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1. INTRODUCTION

1.1 The Wave Equation

Consider the motion of a thin, flexible string, stretched taught horizontally.
Suppose that string is displaced or plucked from its resting position and then al-
lowed to vibrate. Classically, this string can be represented by the following equa-
tion with variables in time, ¢, and position, x:

p(x)%z%(k’(x)%), O<z<L, t>0. (1.1)

In this equation, p(x) and k(z) are weight functions, p(z) represents the
mass density over the length of the string, k(x) represents tension in the string, and
L is the length of the string. Given appropriate information about the behavior of
the string at the boundries (i.e. at x = 0 and x = L) and the initial state, this
equation can be solved for the solution u(z,t), describing the position of the string
at point x and time t.

Once a solution is found it is also relevant to calculate other physical val-
ues to describe the motion of the string in space-time, namely potential energy and
kinetic energy. These quantities may be expressed using the following integrals:

1 b
PE: = 5/ u?(z, t)k(x)dw
0

1

KE = 5/0 ut(z,t)p(x)dr. (1.2)

Motivation for these quantities will be given in Section 4. A focus of this

thesis is their computation through Fourier analysis.



1.2 The Clamped String

As an example, let us first consider the special case of a string that is clamped
on either end (Dirichlet conditions). Under ideal conditions, tension and density are

presumed to be constant and equal to one. This reduces (1.1) to
Utt = Ugg- (13)

For simplicity’s sake, suppose the length of the string is 7. The boundary condi-
tions and initial conditions are as follows:

w(0,t) =0 u(xr,0) = f(x)
BC: IC:

u(m,t) =0 u(z,0) = 0.

One form of the solution for such a problem can be found by the method
of separation of variables. For this problem, the solutions are assumed to have the
form u(x,t) = X (z)T'(t). From here, by substituting into the differential equation,
the problem can be reduced to the following two problems with one variable with

corresponding boundary conditions:

X'"+puX =0, 0<z<m

and
T +uT =0, t>0

BC: {T’(O) = 0.



The solutions of these two equation will then depend on the value of u, specif-
ically whether p is positive, negative, or zero. In this problem, u = n?, for n =
1,2,3,... (Bray, 2012, p. 130). For the problem in z, the solutions are X, (z) =
sinnx and for the equation in ¢, the solutions are T),(t) = cosnt. So the separated

solutions for the total wave equation are
up(z,t) = cosntsinnz, forn=1,23,... (1.4)
This suggests a solution of the form
o
u(z,t) = Z fs(n) cos nt sin nx
n=1
where f,(n) are the Fourier sine coefficients for the initial state f(z), specifically

fs(n) = %/OW f(z)sinnz dz. (1.5)

Now that we have a form for the solutions of the wave equation, we can continue
learn more about the motion of this vibrating string by calculating its potential and

kinetic energy.

1.3 Energy Calculations for the Clamped String

Since the formulas for the kinetic and potential energies have the form of
the square of the L?-norm of a function, it is natural to employ Parseval’s equality,
described as follows. Let L?([a, b], pdx) be the vector space of real valued square
integrable functions with respect to p = p(z) > 0, called the weight function. This

space is an inner product space with inner product



b
mmm/f@mwwm (16)

and norm

|u@w=AfP@M@MxZUJ». (L.7)

Let {X,,}3° be an orthogonal system in L*([a,b], pdx). If f € L?*([a,b], pdx), the

Fourier series of f has the form
J~ Z f(n)Xn(x),
where f(n) are the Fourier coefficients of f,

R 1 b
ﬂm:ﬂymalf@MM@M@M- (1)

The orthogonal system {X,} is complete in L%([a, b], pdz) if f:f(:c)Xn(a;)p(x)dx =
0 for all n implies that f = 0. For a complete orthogonal system, Parseval’s equal-
ity is then
115 =D 1 ()Pl Xl 13 (1.9)
n=1

(Bray, 2012, p. 142). In the setting of the clamped string {sinnz}°, and

{3, cosna}e2, form complete orthogonal sets in L?[0, 7).

Fourier Coefficients for {sinnx}$2, and {;,cosnxz}32,. Specifically for

{sinnz}y,

ME
S
Il
3

™
/ sinnx sin mx =
0



The Fourier coefficients have form

fs(n) = %/ﬂ f(x)sinnxdr, n=12,...

and Parseval (1.9) takes the explicit form
s T x
1= [ e =33 fo*
n=1

Likewise, for the system {3, cosnz}7,
T
/ COS NI COS ML =
0

The Fourier coefficients have form

A 1 (™
fe(n) = —/ f(z)sinnxdx, n=0,1,...
™ —T

and Parseval (1.9) takes the form

F15 =5 > Felm)?.
n=0

Similar explicit formulas hold in the case of Neumann boundary conditions
and mixed boundary conditions (a Dirichlet condition on one end and a Neumann

condition on the other), i.e.,

u.(0,t) =0
Neumann BC:

Uz (m,t) =0



uz(0,8) =0 or  u(0,t)=0
Mixed BC:

u(m,t) =0 Uz (m,t) =0

Kinetic and Potential Energy. Using Parseval’s equality (1.9) we can perform

the following formal calculations. Since,

= Z fs(n) cosnt sin nx,
n=1
the derivative with respect to t is
u(z,t) = — Z nfy(n) sin nt sin nz.
n=1
Hence,
1 ™
KE(t) = 5/0 ul(z,t)d Zn f2(n) sin® nt. (1.10)
For the potential energy, we take the derivative of u(z,t) with respect to z
and find
OO A
= Z nfs(n) cosnt cosnx.
Thus,
1 [ > 5
PE(t) = 5/0 uZ(z,t)dr = g;anf(n) cos® nt. (1.11)

Note that from these representations of kinetic and potential energy the conserva-

tion law comes immediately. The total energy, F, can written as the sum of K F(t)

and PE(t). Thus,
KE(t)+ PE(t) an Sln2nt+%;n2ff(n)cos2nt:g;n2ff(n)_

So the total energy is constant and independent of time.



These calculations were easily achievable as both {X,} and {X/} were com-
plete orthogonal sets, which allowed the use of Parseval’s equality to calculate the
integrals. However, this is not always the case. Some boundary conditions will not
provide orthogonality for { X}, which creates difficulty in the calculation for the
potential energy from the string. In these cases, other methods must be found to
calculate the kinetic and potential energies for the solution. One such case will be

illustrated over the next sections.



2. WAVE EQUATION WITH ROBIN BOUNDARY CONDITIONS

The wave equation with general Robin boundary conditions on both ends of

the string can be stated as follows:

Ut = Ugy

anug(0,t) + apu(0,t) =0, ap1a12 <0
BC: (2.12)

CL21U;B(7T, t) + (ZQQU(TF, t) = 0, 21092 2 0

u(z,0) = f(x)

u(z,0) = 0.

1C:

It is elementary to transform these boundary conditions into conditions in
which the constants a5 and a9y are —1 and 1, respectively. This can be achieved
by dividing the first equation through by a5 and the second by as, resulting in

boundary conditions of the form below.

byu,(0,t) — u(0,t) = 0,
BC: (2.13)

boug(m,t) +u(m,t) =0, by,by >0

Proceeding by the method of separation of variables used in Section 1.2, the
wave equation can be reduced to a problem in one variable, x, with boundary con-

ditions derived from the conditions for the original differential equation.

X"+ pX =0, 0<z<m, (2.14)

b1X'(0) — X(0) =0,
(2.15)

bQX,(’iT) +X(7T) == O, bl,bg Z 0.



The form of a function, X (), that satisfies equation 2.14 depends on the
value of u, specifically whether p is positive, i is negative, or u is equal to zero. So,
in seeking the functions X (x) that satisfy 2.14 and the boundary conditions 2.15,

we address three cases based on these values for p.

1. If p=-X <0,

X(z) = ¢1 cosh Az + o sinh Az

X'(x) = Acy sinh Az 4+ Acg cosh Ax

Thus, from the first boundary condition (BC}),

0 = by Acycosh 0 — ¢; cosh 0

C1 = b1 )\CQ

From the second boundary condition (BCj),

0 = by Acq sinh A + by Acy cosh A + ¢; cosh A + ¢o sinh Awr,
0 = (baAcy + ¢2) sinh A + (baAcg + ¢1) cosh A,

0 = co[(b1beA? + 1) sinh A\ + (byA + by A) cosh A7),

In general, the expression in brackets is positive, so ¢o = 0. This implies that

c1 = 0, so the first case is trivial.

2. If p=0,
X(x)=cz+c
X'(z)=0¢
So from BCY, 0 = byc; — co, implying that co = bicy.

And from BCy, 0 = bycy + c17m + co = (by + 7 + by)cy.



Clearly, (by + ™+ b1) > 0, so ¢; = 0 and thus, ¢; = 0. So Case 2 is also trivial.

. Finally, if u = \? > 0,

X(x) = ¢1cos Ax + cosin Ax

X'(x) = —Aer sin Ax + Aep cos Az

ThUS, from BCl, 0= bl)\CQ —C —~ C = bl)\CQ.

From BC5,

0 = —boAey Sin AT + bodey COS AT + €1 COS AT + ¢o sin Am
0 = (cg — boAcy) sin A + (¢ + baAca) cos A

0 = co[(1 — biboA?) sin A + (by A + byA) cos A7]

Now, co # 0, as this would make all solutions trivial. So, the bracketed ex-

pression must be equal to zero. Thus,

(b1baA? — 1) sin Am = (by A + bo\) cos A,

or

(b1 A + Do)
tan A = Ao 20
AT b2 — 1)

This equation provides a scenario in which every A, that satisfies the equation

corresponds to a solution, X,,. So solutions take the following form:

Xn(z) = by A, cos Ay + sin A,z ( )
2.16

(b1 A+baX)

tan A\ = m

10



2.1 The Tangent Condition

The equation determining the values of the \,s is the transcendental equa-

(b1 A+b2 )

tion tan Aw = [CUSE=R Graphically, we can look at the intersections of the graphs

(b1 A+b2))

of tan A7 and m,

restricting the domain to A > 0, to visualize what values
these \,s take on and determine if there are patterns in their distribution. Consider

the graphs (Figures 1 and 2) with two different sets of conditions on b; and b,.

