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In bifurcation theory, there is a theorem (called Sotomayor’s Theorem) which proves the
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INTRODUCTION

In bifurcation theory, there is a theorem (called Sotomayor’s theorem) which proves the ex-
istence of one of three types of bifurcations based on the conditions that the system satisfies.
The bifurcations that Sotomayor’s theorem proves the existence of (Saddle-Node, Trans-
critical, or Pitchfork bifurcations) are what are called codimension-1 bifurcations. It turns
out that there is a “similar” result for proving the existence of one type of codimension-2 bi-
furcation (called the Bogdanov-Takens bifurcation) based on the conditions that the system
satisfies.

In this thesis, we first provide some basic results from calculus, and linear algebra
that will be used in this thesis. We also provide an introduction to dynamical systems,
where we define equilibrium points of a system, periodic orbits of a system, and their sta-
bilities. Furthermore, we introduce a few theorems (Stable Manifold, Hartman-Grobman,
etc.) which can determine the behavior of the system near an equilibrium point/periodic
orbit. Once we have a basic idea of what is going on with dynamical systems, we provide
an introduction to bifurcation theory. We will look at some more common bifurcations, and
see how the behavior of the system changes as the parameters of the system changes. We
also define the codimension of a bifurcation, and provide a couple of examples to prove
what the codimension of a bifurcation is. We also discuss the Center Manifold Theorem,
and its importance for this thesis. We then discuss the Bogdanov-Takens bifurcation, and
provide the statement of a theorem (and the details of its proof) which proves the exis-
tence of the Bogdanov-Takens bifurcation (under certain conditions of the system). We
also provide an example of a system which undergoes a Bogdanov-Takens bifurcation.

The main goal of this thesis is to provide the details of the proof of the existence
of a Bogdanov-Takens bifurcation, provided that certain conditions of the system satisfies.

To the author’s knowledge, we could only find one place where the proof of this theorem



could be found (in [2]). However, there are little details provided in the proof from [2]. For

this reason, my main contribution is to provide the details of the proof of this theorem.



CHAPTER 1: PRELIMINARIES

In this chapter, we present some topics from calculus and functional analysis that will be

used in this thesis.

1.1. Taylor Series Expansion in 2-Dimensions

We introduce Taylor series here since we will need this idea later. We will also

provide an example to demonstrate how to compute the Taylor series.

THEOREM 1. (Taylor Series Expansion) Suppose a function f : R?> — R and its partial
derivatives through n + 1 are continuous throughout an open region R centered at a point

(a,b). Then, throughout R,

f(a+h7 b+k> = f(a7b) + (hfx+kfy) |(a,b) + %(hzfxx +2hkfxy +k2fW> ’(a,b) +...+
%(h% +ka%)"f |(ap) T 7(a+h,b+k), where r is the error term of order n+ 1. [J
This theorem basically says that in the region R, f can be approximated by its Taylor

polynomial. We provide an example to demonstrate how we apply Theorem 1.

EXAMPLE 2. Suppose we want to approximate the function f(x,y) = xe” near the origin.

Then we have fi(x,y) =€, fy(x,y) = x€’, fic(x,y) =0, fiy(x,y) = €”, and fy,(x,y) = xe”.
Also, we have £(0,0) = 0e” =0, £,(0,0) = ¢* =1, £,(0,0) = 0e” = 0, £(0,0) =0,
f1y(0,0) = e® =1, and £,,(0,0) = 0e” = 0. Hence, we have

1
F(x,3) % £(0,0) +x£(0,0) +7£,(0,0) + 75 ( (0,0 4 2x3£r(0,0) +3°£15(0,0))

fxy) = 0+x(1) +y(0) + 2l!(x2(0) +2xy(1) +5%(0))

flx,y) = x+xy.



Hence, f(x,y) ~x+xy. That is, f(x,y) can be approximated by its Taylor polynomial
P(x,y) = x4 xy of degree two, around (0,0). vV
We say that a function f: E — R" is analytic in the open set E C R" if f has a

Taylor series which converges to f in some neighborhood of a point x¢ in E.

1.2 The Fredholm Alternative Theorem

In this section, we introduce the Fredholm Alternative Theorem. This theorem
basically says that either a vector is a solution to a linear system, or it is not. In which
case, it gives a characterization that will be useful when we study the proof of Theorem 41,

which will be discussed later.

THEOREM 3. [2], [4] (The Fredholm Alternative Theorem) Let A be a m x n matrix, and
let b € R™. Then either x € R” is a solution of the linear system Ax = b or ATy =0 has a

solution with y € R satisfying b’y # 0. O

1.3 The Implicit Function Theorem

Here, we discuss the Implicit Function Theorem, which we will also use in the

proof of Theorem 41, which will be discussed later.

THEOREM 4. [2], [4] (Implicit Function Theorem) Let F : R" x R” — R" be a smooth
function defined in a neighborhood of (x,y) = (0,0) such that F(0,0) = 0, and let

A = DF(0,0) be the Jacobian of the function F evaluated at (0,0). If A is nonsingular,
then there exists a smooth locally defined function f : R" — R such that F(x, f(x)) =0

for all x in some neighborhood of the origin of R". [J

This theorem basically suggests that under certain conditions that if the origin is a
solution to the equation F(x,y) = 0, then there are more possible solutions to the equation

F(x, f(x)) = 0 for all x in some neighborhood of the origin in R".



1.4 Generalized Eigenvectors

Here we introduce the idea of a generalized eigenvector v of a matrix A correspond-
ing to an eigenvalue A. We say that v is a generalized eigenvector of a n x n matrix A

corresponding to an eigenvalue A with algebraic multiplicity m < n if

(A—AD*v =0,

for some k =1,2,...,m. So we have that an eigenvector is a generalized eigenvector (where
k=1).

It turns out that there is an equivalent way to write the generalized eigenvectors of
a matrix corresponding to an eigenvalue. To see this, let v{,vs,...,v,, be the generalized

eigenvectors of a n x n matrix A corresponding to the eigenvalue A. Then we have

(A=A, =0

(A—AD""Y A=Ay, =0.

Since v, is a (generalized) eigenvector, and from the above system, we can define
(A—AI)vy = vy—1. Using a similar argument, we can write one of the generalized eigen-
vectors in terms of another. It turns out that we can find linearly independent generalized
eigenvectors of a matrix A corresponding to an eigenvalue A. This fact will be stated in

Chapter 2.



CHAPTER 2: INTRODUCTION TO DYNAMICAL SYSTEMS

The main idea of dynamical systems is to study the qualitative behavior of solutions of a
system of ordinary differential equations. In other words, the area of dynamical systems
tries to answer the question: as the independent variable of the system (usually time ¢)
increases, and parameters vary, what does the solution to a given system of ordinary differ-
ential equations tend to do? In particular, we look to see if the system is stable (solutions
stay near a certain region of the system) or unstable (solutions go away from certain regions
of the system). We also look for special solutions, attractors, etc. With this in mind, we
can study the stability of a system locally or globally. To study local stability is to study
what the system tends to do in a neighborhood of an equilibrium point, or around periodic

orbits. In this thesis, we will be considering systems of the form

i=f(x,u) ©0.1)

where x € R" and u € R™. So, we will be working with systems that depends not only on
x, but also on a vector of parameters [ = [y, Ua, ..., )" . Since u is allowed to change,
the stability of the vector field f can also change. This will be discussed in further detail in

Chapter 4.

2.1 The Basic Background

Before we start looking at bifurcations of system (0.1) (which is the main subject
studied here), we first need to define some terms that will be used throughout this thesis.

We also need to discuss the local and global stability of systems of the form

$= f(x) 0.2)



where f: R" — R" and x € R". Once we are familiar with these ideas, we will introduce
some bifurcations and state Sotomayor’s Theorem, which helps us prove the existence of

certain bifurcations.

We begin by introducing some terminology we will be using throughout this thesis.
We define an equilibrium point of (0.2) to be a point xy € R” such that f(xp) = 0. In other
words, an equilibrium point of is a point where there is no change in the system (0.2). Now,
before we go further, we need to define linearization of (0.2) about an equilibrium point.

We define the linearization of (0.2) about an equilibrium point x as the linear system

X = Ax,

where A = Df(xo) is the Jacobian of the system (0.2) evaluated at x(. Furthermore, we say
an equilibrium point xq is kyperbolic if the real parts of all the eigenvalues of the Jacobian
of (0.2) evaluated at xq are nonzero (i.e.,if A; =a; +ib;, j =1,2,...,n are the eigenvalues
of Df(xp), then for xo to be a hyperbolic equilibrium point of (0.2), we must have that
aj#0forall j=1,2,...,n). If an equilibrium point xo of (0.2) is not hyperbolic, we say xg
is nonhyperbolic (i.e.,if A; = a; £ib;, where j = 1,2,...,n, are the eigenvalues of Df(xo),
then for xo to be a nonhyperbolic equilibrium point of (0.2), we must have a; = 0 for some
j=12,...,n).

Now, before we look at the behavior of the system (0.2), we first need to define

some behavior we get in a linear system

X =Ax (0.3)

around the origin, where A is a nonsingular 2 x 2 matrix.! Let A1 2 = a = bi be the eigen-

values of A. We say that the origin is a saddle if A| and A, are real numbers such that either

'While we are considering the 2 x 2 case, it turns out we can generalize the matrix A to be n x n (where
n>3).



M <0< A ord <0< Ay. We say the origin is a node if A; and A, are real numbers
such that either A; < A, < 0 or 0 < A; < A,. Note that the order of A; and A, does not
matter. Furthermore, if we see that a node has A; < A; < 0, we say that the origin is a
(asymptotically) stable node. Also, if we see that a node has 0 < A; < A,, we say that the
origin is a unstable node. The origin is a focus if A; and A, are both complex numbers
such that either a > 0 or a < 0. If we see that a focus has a < 0, we say the origin is a
(asymptotically) stable focus. Also, if we see that a focus has a > 0, we say the origin is an
unstable focus. The origin is a center if A; and A, are both pure imaginary numbers (i.e.,

a=20).

There is a result to study the behavior of a linear system based on the trace and
determinant of a matrix (which is referred to as the Trace-Determinant Analysis). This

analysis is quite useful in determining the stability of the origin of a linear system.

THEOREM 5. [1] (Trace-Determinant Analysis) Let A be a 2 x 2 matrix with trace 7" and

determinant D # 0. Consider the system x = Ax.

(1) If D < 0, then the origin is a saddle.

(2)If D> 0and T? —4D > 0, then the origin is a node (stable if 7 < 0 and unstable
if T > 0).

(3)IfD > 0and T? —4D < 0, then the origin is a focus (stable if 7 < 0 and unstable
if T > 0).

4 IfD>0,T?>—4D <0, and T = 0, then the origin is a center. [J
REMARK 6. The Trace-Determinant Analysis only works in two dimensions. A

The types of behavior we get around the origin that was mentioned above are what
we see when we have a linear system. There are other types we can have in a nonlin-
ear system around an equilibrium point (which may or may not be the origin). To define

these other behavior types, we need to define a few terms first.> Assume the origin is a

2See [1] for details.



nonhyperbolic equilibrium point of a system that can be written in the form

x=P(x,y) 04

y=0(x,y)
where P and Q are analytic in some neighborhood of the origin. The solution curves of (0.4)
which approach the origin along tangent lines which divide a neighborhood of the origin
into a finite number of open regions are called secfors. A sector which is topologically
equivalent to the left side of F13 below is called a hyperbolic sector. Furthermore, the
trajectories that lie on the boundary of a hyperbolic sector are called separatrices. A sector
that is topologically equivalent to the right side of F1 below is called a parabolic sector. A

sector which is topologically equivalent to F2* below is called an elliptic sector.

Figure 1
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Figure 1. Phase portrait to describe hyperbolic and parabolic sectors.

3This figure came from Example 25 in Chapter 4.
“This figure came from an example from [1], in section 2.11.



Figure 2
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Figure 2. Phase portrait to describe an elliptic sector.

Now that we have introduced the idea of a sector and the different types of them,
we are ready to define the new types of nonhyperbolic equilibrium point. A saddle-node
is a type of nonhyperbolic equilibrium point of a system where there are two hyperbolic
sectors and one parabolic sector. A cusp is a type of nonhyperbolic equilibrium point of a
system where there are two hyperbolic sectors. A critical point with an elliptic domain is
a type of nonhyperbolic equilibrium point where there are one hyperbolic, one elliptic, and
two hyperbolic sectors.

Now, we give another definition. Let E be an open subset of R”. Let ¢ (z,xp) be the

solution of the differential equation

x=f(x)

x(0) =xo

0.5)

We define the flow of the differential equation (0.5) as a mapping ¢, : E — E

defined by ¢ (xp) = ¢ (z,x0).
In Chapter 1, we discussed the idea of a generalized eigenvector. It turns out that

we have two theorems that tells us that we can find a collection of generalized eigenvectors

10



that forms a basis for R” (or R?" if the eigenvalues are complex).

THEOREM 7. [1] Let A be a real n x n matrix with real eigenvalues A1, ,, ..., A, repeated

according to their multiplicities. Then there is a basis of generalized eigenvectors for R”.

O

The next theorem is for the case where the eigenvalues are complex.

THEOREM 8. [1] Let A be a real 2n x 2n matrix with complex eigenvalues A; = a; £ ib;,

for j = 1,2, ...,n. Then there is a basis of generalized eigenvectors for R**. []

REMARK 9. We cannot guarantee the existence of a basis of eigenvectors, because some
eigenvalues may be deficient (that is, for a repeated eigenvalue A, there might be smaller

number of linearly independent eigenvectors associated to 4). A

We say that a point p is a @-limit point of (0.2) if there is a sequence t,, — oo such

that

limp oo (t,,%) = p.

In other words, the trajectory moves toward p as t — o. The set of all @-limit points of a
trajectory I is called the w-limit set of I". We also say that a point p is an -limit point of

(0.2) if there is a sequence t, — —oo such that

limy 000 (ty,x) = p.

In other words, the trajectory moves away from p as t — o. The set of all ¢¢-limit points of
a trajectory I is called the a-limit set of T
Now, we define a periodic orbit of (0.2) as any closed solution curve of (0.2) that

is not an equilibrium point of (0.2). A limit cycle T  is a periodic orbit which is the ® or

11



o-limit set of some trajectory of (0.2). If a cycle I' is the w-limit set of every trajectory in
a neighborhood of I', then it is called a stable limit cycle. If a cycle I' is the ¢-limit set of

every trajectory in a neighborhood of T, then it is called a unstable limit cycle.

Now, as with equilibrium points, we can define hyperbolic periodic orbits. How-
ever, in order to define a hyperolic periodic orbit, we need to define some other terms first.
LetI": x=(t), be a periodic orbit of (0.2) of period T that is contained in an open subset E
of R”, where 0 <t < T. We define the linearization of (0.2) about I" as the nonautonomous
linear system

X=A(t)x (0.6)

where

A(t) = Df(v(t))
is a continuous, 7-periodic function of ¢ for all r € R.

