITION 2.21. Two curves, C and C', from A to B are homotopic in G C C, if
there exists continuous W : [0,1]* — G, such that

U(s,0) = A for every s € [0, 1],

U(s,1) = B for every s € [0,1],

U(0,t) parameterizes C' and



U(1,t) parameterizes C".
We will write C' ~ C', when C and C' are homotopic and 1) is sufficiently

differentiable to produce smooth curves.

Note: for each fixed s € [0,1],¥(s,t) : [0,1] — G parameterizes some curve in G

from A to B. The intuition is that ¥ “continuously morphs” C to C".

THEOREM 2.22. [1] If f in analytic on G and C' ~ C" in G, then

/ f(z)dz= [ f(2)d=.
c cr

Proof. Let C and C’ be homotopic curves from A to B in an open set GG, with ¥ as
in definition (2.21). Since ¥([0,1]?) is compact and C — G, is closed the distance
between them is 7 for some r > 0. This means f is analytic on B(z,r) for every

z € G. Moreover, since ¥ is continuous and [0, 1]? is compact, ¥ is uniformly

continuous on [0, 1]2. Tt follows that there exists § > 0 such that when

\/(82 — 81)2 —+ (tg — t1)2 < 5, then,|\11(52,t2) — \I/(Sl,tl)| <r.

Choose n € N, so that % < 6. Then partition [0, 1]* into n? congruent squares.

Note that if (s1,%;) and (sq, %) are in the same square, \/(sy — 51)% + (t2 — ;)% < 4.
If k is fixed in {0,1,2...,n — 1}, then \I/(g, t) and \II(%, t) parameterize curves, Cy
and Cy,q from A to B in G.

For each j € {0,1,2...,n — 1}, define S; € [0,1]? to be the boundary of the % X %

square with bottem left corner (£, %) Let &; denote the closed contour, W(S;),

10



traversed counterclockwise. Since diam S; = % < 0, each & C B(¥(Z, %), r). It
follows by theorem (2.20), that fcj f(2)dz =0, for each j € {0,1,2...,n—1}.

Each consecutive pair, §; and &;41, share sides traversed in opposite directions and

integrals over those sides add to zero. Thus for each k € {0,1,2...,n— 1},

RO AN CIaE /C RO

Cry1

= / f(z)dz
E1+&2++En—1

= f(z)dz+ f(z)dz+-~-+/ f(z)d=

&1 &2 &n—1

It follows that

[s@a= [ soa= [ s~ [ e
C &1 &2 !

The proof is complete. 0

DEFINITION 2.23. A closed curve C' in G is homotopic to zero, if C' is homotopic

to a constant curve. In other words take C' in definition (2.21) to be one point z,

and its parameterization to be of constant value zg.

DEFINITION 2.24. A region G is simply connected, if G is open and every closed

curve in G is homotopic to zero.

THEOREM 2.25. If two contours have the same beginning and end points and the

same orientation in a simply connected region G, they are homotopic in G.

11



Proof. Let C; and C5 be two contours from a to b in G. Let C = C — Cs, which is
a closed contour in G. Let 7 : [0, 1] — G, be a parameterization of C' going from a
to b and back to a again. Without loss of generality we assume v(1/2) = b. It

follows that

v :[0,1/2] — G parameterizes C1,

v : [1/2,1] — G parameterizes —C5, and thus

v(3%) - [0,1] = G parameterizes Co.

Since G is simply connected, C' ~ 0, that is there exists 2y € G and a homotopy
U : [0,1]?> — G, such that ¥(0,t) = v(t) for all t and ¥(1,t) = z, for all t.
Define

Uy :[0,1/2] x [0,1] = G, by ¥y(s,t) = U(2s,t/2) and

Uy : [1/2,1] x [0,1] = G, by Us(s,t) = U(2 — 25, 251).

As compositions of continuous functions, both are continuous on their domains.
Now define @ : [0,1]*> — G, by

Uy (s,t),ifs <1/2

O(s, 1) = .
(521 Uy(s,t),ifs > 1/2

Since ¥, and ¥, are continuous, to see ® is continuous, it only remains to see
W, = U, on the intersection of their domains. To that end note that for all ¢
Uy(1/2,t) = W(1,t/2) = 2o = V(1,(2 —t)/2)) = ¥o(1/2,¢).
Now it remains to show ® transforms C; to Cy. For all ¢t € [0, 1]
®(0,t) = Uy(0,t) = W(0,t/2) = v(t/2),
which parameterizes C;. Moreover for all ¢ € [0, 1]

O(1,) = Wa(1, 1) = (0, (2 - 1)/2) =1((2-1)/2),

12



which parameterizes Cs. O

The following theorem is one of the most famous and important theorems of all

complex analysis.

THEOREM 2.26 (Cauchy-Goursat Theorem). [4] Let C be a simple closed contour in

a simply connected set G. If a function f(z) is analytic at all points interior to and

on C, then

/C f(2)dz = 0.

Proof. Take two distinct points a and b on C. This forms two contour curves C}
and Cs from a to b in G, with C' = C} — (5. Since G is simply connected, by
theorem (2.25), C and Cy are homotopoic. Thus by theorem (2.22),
f(2)dz = f(z)dz.
C1 Ca
Therefore,
/ f()dz= | f(z)dz— [ f(2)dz=0.
C C1 Co

The proof is complete. 0

One of the most famous theorems of complex analysis will now be established.

THEOREM 2.27 (Cauchy Integral Formula). [4] Let C' be a positively oriented simple
closed contour, and let f be analytic function everywhere inside and on C. If a s

any point interior to C', then

@) =5 [ e

_27TZ Cf—a

13



Proof. Let G represent the interior of C' and let a € G be given. Since G U C' is
compact and f is continuous, My, the maximum value of |f(§) — f(a)| on GUC
exists. G is open, so there exists R > 0 such that B(a, R) C G and 6 > 0 such that

|€ — 2| > 0, whenever £ € C and z € B(a, R). Let

1 . €0
T—imln{R,m}.

Let v be the positively oriented simple closed contour around the boundary of

B(a,r) and note that

/ - / T o
& — 0 a+tret—a
It follows that
'QWif(a)—/é‘f(%df’ = |27if(a /5_ df’
_ a [ f(& ’
= [ [ £5 - [ e

_ /Vf(ag) - 1) dg‘

—a

fla) = f(§)
< [1He K
My
< TQWT
< €

14



Therefore, by THEOREM 2.22

1
f(a)_Zm/cf—a T 2mi f—a

The proof is complete. O

The following theorem is a generalization of the Cauchy Integral Formula.

THEOREM 2.28 (Cauchy’s Integral Formula for derivatives). [4] Let C' be a positively
oriented simple closed contour, and let f be an analytic function everywhere inside
and on C. If a is any point interior to C', then for allm =0,1,2...,

F™(a) = il% (2.1)

271

Proof. We proceed by induction. Cauchy’s integral formula, previously proven,

verifies (2.1) for n = 0. We assume

[ ) = <n2:m’1>! / (Jg(f)j)g"’

for some n.

Let G represent the interior of C'. Let a € G and n € N be given. Since G U C' is
compact and f is continuous, My, the maximum value of | f(§)| on G U C exists. G
is open, so there exists R > 0 such that B(a, R) C G and § > 0 such that

|€ — z| > 0, whenever £ € C' and z € B(a, R). Let

B 1 ) R 55"+1
"= 2 fin " Anm My

15



and let v be the positively oriented simple closed contour around the boundary of

B(a,r). Define F' on G by

_ [ f(§)dg

For z € B(a,r),

‘W - ”/W (€ f(f))nﬂdf‘
- o Zf(f)a <(f —12)” (€ —1za)”) B (éififzwrl 5‘

1 o
<f—@w+*@—a%> @—aWHd4

I
S L

= <£i _§i )(
- /f [( )(k: _ankg a)k)—(ifs,)ﬁl]df'

L5 ! nlf(€)]
A D e e B L

Z

/N

1 n ’an
< [{Mkﬁwl + 5n+1d5

QTLMk

S S 2rr

< €.