N
T

/ — tan(rmA)
I / / / T i 7 7 o i 7 ] (b1 +bo) A

by by A2-1

NSRS
(9]
SH

Figure 1: Tangent Condition with by = 4,0y = 2

In both figures, the fractional expression consists of a negative and a positive
portion and intersects with the tangent graph an infinite number of times. These
particular examples demonstrate two possibilities: one in which there are no inter-
sections below the z-axis (Figure 1) and one in which there are one or more inter-
sections below the graph (Figure 2). While this is worth observing, the intersec-
tions of most interest are those that occur as A approaches infinity. Considering the
positive portion of the rational expression in both figures, we can begin to see some
regularity in how often the intersections occur. As the graph approaches zero, inter-

sections occur once per period relative to the tangent function, and these intersec-

11
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| / / / — tan(rmA)
outie - | | / J ] 7 {bysbp)a
/ g / 37 5 2" by by A2-1

Figure 2: Tangent Condition with b = 0.5,b, = 0.2

tions begin to occur closer and closer to the inflection points of the tangent graph.
In other words, the values of A\, approach the integers, which are represented by

grey vertical lines in Figures 1 and 2.

2.2 The Value of )\,

Now, through observation, we have seen that the values of the \,,’s appears
to approach the integers as n — oo. This can be demonstrated analytically, as

follows. First, recall:

X"+ puX =0
b1 X'(0) — X(0) =0

b X'(m)+ X(m) =0

12



and

(b1 A+b2 )

tan Am = b1

X(x) = by A cos Az + sin Az.

Note that tan A7 from the equation above, has zeros at the integers, n =1,2,3,...

Applying Taylor’s theorem at = = n,

tan A\m = tan(n) + %(tan nm)(A —n) + O((A —n)?)
= msec’(nm)(A — n) + O((\ — n)?)

= 1(A—n) + O((A — n)?)

Set €, = A, — n, then the expansion can be rewritten as follows:

7(A—n) + O((A—n)?) = %
oy (it+bo)(entn) 1
_7-((5”) + O(6n> = (ble(En + n)g _ 1) = O<n)

It follows that €, = O(2) and thus, A, = n+ O(2). Therefore, as n — oo, A, — n.

2.3 Orthogonality of {X,(z)}

Now, that we have a sense of the type of solutions that this Robin condi-
tioned case produces, let us return to the subject of orthogonality. In order to cal-
culate the potential and kinetic energies using Parseval’s equality, the sets { X, (x)}

and {X/ (z)} must both be orthogonal.

THEOREM 2.1: Given the boundary conditions from (2.13), {X,(z)} is an orthogo-

nal set.

Proof. By definition, the set {X,,(x)} from (2.13) is orthogonal if and only if

13



Jo X (2)Xon(x)dz = 0 for all n # m. Using the differential equation and then

integrating by parts we get the following:

o /0 X (@)X () = /O X" X da (2.17)
= X X7 — / X! X di
0
= [XoXmlo — [Xa X0 + / X, X! dx
0

= (XX F — (XX [T — i / X, Xmde,
0

Then, by collecting the integral terms on the left-hand side and applying the

boundary conditions,

T / " X (@) X (@) = (XX ]5 — (X, X TG

= X (7) X (7) = X7,(0) X (0) — Xon(m) X7, (7) + X0 (0) X5, (0)

n

So [y Xn(x) Xy (x)dx = 0, and since n and m are arbitrary, {X,,(x)} is an orthogo-

nal set in L?[0, 7). O

REMARK 2.2: Formula 2.17 may be used to demonstrate orthogonality for any

wave equation with Dirichlet, Neumann, or mixed boundary conditions.

2.4 Non-Orthogonality of {X/ (z)}

Here we prove the following result:

THEOREM 2.3: For (2.13), {X/ (z)} is not orthogonal for by,b, > 0. Furthermore,

{X/(x)} can only be an orthogonal set in the case where by = by = 0.

Proof. {X],(z)} not orthogonal means that [ X/, ()X, (x)dx # 0, for some n and

n

14



m. By integrating by parts we see that,

| Xi@Xi s = XX~ [ Xi)Xoa)da
/ X! (2) X (2)dz + / X" (2) X (2)d = X (1) Xom () — X" (0) X, (0)

/ X! ()X (x)dz — m/ X, 2)dz = X! (1) Xon() — X', (0) X0 (0)
But {X, ()} is an orthogonal set, so [;* X, () Xy, («)dz = 0. Thus,

/0 " X (@)X (@) = X(m) X () — X1(0)X,(0)

= (=bi A2 sin A\, + Ay €08 Ay ) (b1 A €OS AT 4 8I0 Ay ) — by A A

= (=01 A2 tan A\, + A\ ) (D1 A, + tan A, ) cos A\, €os AT — b A A

Recall that tan A\m = (éfll)tbf) T For clarity, let A,, = b;byA? — 1. Then, the right

hand side of the above becomes,

122
< bl)\n(bl + bQ)An + )\n) (b1>\m + M) COS Ap T COS Ay, ™ — b1 A A,

A, A,
_n2
= )\n)\m( b1y (b1 + bo) + 1) (b1 + M) COS A\, T COS Ay — b1 A A\
A, A,
1222 2 2 1 27 \2 _
_ )\n)\m( biA2 blbzgn + bibo A2 ) (blbzAm Abl + by + b2) Cos A7 o8 At

— D1\ A

_{M ) <<b%Ai+1>(b%A$n+

1)
AA ) COS A\p T COS Ay, T + by )\n)\ml

Now, A, A, is positive and (0222 + 1)(b2X2, + 1) is positive. We can choose cos A,
and cos A\, to have the same sign. We know that such values for A exist by consid-
ering Figure 3, which displays Figure 1 overlayed with cos \, 7.