The fact that the linear system (0.6) is nonautonomous is a problem, since the matrix
given above changes as ¢ changes. If we can, we would like to change the linear system
(0.6) so that the matrix is constant. To help us with this problem, we will introduce a
theorem that will be helpful. Now before we see this theorem, we need to introduce another
term. We define a fundamental matrix solution of (0.6) as a nonsingular n x n matrix ®(7)

which satisfies the matrix differential equation

for all r € R. Now that we have this definition, we introduce a theorem (which is referred

to as Floquet’s Theorem) to help us overcome the problem mentioned above.

THEOREM 10. [1] (Floquet’s Theorem) Let A() be a continuous, T-periodic matrix.

12



Then for all # € R, any fundamental matrix solution of (0.6) can be written in the form

®(t) = Q(1)e"™ 0.7)

where Q(7) is a nonsingular, differentiable, T-periodic matrix and B is a constant matrix.

Furthermore, if ®(0) = I, then Q(0) =1. O

So, why is this theorem useful? While the matrix Q(z) from (0.6) still depends on
t, but we now have reduced the system so that Q(¢) is multiplied to a constant matrix e’
However, we have a corollary of this theorem that will solve the problem we were having

above.

COROLLARY 11. [1] Under the hypothesis of Floquet’s Theorem, x(¢) is a solution of

x = A(t)x if and only if y(¢) is a solution of y = By, where y = Q! (¢)x. O

The idea behind this corollary is that to study the nonlinear system (0.2) around
a periodic orbit is equivalent to studying the linear system given in the previous corollary.
From this, we give another definition that will help us define a hyperbolic periodic orbit. We
define a monodromy matrix M to be the matrix M = ®(T'), where @ is any fundamental
matrix solution of (0.3) such that ®(0) = I. In particular, we have ®(T) = Q(T)ePT =
0(0)eBT = 18T = BT (ie., M = €BT). The eigenvalues of M = 7 are referred to as

Floquet multipliers, which are of the form u; = AT

,where j=1,2,...,nand A; =a;£ib;
are the eigenvalues of the constant matrix B. The eigenvalues of the constant matrix B are
called the Floquet exponents. Note that for every periodic orbit, u; =1 (or A; = 0) is

always an eigenvalue of M, for some j = 1,2,...,n. Also, we have that Re(4;) < 0 if and

only if ||1;|| < 1 and Re(A;) > 0 if and only if ||u;|| > 1, for some j=1,2,...,n.

We are now ready to define a hyperbolic periodic orbit. We say a periodic orbit
is hyperbolic if it has exactly one eigenvalue u; with ||u;|| = 1. If a periodic orbit is not

hyperbolic, we say that periodic orbit is nonhyperbolic.
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CHAPTER 3: LOCAL AND GLOBAL STABILITY ANALYSIS OF DYNAMICAL
SYSTEMS

Now that we have a basic idea of dynamical systems, we will look at the local and global

stability analysis of dynamical systems. Once again, consider the system

x= f(x) (0.8)

3.1 Local Stability Analysis

In the previous chapter, we discussed the concept of hyperbolic and nonhyperbolic
equilibrium points of the system (0.8). So, why do we care if an equilibrium point is
hyperbolic or not? Here are two theorems that might give some insight to this question. In
the following theorems, let

y=Ay, A=Df(0) 0.9)

where 0 is the equilibrium point of (0.8).

Before we state these theorems, we need a definition. We say a set E C R” is
invariant with respect to the flow ¢, of x = f(x) if ¢;(E) C E. In other words, if x¢ is a

point in E and ¢ > 0, then the point ¢ (xo) is also a point in E.

THEOREM 12. [1] (Stable Manifold Theorem) Let E be an open subset of R" containing
the origin; let f € C'(E), and let ¢, be the flow of the nonlinear system (0.8). Suppose
f(0) =0 and that A = Df(0) has k eigenvalues with negative real part and (n — k)
eigenvalues with positive real part (i.e., O is a hyperbolic equilibrium point of (0.8)). Then

there exists a k-dimensional (stable) differentiable manifold S tangent to the stable
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subspace E® of (0.9) such that for all 7 > 0, ¢, (S) C S, and for all xg € S:

lim;—seo @r(x0) =0

and there exists an (n — k) dimensional (unstable) differentiable manifold U tangent to the

unstable subspace E Uof (0.9) such that for all # > 0, ¢,(U) C U, and for all xo € U:

lim,_>_oo (pt(xo) =0.0

THEOREM 13. [1] (Hartman-Grobman Theorem) Let E be an open subset of R”
containing the origin; let f € C!(E), and let ¢; be the flow of the nonlinear system (0.8).
Suppose f(0) = 0 and that A = Df(0) has no eigenvalues with zero real part (i.e., 0 is a
hyperbolic equilibrium point of (0.8)). Then there exists a homeomorphism H of an open
set U containing the origin onto an open set V containing the origin such that for each

xo € U, there is an open interval [y C R containing zero such that for all xy € U and for all
t € R, we have

Ho @ (xy) =€V H(xp). O

The main idea behind these two theorems (when combined) is that we can determine
the behavior around an equilibrium point by seeing what happens in the corresponding
linear system (0.9). Now, the main assumption of these two theorems is that the equilibrium
point is hyperbolic. So, if an equilibrium point is not hyperbolic, then these two theorems
do not apply. So, we have to turn to some other results to determine the behavior around

nonhyperbolic equilibrium points.

This is the beginning of what we call Local Stability Analysis of Equilibrium Points,

that is, we analyze the system to determine the behavior around equilibrium points. So, if an
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equilibrium point is hyperbolic, then the Stable Manifold and Hartman-Grobman Theorems

apply and we can determine what happens in a neighborhood around that equilibrium point.

EXAMPLE 14. (Application)

Consider the system

§ = u(H —S)—aSf(B)

I=aSf(B)—rl

B=—yB+el

\

where S(¢) and I(t) represent populations of susceptible and infected individuals
respectively (total population is H), and B(t) represents the concentration of bacteria in

water reservoirs. all the parameters are positive.

U is the rate of growth and death of susceptibles,

a is the rate at which susceptibles are exposed to bacteria,
f(B) = KL_LB is the probability of susceptibles to get infected,
K is the half-saturation constant,

r is the loss rate of infected (due to recovery or death),

7 is the death rate of bacteria,

e is the rate at which individuals release bacteria into water reservoirs.

Then the equilibrium points of this system are:

_ _ seHu+yKr p(aeH—yKr) u(aeH—yKry
P] —(H,(),O) al’lsz—( e(a+'u) , er(a+[.1) y ’)/r(a—‘—u) )_(S*’I*,B*).
So, these are the two points in the system where the rates of S,/, B do not change.
Py is called the disease-free equilibrium point (i.e., at Py, there is no disease). P, is called

the endemic equilibrium point. Also, the Jacobian of the system is
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aB 0o — aSK

Bl e (K+B)?
_ B SK : ;
Df(S,1,B) = Ka_+B —r (1?+B)2 . So the Jacobian at Pj is
0 e -y
a(0) a(H)K H
o O Cweor| TR0 K
= | @  _ _aHK | _ _, aH |, ‘
Df(P) ROT T RO 0 ro 4 The eigenvalues
0 e -y 0 e —v
_ A , 2 4(yrK—eaH) iR eall
of this Jacobian are A = —u, A, = (r+n) \/(%Lz) K and g, — —rsyrenz 2

Note that all of the eigenvalues have nonzero real part. Hence, P is a hyperbolic
equilibrium point of this system. So, we can apply the Stable Manifold Theorem and the

2_ w > 0. Note that we have A; <0

Hartman-Grobman Theorem. Assume (y+r)
and A, < 0. If A3 <0, then P; is a stable node. If A3 > 0, then P is an unstable saddle.
Now, assume (y+ r)2 — w < 0. Note that P; cannot be a center. For if it were, then

we would have —(y+ r) = 0 which gives y = —r < 0 or r = —y < 0, a contradiction either

way. Hence, we have Pj is a focus (stable if —(y+r) < 0 and unstable if —(y+r) > 0).

We claim that the endemic equilibrium point P exists if and only if the disease-

free equilibrium point is unstable. To show this, first we assume that P; exists. Then we
u(aeH—YKr) u(aeH—YKr)
have er(a—-i—u) >0andw >0 = ,u(aeH—}/Kr) >0 = aeH—'yKr>0
— A3 > 0. Hence, P; is unstable. Conversely, assume P; is unstable. Then we have
W(aeH—YKr) u(aeH—yKr)

aeH —yKr >0 —> u(aeH —yKr) >0 — e > 0 and e 0. Thus,
P, exists. This proves the claim.

So, what does this mean in the context of the application here? Basically, if A3 < 0
(or Ry = ?/‘;I; < 1, where Ry is the so-called Basic Reproduction Number), the disease will

eventually die out. On the other hand, if Ry > 1, the disease will spread out throughout the

community. V

The phase portraits for this system are given as follows. (See F3 - F4.)
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Phase Portrait of Disease-Free Equilibrium Point
(Stable)

1050

Figure 3. Phase portrait of a stable disease-free equilibrium point.

Phase Portrait of Disease-Free Equilibrium Point
(Unstable)

1100

[ 150 700 s

Figure 4. Phase portrait of an unstable disease-free equilibrium point and a stable endemic

equilibrium point.

Now, what if an equilibrium point is not hyperbolic? There are two theorems that
work for nonhyperbolic equilibrium points (in two dimensions). Now, the assumptions
in these theorems depend on how many eigenvalues of the Jacobian at the nonhyperbolic

equilibrium point are zero. The first theorem that will be mentioned here assumes there

18



is exactly one eigenvalue equal to zero, while the second theorem assumes there are two
eigenvalues equal to zero.
If the Jacobian at a nonhyperbolic equilibrium point has exactly one eigenvalue

equal zero, then the system can be written as

x=p(x,y) 0.10)

y=y+q(x,y)
where p and ¢ are analytic in a neighborhood of the origin and have expansions starting

with second degree terms of x and y.

THEOREM 15. [1] Let the origin be an isolated equilibrium point for the analytic system
(0.10). Let y = ¢(x) be the solution of the equation y + ¢(x,y) = 0 in a neighborhood of
the origin and let the function ¥ (x) = p(x, ¢ (x)) be a series expansion in a neighborhood

of the origin have the form ¥(x) = @, x™ + @y 1 X" ! + ..., where m > 2 and a,, # 0. Then

(1) for m odd and a,, > 0, the origin is an unstable node,
(i1) for m odd and a,, < 0, the origin is a (topological) saddle and

(iii) for m even, the origin is a saddle-node. [J

REMARK 16. The previous theorem is a particular case of the Center Manifold Theorem,

which will be presented in Chapter 5. A

If the Jacobian at a nonhyperbolic equilibrium point has two eigenvalues equal to

zero, then the system can be written in the form

x=y
¥ = a1+ h(x)] + by [1 + g(x)] + ¥R (x,y)

where h, g, and R are analytic in a neighborhood of the origin, 2(0) = g(0) =0, k > 2,
ar #0,and n > 1.
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Now, let’s look at the case for the analytic system (0.11).

THEOREM 17. [1] Let the origin be an isolated equilibrium point for the analyic system
(0.11). Let k = 2m+ 1 with m > 1 in (6) and let A = b2 +4(m+ 1)ay. If a; > 0, then the

origin is a (topological) saddle. If a; < 0, then the origin is

(i) a focus or a center if b, = 0 and also if b, 0 andn > morif n =mand A <0,

(i1) a node if b, # 0, n is an even number and n < m and also if b,, # 0, n is an even
number, n =m and A > 0 and

(iii) a critical point with an elliptic domain if b, # 0, n is an odd number and n < m
and also if b,, # 0, n is an odd number, n = m and A > 0.

Let k = 2m with m > 1 in (0.11). Then the origin is

(i) a cusp if b, = 0 and also if b, # 0 and n > m and

(ii) a saddle-node if b,, # 0 and n < m. [J

We now provide an example of how we can apply Theorem 17. We will provide

examples of how to apply Theorem 15 later in this thesis.

EXAMPLE 18. Consider the following system

xX=y
(0.12)
y=x*+xy
We see that the Jacobian of the system (0.12) is

0 1
Df(x,y) =
43 +y x

The Jacobian of (0.12) evaluated at the origin is

Df(0,0) = =



It can be shown that the eigenvalues of Df(0,0) are A; = A, = 0. From this, we can
see that the system (0.12) is of the form (0.11) (withk =4, m=2,n=1,and by =1 # 0,
as =1, h(x) = g(x) = R(x,y) = 0). Since we have that k = 4 (so k is even), b; # 0, and

1 =n <m =2, then by Theorem 17, we see that the origin is a saddle-node. V

Now, we can ask the same question about the importance of hyperbolic periodic
orbits versus nonhyperbolic periodic orbits. It turns out that there is a Stable Manifold
Theorem for periodic orbits. Here, we will state the Stable Manifold Theorem for Periodic

Orbits.

THEOREM 19. [1] (Stable Manifold Theorem for Periodic Orbits) Let f € C'(E), where

E is an open subset of R” containing a periodic orbit

' x=7y(t)

of period T'. Let ¢, be the flow of a given system and y(¢) = @, (xg). If k of the Floquet
exponents of (¢) have negative real part where 0 < k <n—1 and (n—k — 1) of them have
positive real part (i.e., I is hyperbolic), then there is a & > 0 such that the stable manifold

of T,

S(T) ={xeNgs(() | d(¢:(x),I') = 0ast — « and ¢;(x) € Ng(T') fort >0}

is a (k+ 1)-dimensional, differentiable manifold which is positively invariant under the

flow ¢, and the unstable manifold of I,

U')={xe Ng() | d(¢:(x),') =+ 0ast — —oo and @¢;(x) € Ns(I') fort <0}

is an (n — k)-dimensional, differentiable manifold which is negatively invariant under the

flow Q©s. O
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3.2 Global Stability Analysis

Now, we’re ready to talk about the global stability of the system

= 1)

where f: R" — R" and x € R". There are two main results we have to study the global

stability of the system (0.8): Lyapunov’s Theorem and LaSalle’s Invariance Principle.

THEOREM 20. [1] (Lyapunov’s Theorem) Let xo € R” such that f(xp) = 0. Assume there

is a real-valued function V : R — R such that

(1 V() =0

2) V(x) > 0, for all x # xp.

If V(x) < 0 for all x € R", then x is stable. If V(x) < 0 for all x € R"” ~ {x,}, then
xo is asymptotically stable. If V(x) > 0 for all x € R" ~ {xo}, then x( is unstable, where

V(x) = % denotes the derivative of the function V with respect to time 7. [J

REMARK 21. For Lyapunov’s theorem, the point xy does not have to be hyperbolic for

the theorem to apply. A

Before we look at the next result, we first need to define another term. We say that
a set E C R" is invariant with respect to x = f(x) if for all xy € E and for all # > 0, we have
x0(t) € S. In other words, if xg is a point in E and ¢ > 0, then x((¢) will also be in the set E.

Now, we look at LaSalle’s invariance principle.

THEOREM 22. [8] (LaSalle’s Invariance Principle) Let £ C D be a compact invariant set
with respect to x = f(x). Let Q: D — R be a C' function such that Q’(x(¢)) < 0in Q. Let
E C Q be the set of all points in Q where Q'(x) = 0. Let M C E be the largest invariant set
in E. Then

limyo[inf ||x(z) = y||] = 0. O
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The main idea of LaSalle’s invariance principle is that every solution starting in

approaches M as t — oo. So, M is globally stable.