Thus,

: . F(z) = F(a) f€)
F(a):hm—:n/ d¢.

Z—a z—a (é’ — a)”+1

16



It follows that

M) (q) = (n — D!F'(a) _ n! f(€)d§
(e = =) /

i T o

€y

and the proof is complete by induction.

17



CHAPTER 3

RESIDUES

In the previous chapter the Cauchy-Goursat Theorem says that if the
function f is analytic at all points interior to and on a simple closed contour C', the
integral of f on C' is zero. But, what if f fails to be analytic at a finite number of
isolated points interior to C'? In order to answer this question, we define the concept
of residue and present Cauchy’s Residue Theorem. This theorem will contribute to
the evaluation of integrals of some non-analytic functions and depends on finding
specific numbers called residues.

In order to find the residue of a function f(z) that is not analytic at some z,,
we expand it into a series of positive and negative powers of (z — zp). The theorem

allowing us to do this is Laurent’s Theorem.

3.1 Laurent Series

DEFINITION 3.1. An annulus is a region in the complex plane defined by
{z€C: Ry <|z—2)| <R} or {z€C:Ry<|z— 2|}

When Ry = 0, the region is often called a punctured disc. When a property holds for

all z in a punctured disc with its center at zy, we say that property holds near z,.

THEOREM 3.2. (LAURENT’S THEOREM) [2] If f is analytic on an annulus D and

C 1s any positively oriented simple closed curve in the interior of D about zy, then



for all z € D, where each
L f()de
27 Jo (€ — zo)" 1
Proof. Let Ry and Ry be the inner and outer radii of D. Let z € C' and consider the
simple closed curves Cy traversing {z : |z — 29| = 72} counterclockwise and C
traversing {z : |z — zo| = r1} clockwise in D, where Ry <1 < |z — 2] < 19 < Ra.

Let (3 be any radial line segment not containing z and going from C; to Cs. Thus

by Cauchy’s Integral Formula,

. _ f(E)dg
2mif(z) = /02 Cs—Cricy §— 7

f©dE [ f(&)de

025— clf—z

/ f(€)d§ B / f(€)d§
o (E—20) —(z—20) Jo, (€= 20)— (2= 20)

- fede / F(€)de
o €= 1=F22)  Jo, (z - 2)(1 - £2)

§—20

- f(§) = (Z—Zo)n _ f(€) - (f—zo)n
- /C2§_z0no &~ %0 “ 01Z—20§ Z— 2z d
3 ) _ (& —z)"!
[ s Z e /C RICOIE

Since for all £ € Cy, |z — 20| < |€ — 20|, and for all £ € C, [€ — 20| < |z — 20|, the

geometric series above are absolutely convergent. We can therefore interchange the
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order of summation and integration. Thus

, - f(§)dg ) - ( 1 / f(€§)dg )
2mif(z) = z—z)" =) — )
SIS (=) R 2N\ fo T
Since —C'; and (5 are both homotopic to C, we can replace each of them by C' and

we have
f2) =D anlz—20)",
where each o 1 F(&)de
" 271 C (f - Zo)n+1.
The proof is complete. O

DEFINITION 3.3. If for all z in an annulus D,

we call this series, the Laurent series of f on D.

In many instances we will obtain a Laurent series for a function and need to
know that it is the same series given in Laurent’s Theorem. We will see definition

(3.3) designates just the one series.

LEMMA 3.4. If there exists r > 0, such that >~ &,(z —a)" =0, for every

z € B(a,r), then &, =0 for alln € Z.

Proof. Let C be any simple positively oriented closed contour around a and inside
B(a, R). First note that by each of Cauchy’s Integral Formulas (2.28) applied to any
constant function, f(z) = &, we have that
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2mi, if n=1
/f(z—a)” dz = :
C 0 if n>2

Moreover by the Cauchy-Goursat Theorem 2.26,

if n>=0, then /f(z—a)"dz:().
c

Thus for each n € N,

= z—akloo z—a)" dz
o_/c< S Guz—a) d

n=—oo

_ / Z é- _ n+(k+1 dz

:/ Z én(z — "+k+1)dz+/ Z z_an(kﬂ)dz

—(k+1) =(k+2)

= /an (k+1 z—a) dz—l—/z Zni(l;ﬂ

= n §n+k+1)
= gfcgn(kﬂ)(z—a) dz + z—ad +Z/ G—ap dz

= 04 2mi& + 0

= &

The proof is complete.
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THEOREM 3.5. (The Uniqueness Theorem)[2] If there exists r > 0, such that

for every z € Bla,r), then o, = B,  for all n € Z.

Proof. For all z € B(a,r), we have

[e o]

Z (an_ﬁn)(z_a)n: Z an(z_a)n_ Z Bn(z_a)nzo'

n=—oo n=—oo n=—oo

Thus by LEMMA 3.4, we have a,, = (3, for all n € Z.

3.2 Singular Points

DEFINITION 3.6. A function f has an isolated singularity at zq, if there exists

R > 0 such that f is analytic on the punctured disc {z : 0 < |z — zo| < R} but not at

20-

DEFINITION 3.7. An isolated singularity, zo, of f is removable, if there exists a

function g and R > 0 such that g is analytic on B(zo, R) and f(z) = g(z) on the

punctured disc {z:0 < |z — 2| < R} .

DEFINITION 3.8. Let zy be an isolated singular point of f(2). Then z is a pole of

order m of f, if there exists a natural number m and r > 0 such that
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for a function ¢, that is analytic on {z : |z — zo| < 1}, with ¢(z0) # 0. zo is a

simple pole when m =1 .

DEFINITION 3.9. An isolated singularity, zo, of f is essential, if it is neither

removable nor a pole.

3.3 Definition of Residue

Let zp be an isolated singularity of a function f, which is analytic on

D={ze€C :0<|z—2]| < R}. Then f has a Laurent series representation

fz)= ) Aulz—z)",

n=—00
where each

1 f(§)dg

n = % . (é. . ZO)(n+1)7

for any positively oriented simple closed curve C' in the interior of D.

DEFINITION 3.10. When f has a Laurent series representation as in (3.3), and zy is

an isolated singular point of f, the residue of f at zy is

Res(f,z0) = A1 = L f(z)dz.
21 Jo
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3.4 Residue at Infinity

DEFINITION 3.11. If f is analytic on {z : |z| > R}, for some R > 0, then we say f

has an isolated singularity at oo.

DEFINITION 3.12. Let f be analytic on {z : |z| > R} and let C' be the positively

oriented circle {z : |z| = R}. When all the singularities of f, except oo, are inside

C, we define

Res(f, 00) = % /—c f(z)dz.

THEOREM 3.13. If f is analytic on {z : |z| > R}, for some R > 0, with all the

singularities of f, except 0o, inside {z : |z| < R} then

Res(f, 00) = —Res{f(l/z),O}.

22

Proof. let C be the positively oriented circle {z : |z| = R}. By Laurent’s Theorem f

has a valid Laurent series representation outside C' we denote by

flz) = Z anz".