Clearly, since the intersections (the desired values of A\) occur once per pe-

riod in the tangent graph and since the cosine graph alternates between positive

15
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Figure 3: Tangent Condition with by = 4,by = 2 and cos A\, 7

and negative values and has a period twice as long as the tangent graph, there will
exist values for A such that cos A\, w is positive and values such that cos \,7 is neg-

ative. So, if the values of cos A\, 7 and cos \,,m have the same sign, and by,by > 0,

n

this quantity is strictly non-zero. Thus, [ X/ (2)X], (z)dz # 0 and {X}(z)} is not
an orthogonal set.

If by is allowed to equal 0, the expression reduces to
/ X! ()X (x)dx = —baA, Ay cOS N,y T €COS Ay T,
0

which can only reduced to zero (making {X, (x)} orthogonal) if by = 0. Likewise, if

by is allowed to equal 0, the expression reduces to
/ X! ()X (x)dx = —by Ay A,
0

again requiring b; = 0 to produce orthogonality in { X/ (z)}. O

16



Because of the above non-orthogonality, direct use of Parseval’s equality in

the case of Robin boundary conditions is impossible.

17



3. SOBOLEV SPACE

3.1 General Ideas

In this section, we describe essential ideas behind Sobolev spaces and apply
them to the Fourier expansion. General reference for Sobolev Spaces is from Bray
(2018) and Jost (2013, p. 215). In addition to considering the boundary conditions
surrounding w(z,t) and their affects on our ability to calculate potential and ki-
netic energy, we must also consider the initial state for u(z,t). What conditions on
f(x) must be present in order to have a solution? Clearly from (1.10) and (1.11),
oo n? ff(n) < 00, for a solution in the clamped case to make sense. Also, the ini-
tial state f(z) must possess a certain degree of continuity in order for it to have the
required derivatives. These derivatives do not necessarily have to be the “strong”

derivatives from calculus. The calculations can be done as long as a weak derivative

1

exists. We define a function u € L;,.

(a,b) to have a weak derivative v € L}, (a,b) if

/abvqﬁdx =— /ab ugdz. (3.18)

Keeping this definition in mind, consider the following Sobolev space. De-

for all ¢ € C°(a,b),

fine:

Wh2[a,b] = {u € L*a,b] |v' € L*[a,b]}. (3.19)

In this space suppose the inner product, (u,v)y1.z2, is

b b
(u,v)pe :/ uvdx—l—/ u'v' dz

and the norm is

1
[lullwrz = ([[ul|Z + [1/|[22)z.

Given these definitions for norm and inner product W1'?[a, b] is also a Hilbert space.

18



We begin with two lemmas.

LEMMA 3.1: Let v € Cla, b] and let u(x) be any anti-derivative of v (v’ = v). Then,
() fora< o,y <, u(@) - uly)] < o=yl zgen

(ii) for some constant ¢,  ||u||ciay < cf|ul|wr2)e-

Proof. (i) Let a < x <y <b. Then, using the Cauchy-Schwarz inequality,

Y 1
|ww—uwn:y/v¢msw—xwwm%m

(i) Let ¢ € [a,b] so that u(c) = 7 fabu(s)ds. Then,
[u(e)] < (b= a)~2|ful| 20y and from part (i), [u(z) — u(e)| < |e— |2 ||w/]| 12,

So,

u(z)] < Ju(e)| + |u(z) — u(c)]
< (b—a)"2|Julz2 + b — a2 ||u]| 2
< max{(b—a)"%, (b—a)2 }(||ul| 2 + |[u]| 2)

1 1
< max{(b—a)”2, (b — a)2 }(V2Jul [wr2(0)-
Note: The last line is due to the following inequality. For s, > 0,

(5 +1)% = 5% + 25t + t* = 5% + 2V 22 + 12

5% + 2
2

< s*+ 1242 ) =2(s* + %)

(s +1) < V2(s* +17).

LEMMA 3.2: C'a,b] is dense in W'?[a, b].

Proof. Let u € W'?[a,b]. Let {v,} C Cla,b] such that ||v, — o|[r20p — 0, as

19



n — oo (ie. v, —» u').

Set Uy, (z) = [7 v,(s)ds, in other words U}, = v,,.

a

(a) Using (i) in Lemma 3.1 we have,
|(Un(@) = Un()) = (Un(a) = Un(@))] < & = al?||vn = vm][ 1210
but since U, (a) = U,,(a) = 0, this simplifies to
(U () = Un(@))] < 1b = al ] o = 0|12

Hence, {U,(z)} is Cauchy in C[a, b] which means that U, LU e Cla,b).