At this time, we introduce a theorem that can be used to get a Lyapunov function
to apply LaSalle’s Invariance Principle. To make better sense of the notation, consider the

system defined as follows:

x:f(x,y)—%(x,y) (O 13)

y=g(xy)

with g = [g1,82,.--,&m|T» X = [x1,%2,...,x,]T € R" represents the population in dis-
ease compartment, y = [y, y2,...,ym|! € R™ represents the population in nondisease com-
partment, .F = [.#,.%,....,. 7|, and H# = [, 6, ...,7;)7 (where .Z; represents the
rate of new infections in the ith disease compartment, .7 represents the transition terms,

for example, death and recovery in the ith disease compartment).

THEOREM 23. [7] Let F, V, and f(x,y) be defined as follows:

P = 320,09V = [ 52100,30) | and 1) = (F Vx4 1),
J J
If f(x,y) >0inT C R’jf’", F>0,V-1>0,and Ry < 1 (where Ry is an eigenvalue

of the matrix V! F associated to the left eigenvector wT), then the function Q = wlv—lx

is a Lyapunov function of the model (0.13) on I". [

We provide an example to show how to apply LaSalle’s Invariance Principle to a

particular model.

EXAMPLE 24. (Application)

Consider the system from the application from the previous section
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S=u(H—S)—aSf(B)
i=aSf(B)—r (0.14)

B=—yB+el

\

First we define the system (0.14) in the form:

S

y
I e

X
B

Then we have that the system (0.14) in the compartment form

X=F*(x,y) = V*(x,y)

y=g(x,y)

T
where x = [ “i% el] is the disease compartment, y = S, F*(x,y) = [%(O,yo)],
J

K
and V*(x,y) = [%(O,yo)], for 1 <i<n,and 1 < j<n. So, the system (0.14) can be
J

written into the form:

T T
F*(x,y) = { ba el] and V*(x,y) = [rl yB} =
(
X1 =28 —rl
X, =el —yB

y=H(H-S) - &5

\

Now, we need to find F = ?(0,0,H) andV = %(0,0,H).

Xi

24



(K+B)(aS)—aSB aSK aH
e 0 e 0 e 0 0 vy
0 1o L o||o « 0 o
%/ 4 = | . So, we have V- IF = |7 Kl = K1, which has
0 r 0 ; 0 ; e 0 ¢ 0

eigenvalues A = + aell 7 ot A* = \/ ‘fTH and assume that A* < 1. Now, we need to find

VK-
aeH e
. BRY; K % wi
w. To do this, we need to solve the system (A—A)w =0 = =

aH aeH
K T\ wk| [

0 wi 1 .

—_— = = (by letting w; = 1).
0 ZA*WI IA*

>
*
| IS |
=
e}
~
I
—
N =

<=

1 :
Let Q(1,B) = [1 ¥ %} =11+ %B. Then we have

0 B

T
0(0,0) = 1(0) + ’1—;(0) =0 and Q(I,B) > 0 for all other [1 B} € R? since I > 0 and

B > 0. By definition, Q is a Lyapunov function for (0.14). Also, we have Q'(I,B) =

1i . A*p _ 1/ aSB SB YA SB A*SB
;I+7B—;(,?+B—r1)+ (—YB+el) = (?{+B)_I_ BT = (?{+B) e T

(A* —1)I. We claim that Q' < 0. To see this, we note that Q" < 0 iff &?B) A ZB <0iff

A* SH—A -H(K+B %
B g — A1) <0 iff 4SS PEED) < 0 iff qeSH — A* — yrH (K + B) < 0. Note that

we have aeHS — A*yrHK — A*yrHB < aeHS — A*yrHK < aeH — yrKH < 0 since A* < 1.

This proves the claim.

We will now show that the disease-free equilibrium point is globally stable by using
LaSalle’s invariance principle. Let Q(x) = w! V~!x be the Lyapunov function as defined
above (where x = {1 B} ). Then we have that Q is a C! function, and as shown above,
Q'(x) < 0. Now, consider Q'(x) = 0. Then from above, we have Q'(x) = (A* — 1)I +
(F(I?—JSFB) - %’)B = 0. However, Q'(x) = 0 whenever I = B = 0. So, the set of all points
such that Q'(x) = 0, which is E = {(I,B,S) | I = B=0}. On E, the system reduces to
S = u(H —S). Solving this differential equation using an integrating factor gives us the

solution S(¢) = H+Ce ™, for some C € R. Hence, the largest (and only) invariant set in
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E is M = (0,0,H), since lim;_,.S(t) = H. But, M is the disease-free equilibrium point of

(0.14). Thereore, by LaSalle’s Invariance Principle, M is globally stable. V

26



CHAPTER 4: BIFURCATIONS

In Chapters 2 and 3, we only considered systems of the form x = f(x). That is, the only
thing that the system depended on was the solution to the system itself. In this Chapter, we

consider systems of the form

i=f(x, ) (0.15)

That is, the system not only depends on the solution of the system, but also on the
vector 4 € R™. The components of the vector u usually are parameters to the system that
is allowed to change. Since U is allowed to change, then so can the behavior of the system.
If we see that the behavior of vector fields near f behaves “similarly” for any vector u, we
say that f is a structually stable vector field. On the other hand, if we see that there is a
vector iy € R™ so that the behavior near f changes drastically (e.g. number of equilibrium
points (or periodic orbits) changes, the stability of equilibrium points (or periodic orbits)
changes, etc.), we say that f is a structually unstable vector field. It is the structually
unstable vector field we are interested in studying (in fact, one can define a bifurcation at
Uo when f is structually unstable at ugy). Basically, bifurcation theory studies bifurcations
(what properties do they have, when do they exist, etc.).

We will first introduce some basic bifurcations (using examples to help define the
bifurcations). After we introduce these bifurcations, we will introduce a theorem that will
mathematically prove the existence of these bifurcations called Sotomayor’s Theorem. To
have a better understanding of the bifurcations, we will look at an example to introduce
them. For each of the bifurcations we look at here, we will provide some phase portraits
(a geometric interpretation of what the qualitative behavior of the system looks like) and
a bifurcation diagram (a geometric interpretation of the relationship between the parame-
ters and a solution of the system). The value in which a bifurcation occurs is called the

bifurcation value.
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4.1 Types of Bifurcations

EXAMPLE 25. (Transcritical Bifurcation)

Consider the system

(0.16)

where u € R. First, we can see that the equilibrium points of are (0,0), and (u,0).
Notice that when u = 0, there is only one equilibrium point. However, if it # 0, then there
are two equilibrium points.

Now, we have that the Jacobian of the system (0.16) is

u—2x 0
Df(x,y) =
0 —1

From this, we get that the Jacobian of (0.16) at (0,0) is

u—2(0) 0 u 0
Df(0,0) = = . The eigenvalues of Df(0,0) are

0 -1 0 —1
Al =u and A, = —1. Since p is allowed to change, the stability of (0,0) could also

change. We claim that y = 0O is the bifurcation value for this system, since the dynamics
of the system changes as u goes from negaive to positive. For instance, if 4 < 0, then we
have that (0,0) is hyperbolic and is a stable node. Now, if y > 0, then we have that (0,0)

is hyperbolic and is a (unstable) saddle.
We get that the Jacobian of (0.16) at (u,0) is

-2 0 — 0
Df(u,0)= H=2(n) | . The eigenvalues of Df(u,0) are
0 —1 0 -1

A1 = —u and A, = —1. If u < 0, then we have that (u,0) is hyperbolic and is a (unstable)
saddle. If u > 0, then we have that (u,0) is hyperbolic and is a stable node.
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Now, if u = 0, then (0,0) is nonhyperbolic; so, we have to use either Theorem 15

or Theorem 17 to determine the behavior around (0,0).

Now, we will look at some phase portraits of this system. (See F5 - F7.)

Transcritical Bifurcation Phase Portrait
(mu =-1)
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Figure 5. Phase portrait of transcritical bifurcation (when pt < 0).

Transcritical Bifurcation Phase Portrait
(mu=1)
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Figure 6. Phase portrait of transcritical bifurcation (when tt > 0).
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Transcritical Bifurcation Phase Portrait
(mu = 0)
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Figure 7. Phase portrait of transcritical bifurcation (when u = 0).

Here is the bifurcation diagram of the system. (See F8.)

=]
T

=)
T

0.5 0 05 1 15 2 25
h

Figure 8. Bifurcation diagram of transcritical bifurcation.

Now, let us look at some of the characteristics of this bifurcation. First, we see

that there were two equilibrium points, followed by one equilibrium point, followed by
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two equilibrium points again. Second, while the number of equilibrium points remains the
same (so we did not create any new equilibrium points), the stability of these equilibrium
points are interchanged at the bifurcation value iy = 0. This type of bifurcation is called a

transcritical bifurcation. vV

EXAMPLE 26. (Saddle-Node Bifurcation)

Consider the system

(0.17)

where u € R. First, we can see that the equilibrium points of are (,/f,0) and
(—/H,0). Again, observe that if 4 < 0, there are no equilibrium points. Also, if u =0,
there is one equilibrium point. However, if tt > 0, there are two equilibrium points. So,
assume that 4 > 0.

Now, we have that the Jacobian of (0.17) is

—-2x 0
Df(x,y) = :
0 -1

From this, we have that the Jacobian of (0.17) at (,/it,0) is
~2(yH) 0

0 —1
The eigenvalues of Df(,/l,0) are A = —2,/i and A, = —1. We again claim that

Df(y/r,0) =

u = 0 is the bifurcation value for this system, since the dynamics of the system changes
as [ goes from negative to positive. For instance, if y > 0, then we have that (,/i1,0) is

hyperbolic and is a (stable) node.

We also have that the Jacobian of (0.17) at (—/It,0) is

“2-yH) 0| [2yF 0

Df(—/.0) = .
0 -1 0 —1
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The eigenvalues of Df(—,/f,0) are A; = 2/t and A, = —1. If u > 0, then we
have that (—,/it,0) is hyperbolic and is a (unstable) saddle.

Note that if u < 0, then there are no equilibrium points since /i ¢ R. Also, if
p = 0, then (0,0) is nonhyperbolic and we have to use one of the theorems mentioned

above to determine the behavior around (0, 0).

Now, let’s look at some of the phase portraits of this bifurcation. (See F9 - F11.)

Saddle-Node Bifurcation Phase Portrait
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Figure 9. Phase portrait of saddle-node bifurcation (when u > 0).

Saddle-Node Bifurcation Phase Portrait
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Figure 10. Phase portrait of saddle-node bifurcation (when u = 0).
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Saddle-Node Bifurcation Phase Portrait
(mu =-1)
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Figure 11. Phase portrait of saddle-node bifurcation (when y < 0).

Note that there are no equilibrium points in Figure 11.

Now, let’s look at the bifurcation diagram of this bifurcation. (See F12.)

]
T

0.5 0 05 1 15 2 25

Figure 12. Bifurcation diagram of saddle-node bifurcation.
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Now, let’s look at some of the characteristics of this bifurcation. Mainly, we see
that we have no equilibrium points before the bifurcation value pp = 0, followed by one
equilibrium point, followed by two equilibrium points (one stable, one unstable). This type

of bifurcation is called a saddle-node bifurcation. v
EXAMPLE 27. (Pitchfork Bifurcation)

Consider the system

(0.18)

where € R. First, we see that the equilibrium points of are (0,0), (/f,0), and
(—/H,0). Once more, we see that if y < 0, there is one equilibrium point. However, if
W > 0, there are three equilibrium points.

We have that the Jacobian of (0.18) this system is

u—3x* 0
Df(x,y) = :
0 —1

From this, we have that the Jacobian of this system at (0,0) is

0
Df(0,0) = H . The eigenvalues of Df(0,0) are A; = p and A, = —1.
0 —1

We claim that ¢ = 0O is the bifurcation value for this system, since the dynamics of the
system change as i goes from negative to positive. For instance, if 4 < 0, then (0,0) is

hyperbolic and is a (stable) node. If u > 0, then (0,0) is hyperbolic and is a (unstable)
saddle.

Now, the Jacobian of (0.18) at (,/1,0) is
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—3(xym)? 0 —2u 0
Df(£,/1,0) = H=3EVR) = H . The eigenvalues of

0 —1 0 -1
Df(+/,0) are A; = —2p and A, = —1. If u > 0, then (&,/H,0) are hyperbolic and are

a (stable) node.

Note that if g = 0, then (0,0) is nonhyperbolic and we have to use either Theorem
15 or Theorem 17 to determine the behavior around (0,0). Note also that if u < 0, then the
equilibrium points (£,/f,0) does not exist. In such a case, then the only equilibrium point

to the system is (0,0).

Now, let’s look at some of the phase portraits of this bifurcation. (See F13 - F15.)

Pitchfork Bifurcation Phase Portrait
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Figure 13. Phase portrait of pitchfork bifurcation (when u > 0).
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Pitchfork Bifurcation Phase Portrait

(mu = 0)
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Figure 14. Phase portrait of pitchfork bifurcation (when u = 0).
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Figure 15. Phase portrait of pitchfork bifurcation (when u < 0).

Now, let’s look at the bifurcation diagram of this bifurcation. (See F16.)
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0.5 0 05 1 15 2 25
h

Figure 16. Bifurcation diagram of pitchfork bifurcation.

Now, let us look at some of the characteristics of this bifurcation. Mainly, we see
that we have one equilibrium point before the bifurcation value uy = 0, followed by one
equilibrium point, followed by three equilibrium points (two stable, one unstable). Now,
one of these equilibrium points continues to exist for values below and above iy = 0, but
it will change its stability (from unstable to stable or vice versa). This type of bifurcation

is called a pitchfork bifurcation. v
EXAMPLE 28. (Hopf Bifurcation)

Consider the system

T
(0.19)
y=x+y(u—x*—y*)

where € R. Then the only equilibrium point of the system is the origin (0,0).

The Jacobian of (0.19) is
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p—3x—y>  —1—2xy . .
Df(x,y) = . The Jacobian of (0.19) at (0,0) is
1 —2xy u—x*—3y?

. 2 2 _1_ _
Df(0,0) = #=3(0)7=(0) 1=2(0)0) i : . The eigen-

1-2(0)(0)  p—(0)*—3(0)? 1 u
values of the Jacobian of (0.19) at (0,0) are A; = u+i and Ay = 4 —i. We claim that

u = 0 is the bifurcation value of this system, since the dynamics of the system changes
as p goes from negative to positive. For instance, if 4 < 0, then we have that (0,0) is a
(stable) focus. If u > 0, then we have that (0,0) is an (unstable) focus. If u = 0, then (0,0)

is nonhyperbolic so linearization fails us.

Now, if we rewrite the system into polar coordinates, we get
F=r(u—r?)
6=1
If 4 <0, then 7 <0 (ie., rdecreases t0 0). If u >0, then7 =0« r=0o0rr=,/U.
So, there is a periodic orbit of radius » = /i (e.g., I': (1) = /i (cos(t),sin(t))). If u =0,
then 7 < 0. So, if u =0, then (0,0) is a (stable) focus.

Let’s look at some phase portraits of this bifurcation. (See F17 - F19.)