For all z such that 0+ |1/z] < 1/R, we have that |z| > R, hence f(1/2)/z* is

analytic at z. Moreover,

o

n=—oo n=—oo n=—oo

which must be the Laurent series of f(1/2)/2% valid on {z : 0 < |z| < R}, by the
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uniqueness theorem. From this, we see

~ 2mi

1 1
Res [f<z2/z) ; 0] =0 (-1)-2 =01 / f(2)dz = —Res(f, 00),
C
completing the proof. O

3.5 The Cauchy Residue Theorem

The Residue Theorem was discovered by Augustin-Louis Cauchy in 1814
and immediately became a powerful tool in complex analysis for computing line
integrals. The Residue Theorem soon became very importance in real analysis as a
tool for evaluating some difficult real integrals, and then, as we show, in finding

infinite sums, as well as other applications.

THEOREM 3.14. [2] Suppose that [ is an analytic function on and inside a simple
closed positively oriented curve C, except at finitely many isolated singularities

21y ey 2n inside C'. Then

/ f(2)dz = 2mi z”: Res(f, z;).
¢ i=1

Proof. Let C' be a simple closed positively oriented curve, and suppose f is an
analytic function inside and on C'. Consider circles, C, Cs, ... C,, centered at

21, ..., Zn, Where each circle, C;, has radius r;, sufficiently small, so that C1, ..., C,, are
disjoint and in the interior of C'. We construct a simple closed positively oriented
curve C” that surrounds all the points z; along each circle C; and joins these small

circles with segments.
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Since the curve C” follows each segment two times with opposite orientation
it is enough to sum the integrals of f around the small circles. By the definition of

residue we have

/Cf(z)dz = c'f(Z)dZ = Z/c f(z)dz = QWiZRes(f, ;).

The proof is complete. 0

3.6 Zeros and Poles

Since the zeros of the denominator of a quotient function cause the function
not to be analytic, there is an obvious relationship between zeros and poles. In this

section we explore this relationship.

DEFINITION 3.15. When f is analytic at zy, f has a zero of order n at zy, if

f(z) = (2 = 20)"q(2),
for some function g such that q(z0) # 0 and q is analytic on B(zy, ) for some € > 0.

THEOREM 3.16. [2] If zy is a pole of f, then lim f(z) = cc.
Z— 20

Proof. Let n be the order of z;. Then there exists a function ¢(z), such that

®(20) # 0, ¢ is analytic near zy and

Therefore, lim f(z) = co. O

Z—20
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THEOREM 3.17. [2] Assume that g(z) and h(z) are analytic functions at z = z,

h(z) has a zero of order n at z = zy and g(z9) # 0. Then

has a pole of order n at z = z.

Proof. Since h(z) has a zero of order n at 2y, h(z) = (2 — 29)"q(z), where ¢(zo) # 0,

and ¢ is analytic near z5. Thus

9(z=)  _9(2)/a(2)

1) = oy = =z

We have that ¢g(z)/q(z) is analytic near z, and not zero at zo. We conclude that

f(2) has a pole of order n. O

3.7 Residue at a Pole

In the previous section we saw that the residue of a function f(z) with an
isolated singularity at a point zy could be found within the Laurent expansion of f
as the coefficient of the (2 — 29) ™! term. That can often be difficult. This section

contains theorems for finding residues with alternative techniques that are often

more convenient to use.

3.7.1 Residue at a Pole of Order m

THEOREM 3.18. [2] Let f be analytic on the punctured disc {z : 0 < |z — zo| < r}

for some r > 0. Then if f has a pole of order m at zy, then
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— 1)

Res(f, z0) = o

where ¢ is as given in definition (3.8).

Proof. Since f has a pole of order m, there exists a natural number m and r > 0

such that

for a function ¢, that is analytic on B(zg,7),with ¢(zo) # 0. It follows that

4 (2,
1O = o o e

Since Laurent series are unique, this is the Laurent series of f. Therefore,

(b(m_l) (ZO)

Res(f,2z0) = A1 = TR

The proof is complete. 0

COROLLARY 3.19. [2] If f(2) has a pole of order m at zy, then

Ll (FES W (E1]

Res(f, z0) = lim (m—1)]

z—zo dzm—1
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m—1)

Proof. Since ¢ is analytic on B(z, ), A is continuous. Moreover,

d(z) = (2 —20)™f(2) on 0 < |z — 2| < r, hence

¢(m—1) (ZO)

Res(f, z0) = (m = 1)

(m—1)
= lim o (z0)
=z (m—1)!

= lim
z—zo dzm—1

1 [(z (_mzo—)ni {!(z)}

The proof is complete. 0

3.7.2 Residues at Simple Poles

COROLLARY 3.20. [2] If zg is a simple pole of f(z), then

Res(f, z0) = lim (z — z0) f(2)

Z— 20
Proof. Since a simple pole is of order m = 1, this is immediate from COROLLARY
3.19. O
THEOREM 3.21. [2] Let p(2) and q(z) both be analytic at zy and suppose q(zy) = 0,

p(20) £ 0, and ¢'(z0) # 0. If f(z) = 22 then zy is a simple pole of f(z) and

T oq(z)

Res(f, z0) = (];/ZZ))

Proof. First, we need to show that 2, is a zero of order 1. Suppose that ¢ has a zero
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of order n > 2 at zp, then ¢(z) = (z — 20)"¢(2) for an analytic function ¢. So,

q¢(z) = n(z—2)""¢(2) + (2 — 20)"¢'(2)

= (2= 2)ln(z —20)"¢(2) + (2 — 20)" ¢/ (2)].

Since n > 2, then n — 2 > 0. So, ¢ has a zero, and ¢(29) # 0. Order of ¢’s zero is 1.
Now, by THEOREM 3.17, z is a simple pole. Thus by COROLLARY 3.21 and

because ¢(zp) = 0, we have

= lim(z —z Z&
Res(f,z0) = zl_m( 0>6](7«’)

= lim
==z q(2) — q(20)

i (2) i 2= 20
= lim p(2) lim ————
2 255 q(2) — alz0)
_ (=)
q'(20)
The proof is complete. O

THEOREM 3.22. [2] If g(z) is analytic at zo and f(z) has a simple pole at zy, then

Res(fg, z0) = g(z0)Res(f, z0)-

Proof. Since g is analytic at 2, it’s easy to see fg also has a simple pole at z.

Therefore, by COROLLARY 3.20, we have
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Res(fg,20) = lim[(z —2)f(2)g(2)]

Z—r20

— lim [(z — 20)/(2)] lim g(2)

220 Z—20
= g(20)Res(f, 20).

The proof is complete.

LEMMA 3.23. Suppose that f is analytic and not identically zero in a region G.

i. If zo is a zero of f of order k > 1, then f'/f has a simple pole at zy and
Res(f'/f,20) = k.

ii. If zp is a pole of f of order k > 1, then f'/f has a simple pole at zy and

Res(f'/ [, z0) = —k.