(b) Claim: U = u. To see this let ¢ € C°[a,b]. Then,

b b b b
/U,’lgzﬁdx:—/ Ungb’dm—)—/ Ugb'dm:/ U'¢dx.

Since U,, = vy,
b b b
/ Uflgzﬁdx—/ vn¢dx—>/ u'pdr.

It follows that u = U + k, where k is a constant.

(c) Let u, = U, + k. Then u,, — u in Cla,b] and in L?*[a,b]. Furthermore, v/, =

vn — v in L?[a,b]. The sequence {un} C C'[a, b] with u, T,

The fundamental result regarding the structure of Sobolev spaces is as follows:

THEOREM 3.3: (Sobolev Embedding Theorem) W'?[a,b] C Cla,b]. Moreover, the

Sobolev inequality holds:

[ullcay < cllullwr e (3.20)
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Proof. Let {u,} C C'[a,b] such that u, ", Then from Lemma 3.1,

Un||Clab] = Cl|Un||W12[a,b]-
[|unlcra < cllunl|

Let n — oo. O

3.2 A Return to the Dirichlet Example

Now, let us return to the clamped string described in Section 1.2 and con-

sider the following two spaces of functions.

Cial0, 7] = {f € C*[0,]|£(0) = f(m) = O} (3.21)

If a function, f, is in C,;[0, 7] then the following equality holds concerning the

Fourier cosine and Fourier sine coefficients.

f.(n) = %/Oﬂ f'(z) cosnz dx

2 2 [T
= — x) cosnx|l + — ) sin nx dx
(tr@cosnalg + 2 [ 1o

™

= nfS(”)

Define W,;;*[0, 7] to be the closure of C,[0, 7] in W20, 7]. By the density argu-

ment in Lemma 3.2, if f € W,;2[0,7], then f/.(n) = nfy(n). Hence, 320, nf2(n) <

00, satisfying the requirements discussed at the beginning of Section 3.1. This con-
1,2

dition characterizes W,;"[0, 7], making it the right class of functions for performing

the energy calculations in Section 1.3. Furthermore,

u(z,t) = As n) cos nt sinnx
t f t
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gives a distributional (or weak) solution of wy = ug,: for ¢ = ¢(x,t) € C([0, 7] x
[0, 7]),
/ / w(z,t)[pu(x,t) — ¢uu(x, t)]dedt = 0.
o Jo

Details will be seen more generally in a later section.

3.3 Boundary Condition Variation of the Space W20, 7]

Let k € C'a,b], and p € Cla,b] with k,p > 0 on [a,b]. Separation of
variables applied to the general wave equation (1.1) leads us to the boundary value

problem

(kX" +pupX =0, a<z<b

BC: D, N, M, or R

where the boundary conditions are D (Dirichlet), N (Neumann), M (mixed Dirich-
let and Neumann), or R (Robin).

Classically, (Birkhoff & Rota, 1989) we know there is a sequence {,}5° of
eigenvalues, (i, increasing to infinity such that the corresponding eigenfunctions
{X,.}5°, (C Cla, b)), form a complete orthogonal system in L?([a, b], pdz), with the

inner product from (1.6).

LEMMA 3.4: If the boundary conditions are D (Dirichlet), N (Neumann), or M

(mixed), then {X/ (z)}$° forms an orthogonal system in L?([a, b], kdz).

Proof. For n # m,

/X’X’k:dx—XX’ /X (kX))

:,um/ X Xmpdr.

22



The latter integral is zero for n # m. O]

Recall, firstly, if w = w(z) is a positive function, the norm on L?([a, b], wdz)

is denoted || - ||2,5. From the above proof we get:
1X01150 = bl Xl 2, (3.22)

Secondly, a zero eigenvalue occurs only if the boundary conditions are Neumann.

Also, for the Sobolev space W'2[a, b], it is useful to use the inner product and norm
b b
(19) = [ S@@pla)dn+ [ £ @k @) (3.23)

1 fllwre = (113, + 1F1132. (3.24)

As 0 < p1 < p(z) < pg and 0 < ky < k(z) < ko, this norm is equivalent to the usual
Sobolev norm.

Given the above framework, we have two orthogonal systems: {X,,(z)}5°
with respect to pdxr and {X/ (x)}3° with respect to kdx. Given g on [a,b] we write

the Fourier coefficients of g with respect to the two systems as:

@) = e [ 9@ X@ota)ds (3.29

. 1 b ,
@) = T [ X @@

n||§,k
If g € C'a,b], then

- 1 b / /
(@) = e / o (2)[k(2) X, (2)]de

1 / b ; b . T / T / "
= R Xk~ e [ gk X @)

b
= boundary terms + %/ g(z) X (x)p(z)dx
|12
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= boundary terms + (g),(n), (3.26)

from (3.22). In the expression, the boundary terms are:

1

m[a(bm@(b)k(b) — g(a) X! (a)k(a)]. (3.27)

Boundary Terms =

To have a useful formula we need the boundary terms to be equal to zero. This
spells out additional conditions on g dependent on the underlying boundary con-

ditions. For now we restrict to boundary conditions of form D, N, or M.