Hopf Bifurcation Phase Portrait
(mu =-1)
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Figure 17. Phase portrait of Hopf bifurcation (when p < 0).
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Hopf Bifurcation Phase Portrait
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Figure 18. Phase portrait of Hopf bifurcation (when u = 0).
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Figure 19. Phase portrait of Hopf bifurcation (when pt > 0).

Note that the circle in the last phase portrait is to represent the periodic orbit that is

formed as u passes through Ly = 0.
Here is the bifurcation diagram of this bifurcation. (See F20.)
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0.5 0 05 1 15 2 25

Figure 20. Bifurcation diagram of Hopf bifurcation.

Now, let’s discuss some of the characteristics about this bifurcation. The main
characteristic of this bifurcation is that some periodic orbits are formed as pt passes through
the bifurcation value, and this happens when a focus point changes stability from stable to
unstable. This type of bifurcation is referred to as a Hopf bifurcation. Note that the circles

in F20 represent periodic orbits. V

Before we introduce Sotomayor’s Theorem, we first need a definition. Let E C R”
be open, f: E — R" be a function such that f € C?>(E). For D> f(xo) : E x E — R" and
for (x,y) € E X E, we define

D f(x0)(x,y) = X} ;i %xh)ﬁz-

We are now ready to introduce Sotomayor’s Theorem.

THEOREM 29. [1] (Sotomayor’s Theorem) Suppose f(xo, to) = 0, and let
A = Df(xo, o) have a simple eigenvalue L = 0. Let v be an eigenvector of A, and w be a

left eigenvector of A corresponding to A = 0.
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(1) If w £y (x0, tto) # 0 and w! D2 f(xo, tlo) (v, v) # O, then there is a saddle - node

bifurcation as u passes through u = .

) If wT fu(x0, o) = 0, w' Dy (x0,10)v # 0, and wT D> £ (xo, o) (v, v) # O, then

there is a transcritical bifurcation as u passes through u = uy.

(3) If w! £y (xo0, o) = 0, wI D fy (x0, o) v # 0, w! D* f(x0, o) (v,v) = 0, and

w! D3 f(xo, o) (v, v,v) # 0, then there is a pitchfork bifurcation as passes through
u=po. U

Sotomayor’s Theorem gives us sufficient conditions for the existence of either a
saddle-node, transcritical, or pitchfork bifurcations (provided that the system meets certain

conditions).
EXAMPLE 30. (Application)

Consider the system from a previous example

.

$=u(H—S)—aSf(B)

I=aSf(B)—rl
B=—yB+el
\
where the parameters t >0,a>0,r>0,y>0,e >0, H >0, and f(B) = %’

where K > 0. Here, we will consider e to be the bifurcation parameter for this sys-
tem. Using Sotomayor’s Theorem, we will prove that there is a transcritical bifurca-

tion at the disease-free equilibrium point. Recall that the eigenvalues of the Jacobian of

. oy . . —(v+r)— + Z_M
this system at the equilibrium point P} are A} = —u, Ay = (rr) \/(7 2r) K and

—(y+r)+ n 2_ 4(yrK—eaH) . .
Az = (r+7) \/(y ;) . Note that we have a simple eigenvalue, say A, = 0 <=

(y+r)= \/(y+ r)?+ ‘MTeH. Solving this for e gives e = % := e*. At this point, we would

like to find the eigenvector v associated to A, = 0. So, we have
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—H 0 - V1 0
Df(PI)V: 0 -—r % vl =10 = —HV1—%V3:0 == V] =
0 e —y| |v3 0
_z_l;I(V3
—Z—I;(V} Also, we have e*vy) —yv3 =0 = vy = el*V3. Hence, we have v = el*v3 =
V3
_al
174

1
—u 0 0 0
So, we get w! Df(P)T = [wi,wa,w3]" | 0 roef |l =10 = —uw =0 =
% % -v [0
0 0
wi =0. Also, —rwy +e w3 =0 = wy = §W3. So, we have w = §W3 = % . Now,
w3 1

0 0
we need to find f,.+(S,I,B), which is f.+(S,I,B) = |0|. So, at Pywe have f:(P;) = [0] .
I 0

0
Hence, we have w! f,«(P) = [0,<,1]7 |o| = 0. Now, we need Df,(S,I,B), which is

r

0
00 O-
Dfe(S,I,B) = [0 0 0. So, at the disease-free equilibrium point (H,0,0), we have
010
-O 0 O-
Df+(H,0,0)= [0 0 0].Hence, we get
010
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H
0 0O Z—K 0

wTDfe*(H,O,O)v: {0 é 1] 00 0 el* — [0 0 ?} 0 :77’7“)
01 0|1 Xz

Now, we need to find D?f(H,0,0)(v,v). For this, we have

dfi _ _,y__aB _ 9fi _n 9fi _ __aSK _9fr _ _aB  Idfr _ rafz_ aSK

dx; 'u (K+B)’ dxy ~ 7’ dxz (K+B)2’ ox; (K—I—B)’ 0x) > dxs (K+B)2’

g_ﬁ —0, gf — e, and afs =7 where fi =S, o =1, fs=B,x; =S, xp =1, and x3 = B.
Now, to find sz(H,0,0)(v, v), we need to compute Z X 3xa u,vj All we need is

aa ;’ a);(’ (where i, j,k =1,2,3). From the information above, we have

2 fi -0 ?2h fi _ __aK 22 fi —0 22fi —0 ?2h ?2h
&x% > dx10x) > 0x10x3 (KJrB)z’ dxp0x1 ’ ax% > dxp0x3 > dx30x|
__akK PfH o 9Ph . 2aSK
(K-l—B)Z’ 8X38x2 — ax% - (K+B)3’
2h g Lho _ ’H  _ _ak Ph g Ph_g Ph _ ’fh
8x% > dx10xy > dx10x3 (K+B)2> dxpdx; — 72 8x > dxp0x3 > dx3dx
_ak _ Pfh g Ph _ _ 2aSK
(K+B)?> dx3dxy — > 9x3 —  (K+B)®
’fs _ 0 1f 1f 1f _ 0 f —0 fs _ 0 fs _ 0

8x% T dxidxp T 7 dxidxz 7 Odxpdxy a
2 2
If o, % = 0. So the components of D f(H,0,0)(v,v) are as follows:

0x30x)

> Oxpdxz ~ 7 dxzdxp

Z LXh 1axax)”z"] (— ﬁ)le‘F(—ﬁ)%vl+((§ng)3)"§

_ aK _\(—aH ak aH 2aSK _ _2d°H 2aSK
- (_(K+B)2)( ukK )+ (—(K+B)2)( IJK) + ((K+B)3)(1)2 ~ u(K+B)? + (K+B)3®

2
L3 T G5 = (g vivs + (g vavt + (- 2555 )3
— K H K H 2aSK 2 _ _ _2d°H 2aSK
- ((KiB)Z)( ‘ua[( )+ ((KiB)z)(_Z_K) + (_(1(1—3)3)(1) - _#(I?+B)2 - (K?FB)% and
2¢*°H 2aSK
. L(K+B? T K+B)
ZJ ¥ ax ax u,vj = 0. Hence, we have D?f(H,0,0)(v,v) = _u(ZI?iIIJS)z - (I%(fg;3
0
2a°H__ | 2aSK
w(K+B)? ' (K+B)3
Tp32 — : 2a°H 2aSK | — _ _2d%'H
Now, we have w' D”f(H,0,0)(v,v) {0 e 1] _u(1?+3)2 - (KC—IFB)3 (K TB7
0
2(75;%[( # 0, since all of the parameters are positive. Therefore, by Sotomayor’s Theorem,

there exists a transcritical bifurcation at e = e*. V
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As Sotomayor’s Theorem can provide sufficient conditions for the existence of a
bifurcation (either saddle-node, transcritical, or pitchfork), we now introduce a theorem
that can prove the existence of a Hopf bifurcation. However, before we state this theorem,

we first need to define a term. Consider the system

X =ax+by+ p(x,y) 0.20)

y=cx+dy+q(x,y)

a b
wherea € R,beR,ceR,deR,A=Df(0)= ,D=det(A) =ad —bc >0,

c d
T =tr(A) =a+d =0, and p(x,y), g(x,y) are analytic functions defined as follows:
p(x,y) =Yiij>2 aijxiyj = (a20x* + ar1xy + amy?*) + (azox’ + az x>y + appxy* +agsy*), and

q(x,y) = Lis jo2 bijx'y! = (baox® +b11xy+ boay®) + (b30x° + bo1x*y + bioxy* + bosy?).
We define the Lyapunov coefficient as follows:

o= ﬁ%[ac(a%l + aiboy + anbi1) + ab(b?, + axob11 + ai1by) + c*(arag +
2ap2b2) — 2¢1c(b(2)2 — axoao)

—2ab(a5y — baoboa) — b*(2az0b20 + b11b2o) + (be — 2a2) (b11boz — ar1az) — (a* +
be)[3(cbos — bazp)

+2a(as; +b1z) + (cain — bbyy)]).

Now that we have defined the Lyapunov coefficient, we are now ready to state a

theorem which proves the existence of a Hopf bifurcation.

THEOREM 31. [1] (Existence of Hopf bifurcation) Let o be the Lyapunov coefficient. If
o # 0, then a Hopf bifurcation occurs at the origin of the planar system (0.20) at the
bifurcation value @ = 0. Furthermore, if ¢ < 0, then there exists a unique stable limit

cycle which bifurcates from the origin of (0.20) as « increases from zero and if o > 0,
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then there exists a unique unstable limit cycle which bifurcates from the origin of (0.20) as

o decreases. [

4.2 The Codimension of a Bifurcation at a Nonhyperbolic

Equilibrium Point

In this section, we introduce the concept of the codimension of a bifurcation at a
nonhyperbolic equilibrium point. We will define the codimension of a bifurcation at a non-
hyperbolic equilibrium point, and we will give examples to demonstrate how to determine

the codimension of a bifurcation at a nonhyperbolic equilibrium point. Consider the system

i=f(p), peR (0.21)

Before we can define the codimension of a bifurcation at a nonhyperbolic equilib-
rium point, we first introduce the idea of a structrually stable vector field.

Let E be an open subset of R". We say a vector field f € C'(E) is structurally
stable if there is an € > 0 such that for all g € C!(E) with ||f —g|| < &, f and g are
topologically equivalent on E. In other words, f is structurally stable if for small changes
in f, the qualitative behavior of solutions remains about the same. If a vector field f is not
structrually stable, then we say f is structurally unstable.

Let fo(x) = f(x, to) be a structurally unstable vector field. We define an unfolding
of fo(x) to be a family of m-parameter vector fields that contains fy(x). We define a uni-
versal unfolding of fy(x) at a nonhyperbolic equilibrium point x to be an unfolding of
fo(x) with the additional condition that all the other unfoldings of fy(x) are homeomorphic
(or topologically equivalent) to the family of m-parameter vector fields, in a neighborhood
of xo. The minimum number of parameters needed for (0.21) to be a universal unfolding of
fo(x) at a nonhyperbolic equilibrium point xy is called the codimension of the bifurcation

at xg.
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Before we give an example, we need to define the normal form of a system. The
normal form of a system x = f(x) is basically a rewriting of the system, which is topolog-
ically equivalent to the original system, to help simplify the nonlinear part of the system.
So, we may have a system that is complicated, and we would like to work with a simpler
version of the system. The normal form of a system helps simplify the nonlinear part of a

system, which is topologically equivalent to the system we started with.

EXAMPLE 32. Consider the saddle-node bifurcation, which has the normal form (up to

time scaling)

(0.22)

We first determine the behavior around (0,0). First, we note that the Jacobian of

(0.22) 1s
—2x 0
Df(x,y) = -
0 -1
So, we have that the Jacobian of (0.22) at (0,0) is

—2(0) 0 0 0
Df(0,0) = =
0 -1 0 —1

The eigenvalues of Df(0,0) are
7L1 =0and )Lz =—1.

Since (at least) one of the eigenvalues of Df(0,0) is zero, then by definition, (0,0) is
a nonhyperbolic equilibrium point. So, we cannot determine the behavior of (0.22) around
(0,0) using the Stable Manifold/Hartman-Grobman Theorems. However, the eigenvalues
of Df(0,0) tell some information about this system. Since there is exactly one eigenvalue

of Df(0,0) equal to zero, then Theorem 15 applies to (0.22). Let ¢(x) be the solution of
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the equation —y = 0 in a neighborhood of the origin (i.e., ¢(x) = 0). Let ¥(x) = p(x, ¢(x))
be the expansion of p(x,y) in a neighborhood of the origin (i.e., ¥(x) = —x?). Since

am = —1 < 0and m =2 is even, then (0,0) is a saddle-node.

Claim: Adding higher degree terms to the first equation of this system will not

affect the behavior around (0,0). In other words, (0,0) is a saddle-node in the system

x=—x>+ ,u3x3
(0.23)

y=-y

Before we prove this claim, we first note that as a consequence of adding higher
degree terms, we get an extra equilibrium point. This can be seen as follows:

—x2+u3x3 :0:>x2(1—u3x) =0=x=0o0rx= i
—y =0 =y =0 = The equilibrium points of the claimed system are (0,0)

and (%,O).

Now, the Jacobian of (0.23) is as follows:

—2x+3usx> 0
Df(x,y) =
0 —1

Note that the equilibrium point (i,O) is hyperbolic since

Since u3 # 0, then the real part of both of the eigenvalues are nonzero. Therefore,
by definition, (%,0) is a hyperbolic equilibrium point of (0.23).

We will now prove the claim. Notice that the Jacobian at (0,0) is:
—2(0) +3u3(0)> 0 0 0

Df(0,0) = = = A =0and A, = —1.
0 -1 0 -1
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Since (at least) one of the eigenvalues is zero, then by definition, (0,0) is a nonhy-
perbolic equilibrium point of (0.23). Notice that there is exactly one eigenvalue of Df(0,0)
is equal to zero . So Theorem 15 also applies to (0.23). Let ¢(x) be the solution of —y =0
(i.e., @(x) = 0). Let ¥(x) be the series expansion of p(x, ¢(x)) (i.e., ¥(x) = —x> + u3x>).
Since it is the first term of ¥(x) that determines the behavior around (0,0) and the first term
of ¥(x) for (0.23) is identical to ¥(x) of (0.22), therefore, we reach the same conclusion.

That is to say that (0,0) is a saddle-node in (0.23). This proves the claim. O

Now consider the system

(0.24)

If we translate the system so that (%, 0) is the new origin by a change of variables

defined by ¢ = x — % and 8 = y. Then the system (0.24) becomes

a=u—o?

p=—p

(0.25)

Hence, (0.25) is a universal unfolding of the original system of this example. There-

fore, the saddle-node bifurcation is a codimension-1 bifurcation. V

EXAMPLE 33. Consider the pitch-fork bifurcation, which has a normal form (up to time

scaling)

(0.26)

We first determine the behavior around (0,0) in this system. First, we note that the

Jacobian of (0.26) is

48



—3x* 0
Df(x,y) = :
0 -1
So, we have that the Jacobian of (0.26) at (0,0) is

-3(0)2 0 0 0
Df(0,0) = =
0 -1 0 —1

The eigenvalues of Df(0,0) are
ll =0and )uz =—1.