Proof. (i) Since f has a zero of order k, there exist a function ¢ and R > 0 such
that f(2) = ¢(2)(z — 20)*, #(20) # 0 and ¢ is analytic in B(zp, R). For all z in

B(zp, R), we have

f'(z) _ ko(2)(z —20)" 1+ ¢(2) (2 —20)* _ & dC)

f(z) ¢(2)(z — 20)" z—2  ¢(2)
However ¢(z) # 0 and ¢'/¢ is analytic at zp, hence ¢'/¢ has a convergent Taylor

series. Thus,

f/(Z)_ k Ooa ¥ )P
TP S
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Therefore, we conclude that f’/f has a simple pole at zg, and

Res (f'/f,2z0) = k.
(ii) Since f has a pole of order k, we have f(z) = ¢(2)/(z — 2)* and R > 0 such

that ¢(z9) # 0 and ¢ is analytic in B(zg, R). For any z in B(2g, R),

['(2) ¢'(2)(z — 20)" — ké(2)(z — 20)" " (2= 2)"*

f(z) (z — 20)% e
= @' (2)(z — 20)* — ké(2)(z — 20)* !
d(2)(z — 20)k
_ )k
P(z) z—2

Since ¢(z9) # 0 and ¢’ /¢ is analytic at zy, it has a convergent Taylor series. So,

f’(z) _ z:kfzo 4 Zan(z . z(])n.

n=0

Hence, f'/f has a simple pole at zp, and

Res (f'/f,20) = =k,

and the proof is complete. O

THEOREM 3.24. If p is a polynomial of degree at least 2, and zy, 2o, . . ., 2, are the

zeros of p, then

. 1
ZRes (—,zj) =0.
= \r(®)
Proof. Suppose that p(z) = a,2" + a,_12""1 + -+ + ag, where a,, # 0 and n > 2. By

32



the fundamental theorem of algebra, p has at most n different zeros. Let C' be a
circle centered at 0 with radius R, sufficiently large that every singularity of 1/p is

inside C. We now consider

= — - —
2p(l) 2t B tdar 2agtap1z 4+ ap2”

FAbh

1 1 1 1 1 2"
==

Since n > 2, the singularity at z = 0 is removable. Therefore, by the

11
—— dz=0.
/02219(1)

Thus by Cauchy’s Residue Theorem 3.14, the definition of residue at infinity 3.12,

Cauchy-Goursat theorem 2.26,

and THEOREM 3.13, we have
& 1 1 1
ZRGS (—,zj) = — | —dz
21\ i Jo 1)
1
= —Res <—, oo)
p(2)

~ Res (ﬁo)

This finishes the proof.
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CHAPTER 4

BERNOULLI NUMBERS

Bernoulli numbers have long been used in algebra and number theory. In this
section we define and explore properties of Bernoulli numbers in the framework of

complex analysis. In the next chapter, we use them to obtain some important

infinite sums.

4.1 The Bernoulli Numbers

DEFINITION 4.1. The Bernoulli numbers {B,}{" are defined recursively by,

By =1 and

—

—1 «—/n+1
B, = By, > 1.
T 0< f ) e for m>

i

LEMMA 4.2. [2] Let F(z) =", (nZTnl), and let f(z) = 1/F(z). Then f(z) is

analytic on B(0,27) and
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Proof. Since F(0) =1, for z # 0,

R I L n
R D D T
2 zé=nl L (n+1)!

Thus (4.1) follows, and from that, we see f is analytic when e* # 1, that is, when
z # 2mik for some k € Z \ {0}. Therefore, f(z) is analytic for all z such that

|z| < 2.

THEOREM 4.3. [2]Let F'(z) => ", (nzTnl), and let f(z) = 1/F(z). Then for all

z € B(0,2m)
— B,
=2
-0
where {B,}{° are the Bernoulli numbers.

Proof. By LEMMA 4.2, f is analytic on B(0,27). Therefore, f has a convergent

Maclaurin Series on B(0, 27), say

Since f(z) and F(z) = (¢* — 1)/z are reciprocals, we have

= PG = 3 s S

n:0

By the Cauchy product theorem [2], we then have for each z € B(0, 27),

o
1= E ckzk,
k=1
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where for each n,

IR YU R o
C"_Zk!(n—k)!_§k!(n—k+1)!'

The Maclaurin series for 1 has all zero coefficients, except ¢y = 1, hence by the

uniqueness of Taylor series, for all n # 0, ¢, = 0. Thus for n > 1,

n n—1
Qg Ay, Qg
O: n: _— = — —_— .
¢ ];k!(n—k)! n!+kz;k!(n—k:+1)!

It follows that,

n—1 n—1
—1 n—l—l
:_l

Since ag = By and {a,}, and {B,}, have the same recursion formula, we conclude

they are the same sequence. O

DEFINITION 4.4. In light of LEMMA 4.2 and THEOREM 4.3, we call z/(e* — 1) the

generating function for the Bernoulli numbers and write

— B,
S

=0
assuming the value 1 at the removable singularity at zero.

COROLLARY 4.5. [2] The odd Bernoulli numbers are zero except Bj.
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z
e*—1

Proof. 1t is easy to see the function f(z) = + 5 — 1 is even. Since for z # 0,

we see

is even as well. Therefore,

It follows that when k > 2 is odd B, = —B,,, and therefore zero.

4.2 Results

In this section we use the results of the previous section to find several of
our main results. These sums, found using Bernoulli numbers, will also become

powerful tools in the evaluation of other series in the next chapter.

REsULT 4.6. When 0 < |z| <,

[e.9]

22n32
zcothz = o2
nz:% (2n)!
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Proof. First note that when 0 < |z| < T,

z +z ze*+1 2 e*? 4 e2/? z thz
—_ = — = — = — CO —
e2—1 2 2er—1 2¢e32—¢22 2 2

When 0 < |z| < 7, by DEFINITION 4.4, we have

2z =. B, n 2z =, B, n
zcothz—eQz_ z—;ﬁ@z) +?:1+;ﬁ(22)

This finishes the proof.

REsuLT 4.7. When |z| < 7,

— (—1)"2°"Bay, ,,
zcotz = Z Wz .
n=0

Proof. In RESULT 4.7 replace z by iz, and since iz coth (iz) = z cot z, we have,

[e.e]

22nB2n Z 2 B2n 2n

zcotz =
n=0 (

This finishes the proof.
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RESULT 4.8. When |z| < §

0 22n<22n _ 1)8
— _1\n1 2n _2n—1
tanz = nz::l( 1) ) Z
Proof. Since tanz = —_— = cot z — COEZ% = cot z — 2 cot(2z), we have by RESULT
4.7, that
- 2.Bn 2%1Bn
tanz = Z( 1) (2 2 2n 1_22 222n1
n=0
_ i(—l)ann(l — 22n)BQTL S2n—1
— (2n)!
_ i<_1)n122n(22n — 1)B2n S2n—1
— (2n)! '

This finishes the proof.

REsuLT 4.9. When |z| < 7,

(2n)!

o 22" — 2) By,
cscz = Z(—l)"‘lgz%_l.
n=0

Proof. Since csc z = 1/sin z, we have for all z such that |z| < 7,

1 csc? z cot?z —1
csc2z = - = =cot z — — = cot z — cot 2z.
2 sin 2 cos z 2cot z 2cot z
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So,

CSC 2
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CHAPTER 5

SUMMING SERIES BY RESIDUES

This chapter contains more of our main results, making use of the tools

presented in the previous chapters. We will use the theory of residues to develop a
powerful technique to find sums of the form ), f(k), where f(z) = 42) i5 a rational

T op(2)

function with degree p(z) - degree ¢(z) > 2.

5.1 Foundations

In this section we develop the technique that will produce more of our main
results. The concept is of capturing an ever widening set of singularities inside
contours, obtaining corresponding finite sums, and then deducing the desired

infinite sum.

DEFINITION 5.1. For convenience we will refer to a contour C,, as a basic contour,

provided

1. C, is positively oriented.

2. C, is simple.

3. C,, 1s piecewise smooth.

4. C, is centered at the origin.

5. Cy 1s on a square of side 2n+ 1 or on a circle of radius n+ 1/2 for

any n € N.

41



LEMMA 5.2. Letr, =n+1/2 for anyn € N and let 0 < e < 1. If (z,y) is on the

intersection of
(x—rn)> + 9yt =62 and 2?4y =r

for any n € N, then |y| > ¢/2.

Proof. Solving this system of equations yields

e2

— e 1
y c (2r,)?