BC C! —class W12 -completion
dd Ciala.t] (9(a)=g(b)=0)  Wyila,b]
nn C'a, b] Wt2[a, b]
dn Oé, [a’ b] (g(a) = 0) W;’,Q [CL, b]
nd C,%z [a7 b] (g(b) - 0) VV}f [av b]

If g is in one of the C'-classes of the table, the the boundary terms in (3.27) vanish.
Notation: Given boundary conditions of the type D, N, or M, we let Wblc’z[a, b]

be the entry in the right column of the table.

PROPOSITION 3.5: Let f € W,*[a,b]. Then

(f(n) = (F)a(n). (3.28)

Proof. Let {g,,} C CL[a,b] such that ||g,, — f||Wbl,2 — 0. We know such a function

exists from Lemma 3.2. Then,
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o — — A~

= (f" = g)k(n) + (gm — o) + (f)o(n). (3.29)

However, by the Cauchy-Schwartz inequality, for each n € N|
[(f" = gr)e(m)| < (1" = gnall2ll X015 — 0,

as m — 0o, and

(g = o)) < llgm = fll2l| Xnllz, — 0,

as m — oo. Then, using these inequalities along with (3.29),

~

(k) = (Do) < (= g)i(m)] + |(gm — F)p(n)]-

As the quantities on the right hand side approach zero as m — oo,

]

REMARK 3.6: If &k = p = 1 with Dirichlet boundary conditions, (3.28) is equivalent

to the desired formula:

where f’.(n) are the Fourier cosine coefficients of f’.

PROPOSITION 3.7: The collection {X,,} is a complete orthogonal system in W,.*[a, b].

Proof. Orthogonality is immediate:

(Xn7Xm)W1'2 = (Xm Xm)p + (X;qu/n)k =0
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for n # m. To prove completeness, suppose f € I/Vblc’2 la,b] with (f, X,,)w1.2 = 0 for

all n. We must show f = 0. Now,

(fv Xn>W1’2 = (f? Xn)ﬂ + (f/7 X:z)k
= | X3, (F)p(n) + [1X3]13 4 (f)r(n)

= [1Xal[3,(1+ 1) (f)p(n),
using (3.22) and (3.28). Hence if (f, X,,);;7 = 0 for all n, then (f),(n) = 0 for all n
and f = 0 since {X,,} is complete in L*([a, b], pdz). O

COROLLARY 3.8: (Parseval) Let f € W,.%[a,b]. Then,

11112 = D (Do IXall3, + D pa(F)p(m)*[1 X3,

n

Proof. From Lemma (3.4), the set X, is a complete orthogonal system relative to

the inner product on W,-%[a, b]. We have

12X 12 = 11Xall3, + 11 X015

= [IXall2,, (1 + #a)-

The Fourier coefficients of f in W,.*[a, b] are given by

i) = o Xnue
I =X
1 b b / /
— X2, 0+ ) [/a f(x)Xn(x)p(:lz)dx—i—/a F(2) X! (2)k(z)da]
1 L T
= T e Pl (D)o ) + 1IX () ()]
1

= T g el (Do) + sl Xallz ()]

= (f)p(n)
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using (3.28) and (3.22). Parseval’s equality in W, >[a, b] is

1112 = Y (F) )] Xl -

n

Using the definition of || f||w1.2 and the above formulas concludes the proof.

Furthermore, since [|f|[1. = [If155, + [|f/]5, we get

113 =D pafo(m)1 X013,

—Zﬂn HX/HZka

using (3.28).

A variation on the above completeness result is as follows.

PropPOSITION 3.9: (1) If the boundary conditions are D, then the collection { X}

is complete in the Hilbert space
b
Lla.t) = {g € (o, kds)] | gdo =0}

(2) If the boundary conditions are N or M, the collection {X/} is complete in

L?([a,b], kdx).
Proof. (1) Let g € L3 and let G(z) = [ g(s)ds (so G’ = g almost everywhere).
Then

(9.0 = [ 9la) X (@)k(a)do
b
— CE@X @K@+ o [ GX (ol (330)
Hence, if (g, X )r = 0 for all n, then since G(a) = G(b) =0, we get (G, X,,), =
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0 for all n. It follows that

for almost every x. From the real variables, g(z) = 0 almost everywhere.

(2) The argument based on (3.30) works for boundary conditions of type N and
the mixed case d,n (without the extra condition on g). For boundary condi-

tions of type n,d, replace G(x) with G(x) = — f;g(s)dx.
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4. GENERAL ENERGY CALCULATIONS

4.1 Form for Kinetic and Potential Energy

In an equation representing the transfer of energy through a vibrating string,
one would expect that the equation would obey physical laws of motion, namely
conservation of energy. In order to construct a conservation law for the wave equa-
tion, let us begin by deriving an expression including the terms for kinetic and po-
tential energy. From our approach we will also derive, in general, an energy equipar-
tition principle first noted for the Dirichlet problem earlier (Bray, 2012, p. 201).
Here motivation for the form of kinetic and potential value is derived from the wave
equation, assuming a smooth solution exists.