Since (at least) one of the eigenvalues of Df(0,0) is zero, then by definition, (0,0) is
a nonhyperbolic equilibrium point. So, we cannot determine the behavior of (0.26) around
(0,0) using the Stable Manifold/Hartman-Grobman Theorems. However, the eigenvalues
of Df(0,0) tells some information about (0.26). Since there is exactly one eigenvalue of
Df(0,0) equal to zero, then Theorem 15 applies to (0.26). Let ¢(x) be the solution of the
equation —y = 0 in a neighborhood of the origin (i.e., ¢(x) = 0). Let ¥(x) = p(x, 9(x))
be the expansion of p(x,y) in a neighborhood of the origin (i.e., ¥(x) = —x?). Since

am = —1 < 0and m = 2 is even, then (0,0) is a saddle-node.

Claim: Adding higher degree terms to the first equation of this system will not

affect the behavior around (0,0). In other words, (0,0) is a saddle-node in the system

¥=—x+ /.t4x4
(0.27)

y=-y

Before we prove this claim, we first note that as a consequence of adding higher

degree terms, we get an extra equilibrium point. This can be seen as follows:

—X3+[.L4X4:0:>—X3(1—‘u4x):():>x:00rx:i

—y =0 =y = 0 = The equilibrium points of (0.27) are (0,0) and (t,O).
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Now, the Jacobian of (0.27) is as follows:
—3x2+4wx> 0
Df(x,y) =
0 —1

Note that the equilibrium point (ﬁ,O) is hyperbolic since

—2(L)43us(H)? 0 L 0
Df(i’o): () 30 () = | zllziandlzz
0 —1 0 -1

Since 4 # 0, then the real part of both of the eigenvalues are nonzero. Therefore,
by definition, (ﬁ,O) is a hyperbolic equilibrium point of (0.27).

We will now prove the claim. Notice that the Jacobian at (0,0) is:

Df(0,0) = S0 43007 0 _j0 04 M=0and A= —1.
0 —1 0 —1
Since (at least) one of the eigenvalues of Df(0,0) is zero, then by definition, (0,0)
is a nonhyperbolic equilibrium point of (0.27). Notice that there is exactly one eigenvalue
of Df(0,0) that is equal to zero. So Theorem 15 applies to (0.27). Let ¢(x) be the solution
of —y =0 (i.e., ¢(x) = 0). Let ¥(x) be the series expansion of p(x,@(x)) (i.e., ¥(x) =
—x3 4 ugx*). Since it is the first term of ¥ (x) that determines the behavior around (0,0)
and the first term of ¥(x) for (0.27) is identical to ¥(x) of (0.26), therefore, we reach the
same conclusion. That is to say that (0,0) is a saddle-node in (0.27). This proves the claim.

O

Now consider the system

X = W + tox + x> — %3

(0.28)
y=-y

If we translate the system so that (%, 0) is the new origin by change of coordinates

defined by ot = x — % and B = y. Then the system (0.28) become
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&=a+bo—o?

B=—p

(0.29)

Hence, the above system is a universal unfolding of the original system of this

example. Therefore, the pitchfork bifurcation is a codimension-2 bifurcation.

To determine the qualitative behavior of (0.29), note that for b > 0, the cubic equa-

_ 4

4 4
=27

27 and one root iff

tion x> — bx —a = 0 has three roots iff a*> < two roots iff a?
a* > %. It turns out that the two curves of the bifurcation points intersect, giving what
is called a cusp bifurcation. Here are some phase portraits of (0.29) to illustrate this idea.
(See F21 - F23))

Cusp Bifurcation Phase Portrait
(@a=2.5b=3)

0.8

0.6

0.4

0.2

Figure 21. Phase portrait of cusp bifurcation (with one equilibrium point).

51



Cusp Bifurcation Phase Portrait

’ ‘j: 2b=3) ‘
0.6 b
04 b
0.2 b
> 0F >
021 b
-04r b
06 b
-0.8 L

Kl ! ! ! ! I
-3 -2 -1 0 1 2 3 4

Figure 22. Phase portrait of cusp bifurcation (with two equilibrium points).

Cusp Bifurcation Phase Portrait

(a=0,b=3)
! A
0.8 g

0.6 1

04 r 1

02r

021 1

-04 1 1

-0.6 - q

-0.8 q

Figure 23. Phase portrait of cusp bifurcation (with three equilibrium points).

Now, here are some of the bifurcation diagrams of the cusp bifurcation (where

a=12,b=1,a=0.5and B =0.5). (See F24 - F25.)
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0.5 0 05 1 15 2 25
a

Figure 24. Bifurcation diagram of cusp bifurcation (on ax-axis).

25 ™\ /
Y S/

Figure 25. Two-parameter bifurcation diagram of cusp bifurcation (on ab-axis).

The first bifurcation diagram shows us that when a < —0.3849... or a > 0.3849...
(roughly), there is only one equilibrium point (which is stable). It also shows that when
—0.3849... <a <0.3849... (roughly), there are three equilibrium points (two of them are
stable and one of them is unstable). So, we see that (u, ) = (0,0) is the bifurcation

value.
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Now, in F24, we let see a relationship between the solution x(¢) and the bifurcation
parameter a.

In F25, we see that the two codimension-1 bifurcation curves collide at (0,0), creat-
ing the codimension-2 cusp bifurcation. Also, we have that the region to the left side of the
left curve of F25, there are no equilibrium points to the system (locally). Similarly, we have
that the region to the right side of the right curve of F25, there are no equilibrium points
(locally). Now, in the region between the two curves in F25, there are three equilibrium

points (locally). v

REMARK 34. From the previous example, we see that two fold bifurcations (which are
codimension-1 bifurcations) collide to give us a codimension-2 bifurcation at the origin.

Later, we will see the case where two curves of distinct bifurcations will collide. A
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CHAPTER 5: CENTER MANIFOLD THEOREM

In Chapter 2, we discussed the Stable Manifold Theorem, which tells us that there ex-
ists a stable (and an unstable) manifold which behave similarly to the stable and unstable
subspaces respectively of a linear system. The main assumption of the Stable Manifold
Theorem is that the equilibrium point is hyperbolic. Note also that it does not mention
about the existence of a center manifold.

Also, in Chapter 2, we mention the Hartman - Grobman Theorem, which tells us
about the qualitative behavior of nonlinear dynamical systems around hyperbolic equilib-
rium points. Once again, the main assumption for the Hartman - Grobman Theorem is that
the equilibrium point is hyperbolic.

In this chapter, we will look at what we need in order for a center manifold to exist,
which will be called the Center Manifold Theorem. This theorem will be broken into two
parts®, since this theorem tells a lot about the center manifold. The equilibrium point will

be arbitrary (hyperbolic or not).

5.1 The Center Manifold Theorem (Part I)

As mentioned above, the Center Manifold Theorem will be explained by breaking
it into two parts. In this section, we will mention the first part of the Center Manifold

Theorem.

THEOREM 35. (Center Manifold Theorem Part I) Let E C R" be open, xo =0 € E,
f(0)=0,and f € C"(E) (with r > 1). Assume A = Df(0) has c eigenvalues with real part
equal to zero (i.e., Re(lj) =0, where 4; (j = 1,2,...,c) are the eigenvalues of A), s
eigenvalues with Re(A;) < 0, and u eigenvalues with Re(A4;) > 0 (i.e., c+s+u = n). Then
there exists a c-dimensional invariant (center) manifold W¢(0) of class C”, which is

tangent to the center subspace E€ at 0. []

5The Center Manifold Theorem (both parts combined) can be found in [1].
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The main idea behind the first part of the Center Manifold Theorem is that the center
manifold exists and is tangent to E¢. Now, before we move forward, we should make a few

remarks regarding this part of the Center Manifold Theorem.

REMARK 36. The existence of the stable and unstable manifolds is also guaranteed with
the Center Manifold Theorem. Also, the only thing this part of the center manifold
theorem gives us is the existence of a center manifold, but no information about the

dynamics of the system on the center manifold. A

5.2 The Center Manifold Theorem (Part II)

Recall from the previous section that the only thing the first part of the center man-
ifold theorem tells us is the existence of a center manifold. It does not tells us the behavior
on the center manifold. So, how can we determine what happens on the center manifold?
That is what the second part of the Center Manifold Theorem gives us. For simplicity, we
assume that u = 0, and xop = 0 € R”. We also assume that Df(x() has no eigenvalues with
Re(Aj) >0, forall j=1,2,...,n. Note that the following theorem generalizes Theorem 15.

We will denote the local center manifold with WS (xo).

THEOREM 37. (Center Manifold Theorem Part IT) Let E C R" be open, xo =0 € E,
f(0) =0, and f € C"(E) (with r > 1). Assume A = Df(0) has c eigenvalues with real part
equal to zero (i.e., Re(A;) =0, where A; (j = 1,2,...,n) are the eigenvalues of A), and s

eigenvalues with Re(A;) <0, (i.e., c +s = n). Then the system X = f(x) can be written as

x=Cx+F(x,y) 030

y=Py+G(xy)
wherex e R,y e R, F: R" - R G: R" =R F(0,0) =0, G(0,0) =0, DF(0,0) =0,
and DG(0,0) = 0. Furthermore, there is § > 0 and a function 7 € C"(Ng(0)) such that
WC

loc

(0) ={(x,y) e RxR* : y=h(x), ||x|| < 0}, with ~(0) = 0, Dh(0) = 0, and satisfies
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Dh(x)[Cx+ F(x,h(x))] — Ph(x) — G(x,h(x)) = 0. (0.31)

Also, the flow on the center manifold W¢(0) can be defined by the system

X=Cx+F(x,h(x).0 (0.32)

There are some remarks that should be mentioned here before we look at an exam-

ple of how to use this theorem.

REMARK 38. We have that (0.31) helps us find the function % that approximates the
center manifold, and (0.32) helps us determine the qualitative behavior on the center

manifold. A
We also have the following remark.

REMARK 39. While the statement of the second part of the theorem assumes that there
are no eigenvalues with positive real part (i.e., u = 0), it turns out that basically we get the

same result even when u # 0. A

5.3 Example

Consider the system

: 2
X1 = X1y —X1X3

Xy = X3y —x%xz (0.33)

y= —y—i—x%—l—x%.

\

It can be shown that (0.30) can be written as
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X1 00 O X1 xly—xlx%

X =10 0 O x| + xzy—x%xz
y 00 —1] |y x%-l—x%
T
where C = ,P:—l,F(xl,xz,y):[xly_xlx% xzy—X%xQ , and
00

G(x1,x2,Y) :x%-l—x%. Let h(xy,xp) = ax%—i—bxlxz-i-cx%—i— .... Then

T
Dh(x1,x7) = [Zaxl +bxy+... bx; +2cx2+..} , and we have 4(0,0) =0, and

T
Dh(0,0) = |0 0] . Substituting these into (0.31) gives us
ax% —&-bx%xz—I—cxlxz—I—... —xlx% ) 5
[Zaxl +bxy+... bx;+2cxr+... + (ax]+bxixa+cx5+...) —
ax%xz + bxlx% + cx% + ... —x%xz
¥—-x3=0

Notice that when you multiply out the first part of the equation, the smallest power
of the polynomial is 4, so we will overlook this part and focus on the last part of the

equation. With this in mind, we have

(a—1)x3 +bxix+ (c—1)x3+... =0

This givesus a =1, b =0, ¢ = 1, and so on. If we need more terms, we just go
out a few more terms in the function /4 as defined above and follow the procedure we went
through above. Hence, we get that h(x1,x2) = x3 4 x3 + O(||x||*). So, the Center Manifold
Theorem (Part IT) tells us that the center manifold looks like the surface A(x},x;) = x% —l—x%
(locally).

Now, to determine the behavior on the center manifold, we substitute the function

h into the system (0.32), which gives us (plus O(||x||?))
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3

X1 =x
! (0.34)
Xy = x%.

To determine the behavior of the system (0.34), we can use polar coordinates to see
4, 4
that 2 = x% +x% = rFr=Xx1X] + XX = 7= @ > 0 (since r > 0). Therefore, if our

initial value lands on the center manifold, then solutions would go away from the origin.

Here is the phase portrait of the center manifold in this example. So, we can see that
the center manifold is approximated by the surface of the paraboloid A(xy,x;) = x% +x%.
Note that we did not give some solutions of what happens outside of the center manifold.
This is because outside the center manifold, the origin is hyperbolic; so, we can use the

Stable Manifold and Hartman-Grobman theorems. V

Now, let us look at a phase portrait to illustrate a center manifold from the example

in this section. (See F26.)

Center Manifold Phase Portrait

0.25
0.2
0.15
0.1

0.05

0.5

x2 05 5
x1

Figure 26. Phase portrait to describe the center manifold of (0.34).

REMARK 40. The Center Manifold Theorem tells us that if Df(x() has c eigenvalues

with Re(A;) = 0, we can restrict our study to a c-dimensional system to describe the
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behavior of solutions on a c-dimensional center manifold. This fact will be used in the

next chapter. A
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CHAPTER 6: BOGDANOV - TAKENS BIFURCATION

In Chapter 4, we discussed several bifurcations. It turns out that most of the bifurca-
tions we discussed are codimension-1 bifurcations. In this chapter, we discuss a special
codimension-2 bifurcation: a Bogdanov-Takens bifurcation. We also state and provide the
details of a proof which shows under certain conditions that there exists a Bogdanov-Takens
bifurcation. We will provide some examples where a Bogdanov-Takens bifurcation occurs

as well.

6.1 Bogdanov - Takens Bifurcation

A Bogdanov-Takens bifurcation is an example of a codimension-2 bifurcation,
which is by far more complex than codimension-1 bifurcations, and it describes very rich
dynamics of the given system. The basic idea of what happens with a Bogdanov-Takens
bifurcation is that we have two codimension-1 bifurcation curves that collide at a single
point. The point where the two bifurcation curves collide is where the Bogdanov-Takens

bifurcation happens.

6.2 The Bogdanov - Takens Bifurcation Existence Theorem

Recall from a previous section that Sotomayor’s Theorem proves the existence of a
saddle-node, transcritical, or pitchfork bifurcations (provided that certain conditions hold
for the given system). It turns out that there is a theorem that is “similar” to Sotomayor’s
Theorem to prove the existence of a bifurcation. The theorem is similar in the sense that
provided certain conditions of the system hold implies the existence of a Bogdanov-Takens
bifurcation. The difference is that Sotomayor’s Theorem can prove the existence of one of
three types of codimension-1 bifurcations, while the theorem in this section can prove the

existence of only one type of codimension-2 bifurcation.
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In this section, we will not only state this theorem, but we will also provide the
details of the proof of this theorem; this is the main contribution of this thesis. Before we
discuss this theorem, we mention that while we are assuming that we have a 2-dimensional
system in the statement of the theorem, our system can be n-dimensional (for an exam-
ple, see section 5.3). This is because one of the conditions for existence of a Bogdanov-
Takens bifurcation is that the Jacobian of our system has exactly two eigenvalues with
zero real part (i.e., a Bogdanov-Takens condition), and we do not worry what happens in
the other (n — 2)-dimensions of the system. We do not worry about what happens in the
other (n—2)-dimensions since the origin (the equilibrium point) will be hyperbolic in those
(n —2)-dimensions; so the Stable Manifold and Hartman-Grobman Theorems apply to the
other (n — 2)-dimensions. So, by the Center Manifold Theorem, it is enough to study a
2-dimensional system rather than a n-dimensional system. See also Remark 40.