Since r,, > 3/2 for all n and € < 1,

Ml—@%ﬁzwl—%:v@@>é

Therefore, |y| > ¢/2. O

LEMMA 5.3. [2] There exists B > 0 such that whenever z is on any basic contour
Ch,

| cot(rz)| < B and | cse(mz)| < B.

Proof. For any z = x + iy, since cot and csc are odd functions, we will, without loss
of generality, assume y > 0. It follows that
‘627riz‘ — ‘627riar—27ry‘ — ‘627rim€—27ry‘ — e—27ry < 1. (51)

Let z € B(5, ). We have 1/4 < x < 3/4, hence cos(2rz) < 0. It follows that

11
274
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627riz . 1} > ’R6(627ri:v727ry o 1) |
= |Re (e7™ (cos(2mz) + isin(2mz)) — 1) |
= |e"™cos(2mx) — 1] (5.2)

= 1—e ™cos(2mx)

v
—_

Combining (5.1) and (5.2), we have for all z € B(3, 1),

ewiz + e—mz 627riz + 1 i
jootms)| = [Tt = G <l v 1< 69)
and
1 em’z
) S S Y 5.4
| CSC(W2)| emiz _ p—miz e27rzz —1 ' ( )

Now, consider z € B(n + 3, 1) for any integer n # 0. Since z —n € B(3, 1) and both

| cot | and | csc | are m-periodic, we see

| cot(mz)| = |cot(m(z —n))| < 2 (5.5)

and
| ese(mz)| = |ese(m(z —n))| < 1 (5.6)

11
for all =| B —,=).
orall ze€ S nL;O (n+2,4)

For z on a square with verticies at £+ (n+ 1) £ i(n+ 1) but z € S, we see |y| > 1/4.
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If z is on a circle of radius r, =n +1/2 but z € S, then |y| > |b|, where (a,b) is a
point of intersection of

(x—rn)*+9y*=1/16 and 22yt =12

By LEMMA 5.2, |y| > |a|] > 1/8. Noting that e2™ < 1, it follows that

e2miz o —2my +1 e—2my +1 e—2my +1 6727r/8 +1
| cot(mz)| = o2rizg—2my _ | < lle2mv| — 1 < 1 — 2w < 1— e-7/4" (5.7)
and
ese(2)] = | e el el
cse(mz)| = : = : < < ) )
e2miz _ | e2mize—2ry _ | ||€f27ry‘ _ 1| 1 — e /4

Taking B to be the minimum of the bounds given in lines (5.5), (5.6), (5.7) and

(5.8) yields the desired bound for all z on all basic contours. O

LEMMA 5.4. [2] Let n be a positive integer, and let C,, be a basic contour. If

f(z) = Z% is a rational function with degree q(z) - degree p(z) = 2, then,

nh—>nolo g % cot(mz)dz =0 (5.9)

and

im ]&csc T2)dz =
nlﬁOO . a(2) (rz)d 0. (5.10)

Proof. By LEMMA 5.3 | cot(mz)| and |csc(mz)| are bounded by some B > 0 on C,,.
The function 12z f(z) is a rational function whose numerator is of degree at least

one less than the degree of its denominator. Thus given any £ > 0, there exists a
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number N such that when |z| > N,

2m2f(2)] < |122f(2)] < %.

We also assume that when n > N, each pole of f is inside C},. Let n > N. In the

case C), is a square, given any z on C,, we have 1 < n < |z|. It follows that

12|z] = 8|z| + 4|z| > 8n + 4. Thus since n > N, |z| > N and hence

‘ 5 £(2) cot(m2)dz

12
</ 2L o <
Ch 8n+4

proving (5.9) in the case C,, is a square. For the case when C, is a circle,

|z| =n +1/2, hence

L(C,) 3

27|z| B
‘ . f(2) cot(mz)dz| < /Cn m\f(z)\de < T 172) EB =,

finishing (5.9).

The proof for both cases of (5.10) are the same as for (5.9), and are omitted.

THEOREM 5.5. [2] Suppose that [ is analytic at an integer k, then

i Res(f(z) cot(mz), k) = = f(k).
1. Res(f(z) csc(mz), k) = (j)nf(k).
1it. Res (f(z)tan(mz), 255) = L (2£H)

(f(z 2
iv. Res (f(2) sec(rz), ) = (j) f(3EH).

Proof. (i)  Since sin(7z) = 0 if and only if z is an integer k£ and cos(7wk) # 0. We

O

see by THEOREM 3.21, cot(mz) = cos(nz)/sin(mz) has a simple pole at each integer

k and
OS\T OS( T 1
RGS(COt(7IZ), k’) = ¢ S( k) = ¢ S< k)

Lsin(rk) mwcos(mk) 7w
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Therefore, by THEOREMS 3.21, 3.22,

Res(f(z) cot(mz), k) = f(k) Res(cot(nz), k) = —=.

(ii))  Recall that csc(mz) = 1/sin(7rz), and as in part (i) above, csc(rz) = 1/ sin(7z)

has a simple pole at each integer k. So, by THEOREM 3.21,

Res(csc(r), k) = Res (smim> ’ k) ~ o .

Now, by THEOREMS 3.21, 3.22,

Res(f(2) csc(m2), k) — f(k) Res(csc(n2), k) — (";)n F(k).
(iii)  Recall that tan(mz) = sin(nz)/cos(mz). Note that the zeros of cos(nz) are

% where k is an integer. By THEOREM 3.21, those zeros are simple poles of tan

and

2k + 1 in (AT 1
Res (tan(wz), + ) sin (#5) =

2 ) wein (ZEE)

Now, by THEOREM 3.22,

Res (f(z) tan(mrz), 2]{;2—1— 1) = f <2k2+ 1) Res <tan(7rz), 2]{;2—1— 1)

1 2k +1
- (%)

(iv)  Recall that sec(mz) = 1/ cos(mz), and from the previous part
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sec(mz) = 1/ cos(mz) has a simple pole at each 2222, So, by THEOREM 3.21,

2k + 1 1 2k +1 1 —-1)"
Res ( sec(7z), i = Res , i = —37 = (1) )
2 cos(mz)’ 2 sin (27 T

Now, by THEOREM 3.22,

e (f(z) sec(n2). 2k + 1) _ g <2k; 1) Res <S€C(7TZ)7 2t 1)

2 2

_ ey (2k+ 1) |

T 2

The proof is complete. 0

THEOREM 5.6. For every integer k, wcoth(mz) has a simple pole at z = ik and

Res(7 coth(mz),ik) = 1.

Proof. If we let sinh(mz) = 0, then €™ — e™™ = 0, hence ¢*™* = 1. Therefore, the
zeros of sinh(7z) are z = ik for every integer k. Since cosh wik # 0, by theorem 3.21

the poles of mcoth(7z) = 7 cosh(mz)/sinh(7z) are simple and

h h(wk
Res(m coth(mz), ik) = ™ cosh(r2) _ o8 (k) =1.

4 sinh(rz) 7 cosh(mk)

The proof is complete. 0

5.2 Finite Sums

LEMMA 5.7. [3] Let C,, be a basic contour. If f is analytic on C,,, except at finitely

many singularities z1, . .., Zm, all instde C,, none of which are integers, then
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2@/ f(z) cot(mz)dz — WZRGS z) cot(mz), z;)

and
Z (—1)*f (k) % f(2)csc(mz)dz — WZRes(f(z) cse(mz), 25).
Proof.