We begin with the generalized wave equation (1.1) on the interval a < x < b

and multiply both sides by ;.

PUL = (ua:k:)m

Ut - PU = (Umk’)m Uy
Now, the left-hand side can be rewritten using the chain rule.

0 (1
ot (épr) = (ugk)e - us

Then, we integrate with respect to x, integrating by parts on the right-hand side.

oL * b
5{5/ puf(w,t)dm} :/ (ugk) upde

8 1 b ) b ’
§|:§/ PUy (I,t)dl‘:| - kumut’a _/ kuruztdx
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The right-hand side can also be rewritten.

b b
oI [ it is] = wwanle - 2[5 [ o]

o1 [ 1
21 [ it g [ wate ] = b,

%[KE(t) + PE,(t)] = k(b)uy (b, t)us(b, t) — k(a)us(a, t)u(a, t) (4.31)

Conservation with Dirichlet, Neumann, or Mixed Conditions. Consider

the wave equation with Dirichlet boundary conditions at x = a and z = b,

u(a,t) =0
BC:

u(b,t) = 0.

In this case, the right-hand side of equation 4.31 simplifies to zero. Since this is a

derivative, that means that K E(t) + PEs(t) = E, the total energy, is constant,

giving us conservation of energy for the Dirichlet case.

Similarly in the case with Neumann conditions at x = a and x = b,

uz(a,t) =0
BC:

uz (b, t) =0,

or for mixed conditions, conservation of energy is also attained. In all cases apply-

ing the initial conditions gives

30



Conservation with Robin Conditions. Now, consider the case with Robin

boundary conditions at x = a and x = 0.

biug(a,t) — u(a,t) =0,
BC: (4.32)

bgum(b, t) + U(b, t) = 0, bl, b2 Z 0

IC: u0) = £(2) (4.33)

u(z,0) =0

Here, the boundary terms from (4.31) can be rewritten as follows:

o (b, )iy (b, ) — g (0, £, £) = _u(b, t)ug (b, t) B u(a, t)u(a,t)

by by
0 [A(bt) N u?(a,t)
SOt 2by 2b; |

Then the conservation law becomes,

0 k(b)u?(b,t)  k(a)u*(a,t)
E[KE(t) + PE(t) + { 20, + 25, }] =0,
KE(t) + PE,(t) + [k(b);i;b’ 2 k(“>;zl(a’t)] = E,

where the potential energy is divided into potential energy originating from the
string, PFE(t), and potential energy from the boundary conditions. Note that if
by or by is equal to zero, the corresponding term in the conservation law would be
dropped.

By substituting the initial conditions into the conservation law, we can find
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the value of the total energy, E. Since kinetic energy is zero when ¢ = 0,

1 k(b)

b a
[ ke D ey 4 MO

%, f*(a) = E. (4.34)

It is now necessary to compute fab k(z)[f'(z)]*dx, but as it was shown in Section
2.4, {X!(x)} (which includes f’) is not necessarily orthogonal with respect to L*-
norm. However, physically, f(z) should satisfy the boundary conditions, specifically
suppose f €2 [a,b] and satisfies the boundary conditions. Then, through integration

by parts,

[ k@) f @ @de = ) @ @~ [ 1)) ) da

= [k(b) £ (0)f'(b) = K(a)f(a) f(a)] —/ f(@)(k(x) f'(x)) dz

+/abf-prdx,

where the operator L is defined by

Lf— %(k r. (4.35)

Noting that LX,, = = (kX,)" = ZH(—ppXn) = p1a Xy, f and Lf can be written as:

Then the integral on the right in the integration by parts can be written as a sum.

b A
/ £ Lpde =3 12(Hpm?lI Xl 2,
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Now, we substitute this information into (4.34):

R R T EEY WA LI EolE
k(D) ., k(a) .o
+ o 0+ 5@

or,

1 — R
E= §Zu2(f)k(n)2lan||§-
n=1

So, the total energy, E, in the system is 3 > 12(f)k(n)2]| X2

The solution of this problem is

u(z,t) = Zf(n) cos At X, (7).

Given this backdrop and similar calculations earlier in this section, Parseval’s Equal-

ity may again be used to calculate the expression for kinetic energy. From (1.2),

KE(t) = %/0 ul(z,t)p(x)ds

1= o3
=5 2:)\ifg(n)||Xn||gsin2 Ant.
n=1

Now, the total potential energy is then

1

PE(t) = —/0 uZ(z,t)p(r)dz +

k(b)u?(b,t) N k(a)u®(a,t)
2

2bs 2h,

=5 ;
=3 Z)\ifQ(n)HXn|]§cos2 Ant.
n=1

This value can be computed by subtracting the kinetic energy from the total en-

ergy.
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4.2 The Wave Equation and Energy in Cases D, N, and M

We consider the following initial boundary value problem:

puy = (kug)y, a<x<b t>0

BC:Dor Nor M (4.36)
u(z,0) = f(z)

1C:
u(z,0) = 0.