The proof of the following theorem consists of applying a series of changes of
variables as well as time and space rescalings so that a given system can be expressed in a

simple polynomial form, locally.

THEOREM 41. [2] (Existence of Bogdanov-Takens Bifurcation) Suppose that a planar
system x = f(x, ), x € R?, a € R?, with smooth f, at & = 0 the equilibrium
x = (x1,x2) = (0,0) with a double zero eigenvalue 4 »(0) = 0. Assume that the following

genericity conditions are satisfied:

the Jacobian matrix

A(0) = Df(0,0) #0; (0.35)
ax(0) +b11(0) # 0; (0.36)
b20(0) # 0; 0.37)
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the map

(x, ) — (f(x,a),tr(w),det(%)). (0.38)

is regular at point (x, o) = (0,0).
Then there exists a smooth invertible variable transformations smoothly depending
on the parameters, a direction-preserving time reparametrization, and smooth invertible

parameter changes, which together reduce the system to

M =m

1 = B+ B +A*nf £B*mima +0(| n?).

PROOF. We will prove this theorem in steps. Consider the planar system

X=f(x,a), x€R?* a cR? (0.39)
where f is smooth. Suppose that (0.39) has, at @ = 0, the equilibrium x = (x1,x;) = (0,0)

with two zero eigenvalues, A1 2(0) = 0.

(Step 0)

By Taylor’s Theorem, we can write (0.39) (at o = 0) in the form

&= Agx+F(x), (0.40)

where Ag = Df(0,0) and F(x) = f(x,0) — Agx is a smooth function, and F(x) = O(||x||?).
We have det(Ag) = 0 since det(Ag) = LA, = (0)(0) =0, and 1r(Ag) = 0 since tr(Ag) =
M+2A =0+0=0. Assume (0.35) holds. By Theorem 7, we can find two linearly

independent vectors vg | € R? such that
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A()V() = O, A()V] =V0. (0.41)

In particular, v is an eigenvector of Ay corresponding to the eigenvalue 0, and v is a gen-

eralized eigenvector of Ag corresponding to the eigenvalue 0, respectively. Furthermore,
again from Theorem 7, there exist two linearly independent left eigenvector (and general-

ized left eigenvector) wy | € R? of the matrix Ag such that

Alw; =0, Alwy =wy. (0.42)

Since vy and w; are generalized eigenvectors, then they are not uniquely deter-
mined. Furthermore, we have that the vectors v; and wq are not uniquely determined, even
if the vectors vo and w; are fixed. (For example, if v; is a fixed solution of the second
equation of (0.41), then the vector v = v{ 4 yvp is also a solution for any y € R since
Agv = Ag(v1 + yvo) = Agvi + YAovo = vo + 0 = vp). However, we claim that we can find

four vectors that satisfy (0.41), and (0.42) such that

vgwo = vlTwl =1. 0.43)

where xTy is the standard dot product of two vectors x,y € R%. To show this, we first
show that vg wo = vlTwl. Using the relations from (0.41) and (0.42), we have vg wo =
(Agv1)Two = (VT AT )wo =vI (Al wo) = vI wi. Now, we use a property about the dot product
of two vectors; in particular, for the vectors vo, wo: vl wo = |[vol| x ||wol| x cos(8), where

0 is the angle between the vectors vy and wy. Now, we can control the vectors vg, wg so

that ||vo|| X ||wol|| = m so that v wo = 1 (and then using a similar argument to show that
v{wl =1).
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We also claim that we have

vgwl = vlTwo =0. (0.44)

We first show that vg w1 = 0. Using the relations from (0.41) and (0.42), we have
that viwy = (Agvi)Twy = (VT AD w1 =vI'(Alwy) =T x0 = 0. To show that vIwy =0,

consider the linear system

ViX =V, (0.45)

where x € R. Since vy and v; are linearly independent, then x is not a solution of the system

(0.45). By the Fredholm Alternative Theorem, we have that (in particular for y = wg)

vlTwo = 0 has a solution with wg Vo = vg wo = 1 # 0. Hence, we have that (0.44) holds.

Select {vo,v1} as a basis for R?, then any x € R? can be uniquely written as

X=y1vo+y2vi (0.46)

by definition of {vg,v;} being a basis for R2, for some v1,y2 € R. Using the relations

(0.41), (0.42), and (0.46), we have x"wo = (y1vo +y2vi)Two = y1viwo + yavi wo = y; =
1 +y, %0 =y;. A similar calculation shows that x'wy = v2. Now, the new coordinates are

given by

Y1 =x wo
(0.47)

Y2 =X wi

Again, using the relations (0.41) and (0.42) (along with (0.40)) gives us (for a = 0)

. T
y1 =X wo
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y1 = (Agx +F(x))Twq

yi = TAY +F(x)T)wo

yi =xTAwo+ F(x)Twy
y1=xTwi +F(x)Twy

Y1 =y2+F(yivo +y2v1) wo

A similar argument gives y, = F(yjvo + ygvl)Twl. Hence, our new system takes

the form (for o = 0)

Y1 =y2+F(y1vo+yav1) wo
(0.48)

Yo = F(y1vo+yavi)Twy.

For a # 0, we can write the system (0.39) in terms of the system (0.47). This would

gives us

yi = f(yivo+y2vi, o) wy
(0.49)
Y2 = frivo+yavi, ) wy
At this point, we can represent the right hand side of (0.49) as a Taylor series at

y= (y1,y2) = (0,0). Doing this gives us:

Y1 = y2+aoo() +aio()y1 +aoi (@)y2 + sax(@)y? +aii (@)y1y2 + sao(@)y3 + P (y, )

¥2 = boo(0) 4+ b1o(@)y1 + bor (&)y2 + 3b20()yT + b11 () y1y2 + 3502 (00)y3 + Py, )
(0.50)

where ay (@), by (@) (with k =0,1,2, 1 =0,1,2), and Py »(y, ) = O(||y|]?) are smooth

functions of their arguments, and (for example)
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82
aj (o) = m[f(ylvo +)’2V1>0‘)TW0] |y=0-

We claim that

a0 (0) = a10(0) = ao1(0) = boo(0) = b10(0) = bo1(0) = 0. (0.51)

We first prove that apo(0) = bpo(0) = 0. Observe that
ago(a) = [f(y1vo+yavi, @) wo] [y=0 = f(0,0)" wo

boo(0) = [f(y1vo+y2vi, @) wi] [y=0 = £(0, ) wy.

For o = 0, we have that agy(0) = f(0,0)7wy. Since x = 0 is an equilibrium point
of (0.39) (at & = 0), then, by definition of an equilibrium point, we have that f(0,0) = 0.
Hence, we have that agy(0) = £(0,0)7wo = 07wy = 0. A similar argument shows that
boo(0) = 0. Hence, we just proved that agy(0) = bgo(0) = 0.

Now, to prove that a19(0) = ag1(0) = b10(0) = bo1(0) = 0, observe that (0.50) can

be rewritten in the following way

¥ ajo(®) aor(@)| [y N ago () + Fax(a)y? +an ()y1y2 + yae(a)y3 + P (y, )

2 bio(a) boi(@)| [¥2 boo (@) + $bao(@)y? + b1 ()y1y2 + sboa(@)y3 + P (y, &)
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. |aw(a) aoi(a) .
Let us focus on the matrix . At o = 0, the matrix gives us
bl()(OC) b()l(Ot)
alo(O) 6101(0)

b10(0) bo1(0)

. Since we get the system (0.50) at o = 0, the matrix gives us

aip(0) ao1(0 01
0(0) an(0)} _ . This gives us that a10(0) = bio(0) = boy (0) = 0.
bio(0) bor(0)| |0 0

However, since y; is accounted for in (0.50), then in order for the first equation of (0.50) to

hold, then ag; (0) = 0. Hence, we have proven that (0.51) holds.

This completes step 0.

(Step 1)

We will now define new coordinates (u1,u;), where uj is just y; from (0.50) and u;

is just yy, i.e.,

up=xy

ur =y +ago(0) + aro(Q)y1 + ao1 (@)y2 + yax(a)y? +a ()y1y2 + 3ac(a)y3 +Pi (v, @)
(0.52)

Now, we will take the derivative to both sides of each equation in (0.52) with respect
to time . Now, to make the calculations easier, we will remove o from the expression

ay (@) (i.e., ay = ag(a)). For the first equation, we get

Uy =Yy

, 1 1
Uy = y2+apo+aioyi +ao1y2 + Eazoy% +ayy: + anzy% +Pi(y,.)
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Hence, we have that 1i; = u,. For the second equation, we get

liy = Y2 +aoy1 +ao1y2 + axy1y1 +ai (y1y2 + y1y2) + aoy2yz + Pi(y, )

iy = (boo +b10y1 +bo1y2 + 5b2oy} +b11y1y2 + 5booy + P2 (3, .)) +aioyi +aoi (boo +bioy1 +
bo1y2 + %bzoy% +buyiy2 + %bozy% +P(y,.))

+az0y1yt +annyi (boo + bioyi + bo1ya + 3520y +biiyiyz + sbeay; + Po(y,.)) +anyiy:

+aoy2(boo + b1oy1 +bo1yz + $bay? +biiyiys + Sboy: + P (v,.)) + Pi(y,.)

iy = boo +b10y1 +bo1y2 + 220y +b11y1y2 + ooy + P (3, .) + a0yt +aotboo +aoibioyr +
aop1bo1y2 + %ambzoy% +aop1biy1y2 + %0015702)’% +ao Py, .)

+axy1y1 +booariyr + broaiy? +boraiiyiy: + %bzoauy% +bianyiy, + %bozauyly%

+anyiPo(y,.) + anyiyz + booaoyz + b1oaoy1yz + boiaonys + 3brodaonyty: + biiamy1y; +

%bozaozyg +apy2Pa(y,.) +Pi(y,.)

Now, using the relations u; = yy, up = yj, letting y, = up — app — ajou; — ..., and

substituting these into the most recent equation given above gives us:

Uy = boo + biou; + boi (I/tz —apgo — ajoUl — ) + %bgou% + bi1uq (uz —app — ajpi] — ) +
3boa (2 — ago — arour — ...)* + Po(u,.) + arouz + ao1boo + a1 brour + aoiboi (uz — ago — arous — ...)

+ 2 ao1baou? + agibyyuy (uz — ago — arouy — ...) + 3aoibox (2 — agy — arour)> +ao1 Po(u,.) +
3ao1boa (uz — ago — arour — ...)* + ao1 Po (u, .) + azouyup + booarjuy + broar ul

+borayiur (us —app — ajour —...) + %bzoanuf + byiayud (ua — ago — arouy — ...)

+3boraruy (uz — agy — arouy — ...)> +apur Po(u,.) + ayyuz (up — ago — arouy — ...

+booaoz (u2 —aoo —arous — ...) +broacaur (2 — ao — arouy —...) +boracz (uz — agp — arous —

)P %bgoaozu%(uz —ag — ayouy — ...) +briagauy (us — agy — aouy — ...)?

1 3
—I—jbozaoz(uz —agy — ajouy — ...)> +ap (uz — app — ayouy — ...) P2 (u,.) + P (u,.)
) 1 2
U = boo + brour + bo1 (uz — agp — arouy — ...) + ybaoui + briuy (uz — agy — arour — ...) +
3boa(agy + 2acoaious — 2agous + atgui — 2ayouyus +uj — ...) + Po(u,.) + arouz + ao1boo + ao1 brous
bo1 (2 — ago — — Lagibaou? b —ag — — Lao1boy (ad
+ao1bo1 (uz —apgo —arour —...) + 5a01020U7 +ao1 1ut (ur —agp —ajour —...) + 5401 02 (g

2 .2 2
+2agpaiour — 2agoun +ajouy — 2aouiun + us — ) + a01P2(y, ) + agouiuy + bopaiuy
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2 1 3 2

+broaruy + borariuy (uz — agp — aour — ...) + 3broariu] + briariui(us — agp — ajour —
)+ 5b (agy—+2 -2 foui —2 3—.) P
..) + 3bo2ariui(agy + 2agoaiour — 2apouz + ajoi] ayoury +uy —...) +anur P (u,.)

+arus(ur — ago — ajour — ...) +booaoa (2 — apo — arous — ...) +bioaour (uz — ago — ajou; —
) + boraga (agy +2 — 2agouz + ajgui —2 +uz—...)
)+ boraga (a3 + 2appaious — 2aous + algut — 2ayouruy +u3 — ...

1 2 p 2 2
+§b20a02u1 (I/lz —apo—ajour — ) +b1 1402U1 (a00+2a00a10u1 —2a00u2+a10u1 —2a10u1u2+

u% — ) + %bozaoz(lftz —app — ajoul — )3 +a02(u2 —apg — ajoul — ...)F’z(u, ) +151(u, )

. I 2
Uy = boo + biouy + boruz — agobor — aroborur — boi (...) + 3baoui + briuyuy — aobriuy —
biu?—b 1bgrd? boou1 — agob La2 boou? —ayob Lboou? —1p
aiobiuy —bo (...) + 53bo2agy +agoaioboaus — agoboruz + 5 ajgboruy —ajoboruyuz + 5bozus — 5boa (...
+P>(u,.) + aiouz + ap1boo + ao1biour + ao1borus — agoaoibor — aroaoiborur — aoi1boi (...) +
1 2 2
sa01baouy + aorb1uyuy — agoaorbriuy — ayoao1biiuy — aogrboru (...
Lagyboral boauy — b La? ag1boyu? — b Lagyboyu3 —
+350a01002ay0 +aooa10a01002U1 — Aoodo1L02U2 + 5 A7pA01D02UT — A10001D02U1 U2 + 5A01D02U5
1 5 2
501002 (...) +ao1 Po(u, .) + azouuz + booaruy + bioariuy +borayiuius
—agob —ajob 2_b ib 34b 21y — agob 2
apobor1aliu] —aipborar g 016111M1(---)+2 20A11U7 + br1aj Uiy — appl11a11uUy
—apb 3_b 2 LaZ b b 2 — agob
ajpbriaruy 116111u1(---)+2a00 0211U1 + Apod10002a11UT — Apobo2d 11U U2
1 2 3 2 1 2 1 5 2
+3agbnaiu; — aoborariujuy + sboaruius — sbopariui(...) +anuiPy(u,.) +apu; —
agoaruy — aroaruyuy — apu(...) + boodozuz — agobooan2 — arobooaorur — booaoa(-..)
2 2
+bioanuiuz — agobioaoauts — aobroanuy — bioanui (...) + boramag, + 2aaioboiapus —
2 2
2apobo1apaus + ajyboracpuy — 2a10boragzuyuz
2 1 2 1 2 1 31 2
+boranu; — boran(...) + 3bavuiuy — 5apoboacu; — saiobacu; — sbxamnui(...) +
2 2
briamagyu +2apoaiobiiapui — 2apobi1apuiun
2 b 3 _2ajob 2uy+b Z—b 1b —app— 3
+ajbr1acuy —2aiobriauius +briaguius —biiaou (...) + 5boraos (ua — ago —arour ) +

(aauz — agoaoy — aroacus — apa(...)) P (u,.) + Py (u,.)

i = (boo — aoobo1 + 3boragy + ao1boo — acoaoiboi + 1ao1beragy — acobooao: + boranal)
+(b1o — ar0bor — aoob11 + agoaioboz + ao1b1o — aroaoibor — acoaoi b1 + acoaioaoi boa
+booai — aooborai + %agobozan — a10boodoz — agobi0aoz + 2apoaioboraoz + biianagy)un
+(bo1 — aooboz + aio + ao1bor — anoaoi box — agoai + booao — 2acoboian )uz

+% (b0 — 2a10b11 + alghboa + ao1bao — 2aioaoi b1 — 2a3,ar1bor — 2apobi1a

2 | 2
+2agoaiobnrair — 2aiobioac: + 2aiyboran — 5anbodaor +4acoaiobiiao u;
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+(b11 — a10boz + ao1b11 — aioaoiboy + azxo + borair — agoborars — aroais + bioam

—2ay0bo1ag — 2apobi1a2)ur

+%(b02 +ao1box +2ai1 + 2boran )u3 + O(u, ).