By THEOREM 5.5,

f(k)cos(mk) lf(k:)

Res(f(z) cot(mz), k) = reos(rh) 7

Moreover, since each z; is inside C},, we have, by the Cauchy Residue theorem, 3.14,

that
27”/ f(z)cot(mz)dz = k:inRes(f( ) cot(mz) —l—ZRes z) cot(mz), z;)
= % Z f(k)+ ZRes(f(z) cot(mz), z;).
k=—n j=1

Therefore, we conclude that

2@/ f(z) cot(mz)dz — WZRES z) cot(mz), z;).

The proof of the second assertion is almost the same as the proof of the first. The
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only difference is that by THEOREM 5.5,

Res(f(z) cse(mz), k) = /(z) = (=1) fk).

mcos(mz) T

The rest of the proof is exactly the same. O

DEFINITION 5.8. Let 0 > 0 and suppose a < 8. We define,

‘ a+id f(Z) a—1id f(Z)
Eop = QH&( / P L / e 1%

IR IC)
— ————dz — ————dz |.
/5 e—2miz _ ] < /5 e2miz ] <

THEOREM 5.9. Suppose that f is analytic in the region G = {z: @ < Rez < [3}.
Also, for z = z + iy suppose

lim e 2"l f(z 4 iy) =0, (5.11)

|z]—o0

uniformly in G. If m—1<a<m,n<f<n+1, (m,n€Z), then

n B
> f(k) :/ f(x)dx 4 Eq 3. (5.12)

Proof. Let 6 > 0, and define C' = Cy 4+ Cs, where
Cy=lo, 8]+ 8,8+ 1] + [6 + 16, + 6] + [ + @9, o], and

Cy =la, 8]+ [B, B —id] + [ —i0, . — id] + [ — @0, .
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Let C; =CnN{z:Imz>0}and Cy =CN{z:Imz < 0}. Now, since f has no

singularites in G, By THEOREM 5.7, we have,

;f(k) = 2%/0]0(,2) cot Tz dz.

H - 1 1
enee, Z f(k)=—= (2)cotmzdz+— | f(2)cotmzdz.
= 2i Jg 2t Jo,
It is easy to verify these identities,
f L
—cotmz = —+ ———
2i 2 ez — ]
and
-1 1
—cotmz = — — —/———.
2 2 e~2miz —

Aplying these identities to equation (5.13), we have,

_ / " ) + / ”62f<72>_1d2+ / —562]0(7;;21

5 e—2miz _ | 5 e2miz _ | o e—2mi(z+id) _ |

Jla—id) dz.

+ , exmil—io) _ ]

20

S ) = [0 (3 ) aet [ 160 (34 iy

(5.13)

dx



Let 6 — oo. In light of hypothesis (5.11), we have
B ‘ a+id f(Z) a—1id f(Z)
Z f(k’) = /a f([L‘)d!L‘ + 51220 (/a mdz +L mdz

e ) )
- ————dz — ———d
/5 e 2miz _ z /5 e2miz _ | z

B
= /f(x)dx+Eaﬁ.

The proof is complete. 0

5.3 Infinite Series

5.3.1 Non-integer Singularities

THEOREM 5.10. [2] Suppose that f(z) = L2 is a rational function with degree p(z)

p(z)

- degree q(z) = 2. Also, suppose that f has poles at zq, ..., zy,, none of which are

integers. Then

(i) > flk) = —WZReS( f(z) cot(m2), z)
and
(ii) > (=D f(k) = —WZRes( f(2) ese(nz), ;).
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Proof. (i) Let C,, be a basic contour and assume n is sufficiently large so that each

z; is inside C,,. Thus by LEMMA 5.7,

m

/ f(2) cot(mz)dz = 2mi Z %f(k:) + ZWiZRes(f(z) cot(mz), zj).

n k=—n jil

Now, let n — co. By LEMMA 5.4, lim f(2) cot(mz)dz = 0, hence

n—oo C
n

Z f(k) = —WZRes(f(z) cot(mz), zj).

k=—o0

(ii) The proof of the second assertion can be proved in the same way as the first,

with csc in place of cot and (—1)*f(k) in place of f(k).

U
EXAMPLE 5.11. If ia is not an integer, then
= 1 T
kz_oom = E COth(aﬂ').
Proof. Let
1 1
J(z) = 2+a2 (z—2)(z— =)
where z; = ai and z3 = —ai. By DEFINITION 3.8, f(z)cot(rz) has a simple pole at

z; and at zo. Now, by THEOREM 3.22

fes <<z e ) - [%] fres (<z o ) -2
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1 cos(mia) 1 cosh(ma) 1 th(ra)
= ————=-————- = —— coth(ma).
2ia sin(mia)  2iaisinh(ra) 2a

We can calculate the residue at zo = —ia in the same way, obtaining

Res <M —ai) = —QL coth(wa).

22 + a2’ a

Therefore, by THEOREM 5.10, we have

= 1 cot(mz) T
kz_:oo gl WZRGS <22 FprE ) = coth(ma).

The proof is complete.

EXAMPLE 5.12. If ia is not an integer, then

1
ZkZ 7 2 coth(wa) 22

> 1 T
Proof. From the previous example we have ——— = — coth(an). Since
f. prev xample we haw k_z Pid) (am)

f(k) =1/(k* + a?) is an even function, we have
= 1 1 1 1 ™ 1
- ) = Z oth(ar) — —.
; k2 +a?> 2 (kz_:oo k? + a? a2> 2q (am) 2a?

The proof is complete.
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ExXAMPLE 5.13. Ifia is not an integer, then

- 1 m 2
————- = —coth —csch? :
kzzoo CErSERET: coth(am) + 572 0S¢ (am)
Proof. Let
1 1
() = (22 +a2)? (2 —ia)?(z +ia)?’
which has poles of order 2 at z; = ia and 2z, = —ia. By DEFINITION 3.8 |

f(2) cot(mz) has a pole of order 2 at ia and at —ia. Hence, by THEOREM 3.19, we

have

Res ( <cotﬂ m) o 2 <(z—ia)200t(7rz))

s~ia dz \ (2 — ia)%(z + ia)?

o ()

z—ia A2 (Z + ia)2

. —m(z +ia)csc?(mz) — 2 cot(mz)
= lim .
z—ia (z + za)3

—2mia csc?(mia) — 2 cot(mia)
(2ia)?

mi% csc?(mwia) i cot(mia)

42 4a3

nesh?(wa)  coth(ma)

42 4a3
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An almost identical calculation yields

4a? 4a3

Res ((cotﬂ _m) __mesh’(wa) coth(ﬂa)'

7 coth(ma)

The proof is complete.

EXAMPLE 5.14. If a > 0 is not an integer, then

k:ZOOUf +a)? csc(ma) cot(ma).

1 cot(mz) m2csh?(ma)
_Z (k2 + a2)? - _WZRQS ((k2+a2)2’zj) - 202 T

2a3

Proof. Let f(z) = (2 + a)~2. Since —a is not an integer, by DEFINITION 3.8,

f(2) csc(mz) has a pole of order 2 at z = —a. Hence, by THEOREM 3.19

= lim [—7cot(mz) csc(mz)]

zZ——a

= —mcot(—ma)csc(—ma)

= —mcot(ma) csc(ma).
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It then follows by THEOREM 5.10, that

i 7(_1)k = —7 (=7 cot(ma) csc(ma)) = 72 csc(ma) cot(wa)
(k+ a)? |

k=—o00
The proof is complete.

THEOREM 5.15. [3] Suppose that a, b, and t are real numbers, and |b| < |a|, then

2y a sinh(at)

i (— 1)t at amee  cosh(bt)

k=—00
Proof. Let
at ate’s
inbz a
&)= —aapt " =, !
w222 + a*t m2(z — 21)(z — 22)
where z; = ait/w, and zo = —ait/m. Since these poles are simple, by THEOREM
3.22,
imbz imbzy
ate a ate a 1
Res | =—5——= csc(mz2), 2 = | ————csc(mz1) | Res z
<7T222 + 22 ( )a 1) <7r2(z1 _ 22) ( 1)) (z — 21’ 1)
Ly :
= ——e csc(zat).
2mi (iat)

An almost identical calculation yields

t imwbz 1
Hes <(Z — zlgl(z — 22)6 : cse(mz), 22) = %ebtcsc(iat),

as well. Hence by THEOREM 5.10, we have
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0 N at s a tembz/a
kz_:oo(—l) S apt —FZRQS (7‘(‘22’2 T cse(mz), 2,
= -7 Le’bt csc(iat) + Lebt csc(iat)
2m 2m
bt 4 bt

Y sin(zat)

_ cosh(bt)

~ sinh(at)’

This finishes the proof. O

5.3.2 Integer Singularities

THEOREM 5.16. Suppose that f(z) = pgz; is a rational function, with poles

<

{z1,29..., z,}, some of which may be integers, and let S = Z\{z1,22...,2n}.

Then,

Zf(k) = —WZRGS z) cot(mz), z;) .

kesS

Proof. If k € S, then by DEFINITION 3.8, f(z) cot(mz) has simple pole at k and
Res(f(z) cot(rz), k) = X f(k). Now, consider n such that all singularities of f are on

the inside of C,. Then, by LEMMA 5.7, we have
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/ f(z)cot(mz)dz = QWiZ{all the residues in Cy,}

n

= 2mi Z +2mZRes z) cot(mz), 2;),

keS,|k\<N zj€R

Let n — oo. Then by LEMMA 5.4

1
27riZ;f( + QWZZRGS z) cot(mz), z;) = 0.

kes z€R

We conclude, Zf(k;) — _WZRes z) cot(mz), z;).

keS Z€R

The proof is complete.

EXAMPLE 5.17. FEuler’s famous sum:
k2 6
k=1
Proof. Let f(z) = 1/z%, then by DEFINITION 3.8 the function f(z)cot(wz) has a

pole at z = 0 of order 3. By THEOREM 3.19 and L’Hopitol’s rule we have

22 z—0 d22 22

Res (icom) o) ~ iy d_{ﬁ]

1 d ,
= 3 llg(l) 7 [—72 csc®(z) + cot(mz)]

1
= - lim [27%z cot(mz) esc®(mz) — 2w csc?(mz) ]

2 20
. [#%2zcos(nz) 7

= lim — - —
z=0 | sin’(7z) sin®(7z)
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m?z cos(mz) — msin(nz)
Py sin®(7z)

’ [—732sin(rz) + 72 cos(mz) — 72 cos(mz)
= lim
20 | 37 sin?(7z) cos(nz)
] —722
= lim -
2—0 | 3sin(7z) COS(?TZ)}

T
3

Now, taking S =Z \ {0} in THEOREM 5.16, we have,

1 1 - 72
g% = = —mRes (; COt(?TZ),O) =7 <T) =3

Since 1/2? is an even function, we see

=1 1 2
zl;pzzﬁ:%

k0

Therefore,

k2 6
k=1
The proof is complete.

EXAMPLE 5.18. Ifia is not an integer, then

i 1 3+ a’n* — 3macoth(ra)
=2k +a?) 6a’ '

Proof. Let
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1
f(Z) _ 22(22 +a2)'
By DEFINITION 3.8 the function f(z)cot(7z) has a pole of order 3 at z; = 0 and

simple poles at each of z5 = ia and z3 = —ia. Note that z; is an integer, whereas 2,

and z3 are not. Thus by THEOREM 3.22, we have

In the same way we found the previous residue,

o () bl

2(z —ia)(z +ia)’ 2a?

In finding the residue of the function f(z)cot(mz) at the pole z; = 0, we will make

use of the Bernoulli form of the Taylor series for z cot z, RESULT 4.7, obtaining

oo
nQZnBQn on
mz cot(mz) E (mz)™".
n=

From this we obtain the Laurent series for cot(mz) :

0 —1)k92k 2k—1
cot(rz) = Z< ) 2k 2k—1

T2 3 45
Moreover, as a geometric series,
1 1 1 = 222 1 1 22
20,2 1 12) 2.2 222(_1)k 2 2.2 a T st
22(z2+a?)  a?2?2 1+ (z/a) a?k+ a’z?  a*  a



It follows that,

cot(mz) 1 1 22 1 7wz w328
m = —_———t =4+ .. ] X | — ...

B 1 T n w2 n
a a’rz3  3a2z  45a?

23 3+adPr? n —7tat + 15m%a® + 45 .
alrw Satr 45mab :

Therefore, by definition,

2.2
Res< cot(mz) 0>:_3+a7r.

22(22 4+ a?)’ 3atm

Taking S = Z \ {0} in THEOREM 5.16, we have,

3
1 1
Zi]{;z(/ﬁ ey = —W;RGS (22<22 ey cot(mz), zj)

k0

coth(ar) N coth(am) 3+ a®m?
: 2a3 2a3 3atm

3+ a*m? — 3wa coth(wa)
3at '
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Since f(z) is an even function,

3+ a’n® — 3macoth(ra)

i 1 _1Z 1
2(1-2 2\ o 2(1-2 2\ 4
k:lk(k + a?) Qk;éok(k + a?) 6a

The proof is complete.

THEOREM 5.19. Suppose that f(z) = % is a rational function, with poles

{z1,29..., 2, }, some of which may be integers, and let S = Z\{z1,22...,2n}.
Then,
S0 f(k) = — S Res (f(2) esc(mz), 25)

j=1

kes

Proof. Since csc(mz) and cot(mz) have the same denominator and the theorem has
the same hypotheses otherwise, the proof for this theorem is similar to the the

previous one and will be omitted.

EXAMPLE 5.20. If a is an integer, and a # 0. Then

Z <—1)k . 6 + a27T2 — 12(—1>a+1
B 6a? '

2 _
keZ\{0,a} ( a)

Proof. Let
1

f(z) = 2(z—a)’
then by DEFINITION 3.8 the function f(z)csc(mz) has a pole of order 3 at z; =0
and a pole of order 2 at z5 = a. Note that z; and 2, are integers.

To find the residues of the function f(z)csc(rz) at the pole zo = a , by Theorem

3.19 we have,

Res (%ﬁz))’a) o d [(z —a)? CSC(?TZ):| _ 2(_1)(14-1.

22(z —a) adm




Now, to find the residue of the function f(z)csc(7z) at the pole z; = 0, we will use

the sum identity for the cosecant 4.9

0 B (22k _ Q)B kﬂ_2k71 B
csc(mz) = z:(—l)l‘C ! (2]{:)? 22kt
k=0 ’

1 Tz Tmed

= 6 360

Also, we need the Taylor expansion for 272(z —a)™!,

o —
1 1 1 —1 k=2
2. 4 .21 (z\ k+1°
¢z —a az= 1 (a) k:oa
e} _
- 2k—2 1 1 1
ence, —EW——E—%—E—F
k=0

Now, we will find the product of these two summations,

(72) 1 1 1+7TZ T3 o 1 1 1+
cse(mz) | — = _t — = — e
2z—a TZ 6 360 az? a2z ad

B 1 1 L,
N arz3  a?mz? adwmz

n Tmdz w22 Tndss
360a  360a2 360a3

+ ..