Let goo = boo — aoobor + 3bo2ady +ao1 boo — aoodor bor + Fao1boaady — acobooaos +bor agaag,

810 = b1o — ai0bor — apob11 +aopaioboz + aog1bio — aroao1bor — apao1 b1 + agoaioaorboz +
booai1 — agoborarr + %agobozau — ayobooanz — aoob10ao: + 2agoaioboran + briamnagy,

go1 = bo1 — agoboz + ao + ao1bor — appao1boz — aoar + booaoz — 2aoobor1aos,

820 = bao — 2a10b11 + aloboa + ao1bao — 2aioaoi b1 — 2apbiiar + 2agaiobrar

—2aypbyoao: +2a2yborag — %aoobzoaoz +4apoaiobriam,

g11 = b11 — aoboz + ap1b11 — aroao1boz + azo + borar — agobozarr — ajoart + bioagz

—2ay0bo1a02 — 2apob11ap2, and

802 = bo2 +aop1box +2a11 + 2bg1aps.

Then we have that

1 1
Uy = goo + g1ou1 + go1u2 + Egzou% +griujuy + Egozu% +0(u,.) (0.53)

Putting 1 = u; and (0.53) together gives us a new system (after putting & back in

the expression gi;)

Uy =uy

iy = 800 (@) + g10(Q)u1 + go1 (o) uz + 2g20()u? + g11()uruz + 3802 (@)u3 + Q(u, @)
(0.54)

where gi;(@) and Q(u, @) are smooth functions of their arguments. We also have

that Q(u, &) = O(||u||?). Note that
£00(0) = boo(0) — a00(0)bo1 (0) + 3b02(0)aigy (0) + aor (0)boo (0) — a0 (0)ao1 (0)boi (0)
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+%a01(0)b02(0)a(2)0(0) — aoo(O)boo(O)aoz(O) + bo1 (0)6102 (O)G%O(O). From (0.51), we
have

800(0) = 0 — (0)(0) + 3b02(0)(0) + (0)(0) — (0)(0)(0) + 5(0)b02(0)(0)* — (0)(0)an2(0) +
(0)ag2(0) * (0)% = 0.

Similar calculations show that g19(0) = go1(0) = 0. Hence, we have that

200(0) = g10(0) = g01(0) = 0.

Also note that
£20(0) = b20(0) —2a10(0)b11(0) + ajy(0)bo2(0) +ao1 (0)b20(0) — 2a10(0)ao: (0)b11(0)
—26100 (0)b1 1 (0)611 1 (0) + 2000(0)010(0)[)02(0)011 (0) — 2a10(0)b10(0)a02 (0)

—I—Za%o (O)bm (O)aoz (0) — %aoo (O)bzo (O)Cloz (0) +4ang (0)a10 (O)bl 1 (O)aoz (0) .

Again, from (0.51), we have

£20(0) = b20(0) —2(0)b11(0) +(0)?b02(0) +(0)b20(0) —2(0)(0)b11(0) —2(0)b11 (0)ar1 (0) +
2(0)(0)bo2(0)a11(0) —2(0)(0)aoz(0) +2(0)(0)aa2 (0) — 5(0)b20(0)an2 (0) +4(0)(0)b11(0)az (0) =

bzo(O).
Similar calculations show that
g11(0) = b]l(O) +a20(0), and g()z(()) = b()z(()) —|—2a11(0).

So, we get that

;

820(0) = b20(0)

£11(0) = b11(0) +a20(0)

\302(0) = boz(O) +2ay; (0)

Assume that (0.36) holds. This completes step 1.
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(Step 2)

We now go through another change of variables. Here, we go through a parameter

- dependent shift. Define

Uy =vy+ 5(06) 0.55)

Uy =vj

We now take the derivative of both sides of each equation of (0.55) with respect to

t. For the first equation of (0.55), we have
V1 = U]

V1 = Uy

V2 (0.56)

Vi

For the second equation of (0.55), (again we remove ¢ temporarily so we have
8k = 8w (), we have

V) = iy

V2 = goo + &1ou1 +8o1u2 + %gzou% +guujuz + %gozu% +0(u,.).

Using the relations from (0.55) gives us

V2 = goo+ &10(vi +8) + go1va + 3820(vi +8)2 + g1 (v1 + 8)va + 1gov3 + O(u,.)

V2 = goo+&10v1 + 8108 +g01v2+ 5820(vi +28v1 +8%) + griviva +g116v2 + 5802v3 +
O(u,.)

V2 = 800+ 810v1 + 8108 + go1v2 + 5820v% + 8208V1 + 382087 + g11viva+g118va +

Tg0ov3+0(u,.)
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V2 = (200 +8100 + 58208%) + (810 +8208)v1 + (801 + 8118)v2 + 382013 + gr1viva +
38023 + O(||vI]?)

V2 = (goo0 + 8108 + O(8%)) + (g10 + £208 + O(8%))v1 + (g01 +g118 + O(8?))v2

1 1
+5(820+0(8))v1 + (g1 +0(8))viva + 5 (g0 +0(8))v3 + O(|VI[)- (0.57)

Putting (0.56) and (0.57) together gives us the system

(

Vi =WV

V2 = (go0 + g108 + O(82)) + (810 + 8208 + O(82))v1 + (801 + 8118 + O(82))2

\ +3(820+0(8) Vi + (811 +0(8))viva +3(g02 + 0(8))v3 +O(|[v])

(0.58)

Define the function G(a,8) = go1 (o) + g11 ()8 + O(8?). Then we have that G is
continuously differentiable, and G(0,0) = go;(0) 4+ g11(0) 0+ O(0) =0+ 0+0 = 0. Tak-
ing the partial derivative of G with respect to  gives us Gg(a,0) = g11(a) + O(d). Since
we have that Gs(o,8) = g11(0) +0(0) = g11(0) +0 = g11(0) # 0, then by the Implicit

Function Theorem, there exists a smooth function 6 = d(a) ~ —g]‘”ﬂ near (0,0).

11(0)
From the results given above about the Implicit Function Theorem, then substituting

o(a) = —?’1‘1—%)) in for & into (0.58) gives us
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Vi =V
V2 = (g00(00) +g10(0) (— 5 + O((=2G)?) + (g10(00) +20(0) (— 45 + O((— G )
+(g01 (@) + g1 (@) (— 218 + O((—2LE)2))v; +  (ga0 (@) + O((—~ L48)) 12

+(g11(@) + O((—£248)))viva +  (g02(@) + O((— L148)) W3 + R ()

v

Vi =W
(0.59)

Vo = hgo(e) + hio(a)vy + %hzo(d)v% +hyp(a)vivy + %hoz(a)v%

where we have

Observe that since we have that goo(0) = g10(0) = go1(0) =0, we have that /1py(0) =

0 2
900(0) — £ 210(0) + O({1G) = 0— (4

©
that 10(0) = g10(0) — gliggggzo(o)+0(E§‘ﬁ§0§§2) 0 (;-957)(0)+0(0) =0-0+0=0.

Hence, we have that 1o (0) = /19(0) = 0. We also have that /129(0) = g20(0) +O(— 420y =

£11(0)
220(0) + O(— g11(0)) = £20(0) + O(0) = g20(0) + 0 = g20(0). Similar calculations shows
that /111(0) = g11(0), and A2 (0) = g02(0). So, we get that

))(O) =0—0+0=0. Similarly, we have
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;

h20(0) = g20(0)

h11(0) = g11(0)

\ ho2(0) = £02(0)

This completes step 2.

(Step 3)

Now, we consider changing the time parameter from ¢ to T by the equation dt =
(14 6vy)dt, where 6 = 6(a) is a smooth function (which will be defined later). We claim

that the direction of time is preserved near the origin for small ||||. This will be proven

later.
So, the first equation of (0.59) becomes (using the chain rule for differentiation)
d dt
Vi :%XE:\Q(I—FQW):\Q—}—QW\Q (0.60)
The second equation of (0.59) becomes
Vp = % X % = (hoo(OC) -l-h]()(OC)V] ++%hzo(a)v%+h11(a)v1vz+ %hoz(a)V%—i-R(v, ))(1 +
0vi)

Vo = ho()(OC) +h10(06)\/1 + %hzo(a)v% —I-hll((X)vle + %hoz((x)v% +R(v,) +hoo(a)6v1

+h10(06)9v% + %hzo((x)ev% + h11 (OC)QV%Vz + %hoz(&)evlvg +R(v,)

1 1
Vo = hoo () + (hio(a) +hoo()0)vi + g(hzo(a) +2h10(0t)0)vi + Ay (o) viva + Ehoz(a)"% +o(|vIP).
0.61)

Putting (0.60) and (0.61) together gives us the system
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Vi =va+ 0vivy

Vo = hgo(Q@) + (hlo(a) + hoo(@)0)vy + %(/’120(06) +2h10(a)0)v% +hi (OC)VWQ + %hoz(a)v% + 0(‘ [v] ‘3)
(0.62)

Here we (once again) change coordinates in the following way

E&i=w
(0.63)

& =vr+0vin

Now, we differentiate both sides of both equations of (0.63) with respect to 7. For

the first equation, we have

&1 =Vi = v+ 0vyvy = &. Hence, we have

=& (0.64)

Now, taking the derivative of the second equation of (0.63) gives us

& = v+ Oviva + OV

& = (hoo(a) + (h1o(e) + hoo(@)0)v1 + L (hag(@) + 2h10() V2 + iy () viva +
Thoa ()3 +0(|v]1*)) + 8vi (hoo(e) + (hio(0t) + hoo (@) 0) vy + 3 (hao (o) +2h10( @) 0)v2 +
hi1(00)viva + Shoa ()v3 + O(||v|[?)) + v vy

& = hoo(a) + (hio(e) + hoo () 8)vi + L (hao () + 2h10()0)V3 + hy1(@)viva +
Thoa ()3 +O(||v[]>) +hoo () Ov1 + (1o (o) +hoo(0)8) 82 + % (o () +2h10( ) 0) OV +
hyy(a)Bvivy + %hoz(a)evlv% +0v10(||v|]?) + 6vva

& = hoo(@) + (hio(0t) + 2hoo (@) 0)v1 + L (hao (@) + 4h1o() 8 + 200 () 82)v3 +

hll(OC)vl\/z + %hoz(a)\% + 0(||V| |3) + 6vivsy
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&> = hoo(a) + (hio(@) + 2hoo () 0) &1 + L (hao(at) + 4hio() 8 + 2he0 () 02)EZ +
hiq (OC)&VQ + %hoz(d)v% + 0(| |v| ’3) + 9&2\/2.

Letting vo = vij — Ovyvy = & — 0&;v; gives us the following

&2 = hoo(@) + (hio(@) + 200 () 0) &1 + % (hao () + 4h1o(0t) 0 + 2hoo (o) 0%)EF +
hi ()& (& — 0&1v2) + Shoa () (&2 — 0&1v2)? + O(||v]|?) + 0& (& — 0 v2)

& = hoo(a) + (hio(@) + 2hoo () 0) &1 + L (hao () + 4hio(0) 8 + 2heo () 02)EZ +
hi1(00)E1E — h10Evs + Lhop () EF — hop8E1 Eava + LR 02623 + O(||v|P) + 02

—0%&1 6w,

Observe that everything after &, from the equation vy = & — 6&;v; in the previous

equation would be of degree 3, so we overlook those terms to give us

&> = hoo(0t) + (h1o(@) +2hoo(0)0)&; + 5 (hao (@) + 4hyo(ax) 0 + 2hgo () 62)EZ +
hi1()&1& + 5 (hoa () +26)&5 + O(||€])-

Letting

Joo(0t) = hoo(ax)

fio(a) = hio() 4 2hoo ()0 (x)

fro(@) = hao( @) +4hio(ax) 6 () +O(6?)
fu(a) =hii(a)
fo(a)=hp(a)+26(a),

gives us the equation

&= fool@) + fro(@)i+ 3 fao( @+ fuu(@)ErEa+ 5 foo()E +O(IEN). 0.6

Putting (0.64) and (0.65) together gives us the system
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§=56

& = foo(@) + fio(0) & + 3 oo (@)EZ + fir(@)E1& + 3 for (@)EZ + O(J|E| ).
(0.66)

Now, to eliminate the 622 term in (0.66), we let 6(a) = hoz (and also specify

the time reparametrization). Substituting in this choice of 0(ct) gives us

& = foo() + fio(@) &1 + 5 fao(@)EE + fri (@)1 + 5 for (@) EF + O(I[EP)

& = hoo( ) + (h1o(0t) +2hoo (@) 8(@0)) &1 + 3 (hao (@) +4hio ()0 () +0(6%)) &7 +
i (@)&1& + 5 (hoa (@) +26(a))&5 +O(| €] )

&2 = hoo(@) + (mio(@) + 2hoo () (~"Z%))&1 +  (ao(01) + 4o (o) ("2 +
O((— 292 &2 + 1 ()16 + L (oo (o) +2(~ 22 ) 2 + O(||€ )

& = hoo() + (ho(et) — hoo(0¢)hoa (@) &1 + 5 (hao(0t) — 2h1o()

+0(h02 V&7 +hi (@) &1 & + 5 (hoa (@) — hoa (@) &3 + O([[E )

& = hoo (@) + (lio(@) — hoo(@)hoa (@) &1 + 3 (hao(0t) — 2hi0(@)hoa ()

+O(" )& + iy (0) 16+ O(IEIP).

hoa ()

Now, let

pi (o) = hoo(cx)

2 (o) = hyo(o) — hoo (o) hoa ()

A(a) = §(hao(@) — 2h1p(0t)hoa (cx )+0(h%z( )
B(at) = hy(@).

Then we have that

& = () + (@) &1 +A(@)E7 +B(@) 162+ O(JIE] ).

Then the system (0.66) becomes the system
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61 = 62
& = () + () &1 +A(0)E7 + B(@) 162+ O(JIE]).

(0.67)

We claimed earlier that the direction of time is preserved for small ||o||. We now

prove that this is true. Observe that we have

"

0(a) = —"5% =~ (g0(e) + O(~ g;;&:;‘

+2a11(06)+2b01(0¢)d02(0€)+0(—§111 )

) = —5(boz(@) +ao1 (o) bz ()

Nt

So, we have that 6(a) can be related to the system (0.50). Since y = 0 is the equi-
librium point of the system (0.50), then we can choose o small enough so that 6(a)v; < 1.
So, from this and from dt = (1 + 0v;)d7, we have that the direction of time is preserved
(for small ||x||), which proves the claim.