Hence, we see that the coefficient of % is (—%jjf), wchich is the residue of the

function f(z)csc(mz) at the pole z; = 0. Hence,
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1 6 + a’m>
Res <m CSC(’YTZ),O) = —W

Now, let S =7Z\ {0,a} . By THEOREM 5.19 we have,

3 % — —7 Y Res (ﬁcsc(m,zj)

kez\{0,a} J=12
2(_1)a+1 6+a27r2
= —Tr p—
a’m 6a’m
6+ a’n? —12(—1)*t!
B 6a? '
The proof is complete. O

5.3.3 Singularities at Zero

THEOREM 5.21. [2] If n is a positive integer, and { By} are the Bernoulli numbers,

then

o0

Zi _ (_1)n7122n—132n,ﬂ.2n
Jo2n Qn)l

k=1

Proof. Let f(z) = 1/2*", then by DEFINITION 3.8 the function f(z)cot(rz) has a

pole of order 2n + 1 at the singularity z = 0. By RESULT 4.7, we have the Laurent

series,
cot(mz) _ 1 i(—l)kQ%B%ﬂ%z% _ i(_l)kz%B%W%lz%znl
z2n w22t (2k)! P (2k)! '
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When 2k —2n—1= —1, k =n, hence

_1\n92n 2n—1
Res COt(?TZ)’O _ (—=1)"2*" By,
22 (2n)!

Considering S = Z\{0} in THEOREM 5.16, we have

I cot(mz) (1)t By,
W = —mRes < on ,O) = (27’1,)' .

k0

Since f(k) = 1/k* is an even function,

i 1 B 1 Z 1 B (_1)n—122n—182nﬂ_2n
T 9 Lagen (2n)! ’
k=1 k #£0

completing the proof. O

EXAMPLE 5.22.

1 2By, =1 2miB, 7w
D AL ID Db v e TRl Y
k=1 k=1

THEOREM 5.23. [2] If n is a positive integer, and { By} are the Bernoulli numbers,

then

(_1)k B n(22n71 _ ].)Bgnﬂ'2n
Z: Era ) (2n)! '

o
k=

Proof. Let f(z) = 1/2*", then by DEFINITION 3.8 the function f(z)csc(nz) has a

pole of order 2n + 1 at the singularity z = 0. By RESULT 4.9, we have the Laurent
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series,

S 22— 2)B
cse(mz) = Z(_l)k_1$ﬂ2k—lz%—1.
k=0 :

It follows that

csc(mz) o o k—1 (2%_2)3% 2%k—1_2k—2n—1
2 _§< D el '

k=0

We obtain the residue from the previous series, for when 2k — 2n — 1 = —1, we see

n = k. Hence,

22" _ 2B
Res (COt(WZ)’()) - (_1)n_1ﬂﬂ2n_l'

Z2n

Considering S = Z\{0} in THEOREM 5.16, we have

1 22— 9)B
L Res (CSCW),o) = (& DB

k2n Z2n
k#0

But, since f(k) = (;%)k is an even function,

Z(—1)F 1 = (=1)* L2221 — 1) By,
Z L2n 9 Z g (=1) (2n)! '
k=1 k#0 )
The proof is complete. O
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EXAMPLE 5.24.

i(_l)kﬂ B 71,_2
- K212

1

Proof. Taking n =1 in THEOREM 5.23, we have

e (_1)k+1 B > (_1>k B 327],2
Z k2 _Z 2 9

Since By = 1/6, the proof is complete.
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CHAPTER 6

MITTAG-LEFFLER EXPANSION THEOREM

The Mittag-Leffner theorem seems unique in its concept, finding an infinite

sum form of functions in terms of its singularities and the corresponding residues.

THEOREM 6.1 (Mittag-Leffler Expansion Theorem). [5] Let f(z) be analytic except
at distinct simple poles {z;}5°, for which 0 < |z;| < |2j41| for all j. Denote

R; = Res(f, z;) and let {C,}$° be circles of radius r,,, centered at 0, none of which
pass through any z; and such that r, — 0o. Moreover, assume there ewxists B > 0

such that when z € C,, for any n, |f(z)| < B. Then

Proof. Let zy be any complex number except a pole of f. Define

O

2=z
then F' has a simple pole at zy, as well as at each z;. By THEOREM 3.22, for all
JeN,

R;

Zj — 20

Res(F, z;) = and  Res(F, z) = f(2o).

By the Cauchy Residue theorem 3.14, for any n,

Ry,

Zn — 20

L ﬁdz:f(zo)—i— Z

6.1
27 Jo, 2 — 2o — (6.1)
Zj n
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Letting zo = 0, in (6.1) yields

b e B

2;€CH

Subtracting (6.2) from (6.1), we obtain

ES f(z) _ 1 < LI 1)
2mi /Cn z(z — zo)dz 271 /Cn /) z—2y =z dz

= f(z ZR(

2;€Cn — A
Since |z — zg| = |2| — |20| = rn — |20/, for all z on C,,, we have
/ &dz' < 2mra B 2nB ’
c, #(2 = 20) ra(rn = [20l) 7 — | 20|
which shows that
lim 7]”(,2) dz =0,

n—oo o 2(2 — 2)

zln) (63)

as n — oo, and therefore as r, — co. It then follows from line (6.3) that

o) = 10 Jim SR ()

2;€CH 0 J

_ +ZR< 1‘).

20 — Zj Z]

The proof is complete.

EXAMPLE 6.2. If z # km for any k € Z, then
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1
CotZ——+ Z ( - k:ﬂ)'

keZ\{0}
Proof. Let f(z) = cotz —1/z. By THEOREM 5.5 we have that cot z has simple poles

at z = km, when k is an integer and that the residues at these poles are 1. It follows

that the Laurent series is

o.]
cotz = g aiz®, where a_; = 1.
k=—1

Therefore,

1
_ k
cotz — — = g aipz”,
z
k=0

hence z = 0 is a removable singularity. By L’Hospital’s rule we have

| ( 1)
lim { cotz — — | =0,
z—0 z

so, without loss of generality, f(0) = 0. Moreover, by LEMMA 5.3 we have cot z is
bounded on basic contours C),. Hence by Mittag-Leffler Expansion Theorem we

have,

1
Cotz——+ Z ( - kw)'

keZ\{0}
The proof is complete. 0

LEMMA 6.3. If z; = 5(2j + 1) for all j € Z, then

. Z_j1 = —Zj.
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1 1 2z

_ . —_ . 2 _
Z2—2 Z—Z_j1 Z

NN

Proof. Given z; = 5(25 + 1),

m . m . T, .
.oz j1 = 5[2(—] -1 +1] = 5(—2] —2+1)= —5(2] +1) = —z,.
Then from (i), we see

.. 1 1 1 1 24z + 22—z 2z
11. + = -+ — — 5.
z—z; z—zya z—2z z+z (z—z)(ztz) 22—z

The proof is complete.

EXAMPLE 6.4. For all z # 7k for some k € Z,

o

2z
tanz = .
2 @y

Proof. Let {C,}7° be circles of radius 7n, centered at 0. Using the methods of
LEMMA 5.3, it can be shown that there exists B > 0 such that |tan(z)| < B, when

z € C, for any n. Denote the singularities of tan as
. m .
wj:(2]+1)§ for all j € Z,

noting tan has simple poles with residues of 1 at each w; and none of them are on
any C),. We renumber these singularities in such a way to satisfy the remainding

hypothesis of the Mittag-Lefller Expansion Theorem 6.1. Denote
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Wi /2, if k is even
2 =

W(l,k)/g, if k is odd

Therefore,

o
tanz = Z

By part (i) of LEMMA 6.3, we have w_;_j = —wy, hence

= 1 1
t = .
s Z(z—wk+z—w_1_k)

k=0

Then by the (ii) part of LEMMA 6.3, we have

o0

tanz = Z 22

o ((2k + 1)%)2 -2

The proof is complete.
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