This completes step 3.

(Step 4) Introduce a new time (denoted by ¢ again) by

Observe that we have B(0) = h11(0) = g11(0) = a0(0) +b11(0) # 0 (by (0.36)), and
we have 2A(0) = hy(0) = g20(0) = b20(0) # 0 (by (0.37)). Now, we do another change of

coordinates by

A
m= Bz((o(;))él
m = Sign((—)) 52
which scales the coordinates of the previous system. Taking the derivative to both

sides of the first equation from above with respect to ¢ gives us (again removing & from

A(a) and B())
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ni = —;‘2((03) & x5
1 = %51 x sign(4) x 4

. . 2
i1 = sign(§) x 2—3 X &

11 = N2. (0.68)

Now, taking the derivative to both sides of the second equation from above with

respect to ¢ gives us

2 : .
X % x&zxszgn(%) x%

)
) X sign(3) X g—z x &

1o = sign( 5 :
. 3 :
77222—4><52
. 3 :
nz=;§—4X§z

Ty = A3t1 + €y +AER + BE &+ O(J|E|]P)]

Tip = ;}—Zul +;}—iu2§1 +;}—3§12+2—25152+0(H§||3)

M= A+ A x A& + A2 AE2 4 A < A8, 4 0(||E]1)
Ty = &ty + A5 o1 + AP} +my x sign(B) x B2 x iy + O(J|E|)
T = %iul + 4 o1 + AP0} + sign(E)Bnima + O(| €] ).

1y = A1+ Ay +APn? £ B+ O(E ).

Ad(a

2
Letting B (o) = Wa%“l (a) and B (&) = 2253 Uz (o) gives us

12 = Bi(a) + Ba ()M + A’nf = B2 mima + O(J|E ). (0.69)

Putting (0.68) and (0.69) together gives us (the final) system
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M =1m
(0.70)

1o = B + B + A £ B2mima + O(J|€ ).

We claim that 3;(0) = ,(0) = 0. To show this, observe that

=

1101 [00(0)] = (8% x 0= 0 (since we have that hgo(0) = 0).

3
B1(0) = gt 1 (0) =

Similarly, we have

o~

b

=
—

2 2 2 2
B2(0) = 5igt12(0) = 5263 1710(0) — oo (0) 02 (0)] = 5gF[0 =0 % 2 (0)] = i

2
0 =0, since hgp(0) = h19o(0) = 0. This proves the claim. Since (0.38) holds, then step 4

=
=

and the proof of Theorem 41 is done. l

REMARK 42. The system given in Theorem 41 can be rescaled further to the following

system

i =1n
(0.71)
T = o (&) + o ()N +nf =mma+O(||€])?).

since (0.70) and (0.71) are topologically equivalent (meaning that the two systems

are “similar” from a topological point of view).% A

6.3 Example

Here, we provide an example of a system that will experience a Bogdanov-Takens

bifurcation.

EXAMPLE 43. Consider the system given as follows:

Xy

A=X— 14+ax

2
Ty — 2y —by

y

This result can be found in [3].
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where x(1) is the population of a prey, y(¢) is the population of a predator, and a and b are
positive parameters.
Here is the bifurcation diagram that we see with this example (where @ = 0.1 and

b =0.22). (See F27.)

0.8

07

05 F saddle-node

bifurcation

05 | curve -

04

03 |
Hopf
bifurcation
02 curve

Bogdanov-Takens
bifurcation
point

0.1 |

-0.1

Figure 27. Bifurcation diagram of Bogdanov-Takens bifurcation for Example 43.
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Figure 28. Screenshot of data from XPPAUT which describes a Bogdanov-Takens

bifurcation.

In F27, we have that a and b are both free parameters. So, if you fix b = 0.2, then
there are two Hopf bifurcations and a saddle-node bifurcation. The point where the two

curves intersect is the Bogdanov-Takens bifurcation.

To better understand what is going on with the Bogdanov-Takens bifurcation, we
provide another example of a system that will undergo this bifurcaton.

Consider the system:

xX=y
(0.72)

y=a+bx+x*—xy
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T
where o = {a b} € R?. The bifurcation diagram of (0.72) is given as follows (in

F29):

Figure 29. Bifurcation diagram of Bogdanov-Takens bifurcation for Example 44.

It can be shown that if « = b = 0, then the origin is a cusp.” The phase portrait for

this is as follows:

Bogdanov-Takens Phase Portrait

a=0, b=0
0.6 (\ )‘

04r

0.2

0.2

-04

06 | | | | |
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Figure 30. Phase Portrait of (0.72) at (a,b) = (0,0).

"This can be shown by applying Theorem 17 to the system (0.72).
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Now, the equilibrium points of system (0.72) are along the x-axis (i.e., when y = 0),
and satisfies the equation a + bx+x? = 0. So, the solutions of the equation are of the
form x = %m. Hence, the number of real solutions are based on the sign of the
discriminant b* — 4a. The phase portrait for when 5> — 4a < 0 is as follows:

Bogdanov-Takens Phase Portrait
(a=1, b=1.99)

Figure 31. Phase Portrait of (0.72) in region 1.

We claim that the (discriminant) parabola T = {(a,b) | b*> —4a = 0} gives us a
saddle-node bifurcation, which we shall prove in a moment. Now, along the curve T, we
claim that the system (0.72) has an equilibrium point with a zero eigenvalue. To show this,
consider the equilibrium point (—%,0) € T. Observe that the Jacobian of the system (0.72)

is

0 1
Df(x,y) = . (0.73)
b+2x—y —x
The Jacobian evaluated at (—’5’,0) is
b 0 1 0 1
Df(_i’()) - b N b
b+2(-3)—(0) —(=3) 0 3



It can be shown that the eigenvalues of Df (—%,O) are A} =0, and A, = g, which
proves the claim. Furthermore, we claim that the equilibrium point (—%,0) will be a saddle-

node.® The phase portrait for this case is given as follows:

Bogdanov-Takens Phase Portrait
(a=1, b=2)

A

1 1.5 2
Figure 32. Phase Portrait of (0.72) on T';..
Bogdanov-Takens Phase Portrait
(a=1, b=-2)
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Figure 33. Phase Portrait of (0.72) on 7-.

We will now prove that points on 7" gives us a saddle-node bifurcation. Now, the

T
point & = [() 0] separates the curve T into two parts: 7_ and 7'y, where b <0 and b > 0

8This can be proven by fixing a point on T, shift it to the origin, and apply Theorem 15 to the new system.
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T
respectively. We claim that E is a saddle equilibrium point, whether the point o¢ = [a b]
passes through 7_ or T, and for all parameters to the left of the curve T. To prove this,

assume that b> —4a > 0 so that E, exists. Plugging in E into (0.73) gives us:

0 1

Df(E:) =
U g o) (e

0 1
Df(E,) = . (0.74)

b—Vb2—4a
Vb —4q bevbiha

Observe that the determinant of the matrix (0.74) is D =det(Df (E;)) = —Vb* —4a <

0. So, by the Trace-Determinant Analysis, E; is a saddle equilibrium point. We also claim

that £ is a stable node if » < 0, and is an unstable node if » > 0. Plugging in E; into (0.73)

gives us:

0 1
Df(E1) =
1 b—l—Z(@)_(o) _(fbf\/zm)
0 |
Df(Er) = (0.75)

VB —4q b/

The eigenvalues of (0.75) are A, = %(H— ng_“a + \/(H— ng_““)z —4vVb% —4a).

We claim that £ is a node. To prove this, consider the following function,

fla)=M+A
fla) = [%(h+\/};2_4a + \/(b+\/1£2—ﬁ)2_4\/m)]
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+[%(@ _ \/(b+¢l§—ﬁ)2_4m)]
Fla) = § x BVEE | L b

f(a) — b+\/1; 74a'

Observe that f is continuous for b> —4a > 0, and that £(0) = 0 (as we will discuss
this below). Since this is the case, this indicates that A; and A, are either real or pure
imaginary. This is because if A; and A, can be written in the form: A; = A + iB and
A = A —iB. Then we have that A; + A, = [A +iB] + [A — iB] = 2A, which does not follow
the assumption about the form of A; and A;. Now, if we assume that A; , = +iB. Then

b+Vb2—4a
2

we have that the real part of A; = 0. However, the real part of A, is , which is a

contradiction since we have that v/b% — 4a > 0. This shows that A12 € R. Now, observe that
we have that \/(H— ng_““)z —4Vb? —4a < \/(b’L— ng_‘m)z = | —da ng_‘m]. So, this shows

that the sign of the eigenvalues A, » does not change, which implies that the equilibrium

point E7 is a node.

Now, we observe that if b > 0, then btvb —da ”32’4“ > 0 since vV bh? —4a > 0. Hence, if

b > 0, then Ej is an unstable node. Similarly, if b < 0, then btv 32_4“ < bz‘b | % =0,

since we have that a > 0. Hence, if b < 0, then E is a stable node.

It turns out that there is a nonbifurcation curve (which is not shown in Figure 29) at
a > 0, where passing through the origin causes the equilibrium point E; to change from a

node to a focus.

Now assume that @ = 0. Then (0.75) becomes

0 1
Df(E) = .
VP by
Df(E 0 : 0.76
f(E1) = A : (0.76)
2
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So the eigenvalues of (0.76) are A, » = %(Z%M + (l%w)2 —4b|). For b < 0, the
curve H = {(a,b) | a=0, b < 0} corresponds to a Hopf bifurcation.” We claim that the
Hopf bifurcation H will form a stable limit cycle. Indeed for if we let (a,b) € H, then the

system (0.72) will simplify to the system

X=y
(0.77)

y=bx+x*—xy

Now, we compute the Lyapunov coefficient for the system (0.77). Recall that the

Lyapunov coefficient is defined as follows:

o= b,D3/2 {[@'c (a3, +a11boa +agab11) +a'b' (b3 +axbii +aiby) +c*(ar1ag +
2amby) —2d'c (b02 — axoag)
—2d'b' (a3y — baoboa) — b (2a20b20 +b11b2o) + (b'c' —2a"?) (by1bo — ar1az0) — (a’* +
b')[3(c'bos —b'azp)
+2d (a1 +b12) + (dayy —b'byy)]}
a b
where a’,b’,c’,d’ represent the entries of the matrix A = ,D=det(A) =
d d
dd —b'c >0, a;; are the coefficients of an analytic function p(n;,72), and b;; are the
coefficients of an analytic function g(11,7,). For the system (0.77), we have that @’ = 0,
bV=1,c=b,d=0,a00=0,a11=0,a0=0,a30=0,a21 =0,a12=0, apz3 =0, byg =1,
b1 =—1,byp =0, b3g=0, by =0, b1p =0, bp3 =0, and D = —b > 0 (since b < 0).

Plugging in all of these numbers into o as defined above gives us:

0 = 357 H0)(B) (0 +(0)(0)+(0) (= 1))+ (0) () ((—1)*+(0) (= 1) +(0)(0)) +
b%((0)(0) +2(0)(0)) —2(0)(5) (0% - (0)(0))
—2(0)(1)(0% = (1)(0)) = (1)*(2(0) (1) +(=1)(1)) + (1) (5) =2(0)*)((—1)(0) = (0)(0)) -
(0% + (1) (2)[3((P)(0) — (1)(0)

This can be proven by using Theorem 31 (after fixing a point in H, and shifting the coordinates).
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+2(0)(040) + ((6)(0) = (1)(0))]}

=il

Since o < 0, then by Theorem 31, this proves the claim that the Hopf bifurcation
H forms a stable limit cycle. The phase portrait for this case is as follows:

Bogdanov-Takens Bifurcation
(a=0, b=-1)

0.6

>

Y

Figure 34. Phase Portrait of (0.72) on H.

Since we have a Hopf bifurcation on the curve H, then the limit cycle will still exist
for parameters near the curve H (in particular, for a < 0 near H). The phase portrait for this

case is as follows:
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Bogdanov-Takens Phase Portrait

(a=-0.05, b =-0.5)
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Figure 35. Phase Portrait of (0.72) in region 3.

As the bifurcation parameters move away from the curve H, the “size” of the limit
cycle gets larger, and eventually will give us a global bifurcation P. Once we pass through
P, the limit cycle disappears (which is region 4 in Figure 29.). The phase portrait for this

case is as follows:

Bogdanov-Takens Phase Portrait
(a=-3,b=-1)

Figure 36. Phase Portrait of (0.72) in region 4.
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To summarize what we discussed in this example, we will make a round trip near
the origin. (We refer back to Figure 29.) We will begin in region 1, and work clockwise.
In region 1, we see that there are no equilibrium points (and no limit cycles). Going from
region 1 to region 2 through 7_, we get two equilibrium points: a stable node E;, and a
saddle point E, (hence a saddle-node bifurcation on 7-). Then the node turns into a (stable)
focus, and looses its stability as it passes through the Hopf bifurcation curve H. We have
a set stable limit cycles for parameter values to the left of the curve H. Continuing from
H (in region 3) heading back to region 1, the “size” of the limit cycle increases, and then
eventually the limit cycle disappears. Hence, there must be a global bifurcation'® which
“destroys” the cycle somewhere between H and 7 (in region 4). It turns out that there
are only two types of codimension-1 global bifurcations we could have: saddle homoclinic
bifurcation'! and saddle-node homoclinic bifurcation!?. Since a saddle-node equilibrium
at the saddle-node bifurcation cannot have a homoclinic orbit, then the only possible global
bifurcation is the appearance of an orbit homoclinic to the saddle E;. Hence, there is at
least one bifurcation curve originating at oo = (0,0) along which (0.72) undergoes a saddle
homoclinic bifurcation. As we follow the homoclinic orbit along the curve P toward the
Bogdanov-Takens point, the looplike orbit shrinks and will eventually disappear. In region
4 heading back to region 1, we go from having E, be a saddle and E; be an unstable node
to no equilibrium points as we pass through 7', (that is, we have a saddle-node bifurcation

onT}). vV

10G]obal bifurcations are beyond the scope of this thesis, but for more information, see [1].

1A saddle homoclinic bifurcation is a codimension-1 bifurcation that has a homoclinic orbit to a saddle
point.

12A saddle-node homoclinic bifurcation is a codimension-1 bifurcation that has a homoclinic orbit to a
saddle-node point.
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CHAPTER 7: CONCLUSION

We have studied a codimension-2 bifurcation, namely the Bogdanov-Takens bifurcation,
which happens when two codimension-1 bifurcations (namely the Hopf and saddle-node
bifurcations) collide to get a codimension-2 bifurcation.

The main contribution of this thesis is providing full details of the proof for The-
orem 41. While the proof of this theorem can be found in [2], it turns out that most of
the details of this proof were left out, and to the best of the author’s knowledge, a full and
complete proof of this theorem (in all details) was lacking in the literature. The dynam-
ics of Bogdanov-Takens bifurcations are very rich, which implies the existence of many
things such as global bifurcation, saddle-node bifurcation, Hopf bifurcation (and limit cy-
cle), and cusp equilibrium point as the bifurcation parameters vary. (See Figure 29.) For
more information on global bifurcations, see [2] and [5].

There are several applications of Bogdanov-Takens bifurcations, particularly in Bi-

ology and Population Dynamics (see [6]).
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