Here p = p(x) € Cla,b], k = k(z) € C'[a,b] with p > 0 and k > 0 on [a, b].
As before, let {p,}3° and { X, (z)}3° be the eigenvalues and eigenfunctions

from the boundary value problem
(kX') +upX =0, a<z<b

with the boundary conditions from the above initial boundary value problem.

Separation of variables suggests a solution:

u(a,t) =Y (f)(n) cos /it X, (). (4.37)

PROPOSITION 4.1: Let f € W,2%[a,b]. Then the series (4.37) converges uniformly
on [a,b] x [0,00), x — u(x,t) is in W,o*[a,b] for all t > 0, and u(z,t) is a weak

solution to the wave equation, i.e.,

/0 N [ e 0lpta)uli ) = (h(wyon(a, ) ot =0 (4.38)

for all ¢ € C°([a,b] x [0, 00)).
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Proof. Since f € W,*[a,b], we know Zn(f)p(n)ZHXnH%w < oo and

> () IIX’IIM—ZMn n)*[|Xalf3,, < oo

n

Consequently the series (4.37) converges in L?([a,b], pdx) as does the series of term

by term derivatives in the z-variables. The latter defines the weak derivative u,(x,t).

Let
uM(x,t) = (f),p(n) cos /it X ().

Then z — u¥(z,t) is in Clk[a,b] and |[u” —ul|a, — 0, ||[ul —uy|l2x — 0 as N — oco.

Thus, u € W,.[a, b]. By the Sobolev inequality (3.20)

sup [u (z,t) — u(z, t)| < o|[u® — ul|wr2py- (4.39)

x

Notice that

[l =l < Z n)* | Xall3, + Z n)* | X012 i

n=N-+1 n=N-+1

a bound independent of ¢. Returning to (4.39) shows u” — w uniformly on [a, b] x
[0,00). Finally, u(z,t) defines a weak solution of the wave equation is proved by
substituting the series (4.37) into (4.38), integrating term by term, and using the

fact that cos /1.t X, (x) are solutions of the wave equation. ]

The above proof also shows that the weak derivative u;(z,t) is given by

= Z \/:u_n(f)p(n) sin \//TntXn(x)a

the series converges in L?([a, b], pdz) norm for all ¢ > 0. Consequently, if f €
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I/Vblc’2 [a, b], the kinetic and potential energies are well defined:

b
KE(t) = 1/ ul(x,t)p(z)dr

b
PE(t) = 5/ u?(z, t)k(z)dx. (4.40)

COROLLARY 4.2: Let f € W,2%[a,b]. Then the kinetic and potential energies are

given by

Zun RPIIX R, sin? 7
Zﬂn HX ||2pCOS v bnl. (4.41)

Furthermore, conservation law holds:

KE(t) + PE(t) Zun n)*[1Xallz,, =

Proof. Follows from x — u,(z,t) € W,;*[a,b] and the fact that u, € L*([a,b], pdz)

]

Physically, the total energy should be balanced, in some sense, between its

kinetic and potential forms. We introduce average kinetic and potential energy as:

Axp = hm —/ KE(t

and App = lim —/ PE(t)dt.
L Jo

L—oo

COROLLARY 4.3: Let the boundary conditions be of the type D, N, or M and f €

Wblc’z [a,b]. Then Agp = %E = Apg, where F is the total energy.

Proof. We use the formulas from Corollary 4.2. Since ) ,un(f)p(nVHXnH%’p con-
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verges we may integrate term by term.

L
/ KE(t an n)?| X, ||2p/ sin? \/fintdt
L1 — cos 2y /fint
-5l uxugp/ Lo 2t
0

sin 2/, L
=—Zun 2U B, (1 - T
We then obtain Axg by dividing by L and taking the limit as L — oco.

1 [t sin 24/, L
lim T KE(t hm an )21 Xall5,(1 T)

Z—Zun n)*[|Xall3,

Clearly, from the formula given in Corollary 4.2, Axp = %E . A similar proof ap-

plied to Apg yields Apg = %E O

4.3 The Wave Equation and Energy in Case R

We now look at the initial boundary value problem (4.36) where the bound-

ary conditions are from R:

biug(a,t) — u(a,t) =0,
BC: (4.42)

bgux(b, t) + U(b, t) = 0, bl, bg Z 0

Returning to (4.34) it is now necessary to compute fab k(z)[f'(x)]?dx, but as
it was shown in Section 2.4, {X] (z)} (which includes f’) is not necessarily orthogo-
nal with respect to L2-norm. However, physically, f(z) should satisfy the boundary

conditions, specifically suppose f € C?[a,b] and satisfies the boundary conditions.
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Then, through integration by parts,

b b
/ k(@) f/(0) (@) = [k(z) f (@) £ ()]}, - / F (@) (k) f () de

= [k(b) £ (0)f'(b) — k(a)f(a) [ (a)] —/ f@)(k(z) f'(z)) dx

o V(b)f(b) N k(a)zf(a)] N / T

where the operator L is defined by
-1 N/
Lf=—I(kf"). (4.43)
p
Noting that LX,, = %(kX;L)’ = %(—uann) = 1, X,, [ and Lf can be written as:

f~ Y (Do) Xa(2)
Lf ~ Y (D) ILXa(@) =Y palf)p(n)X

Then the integral on the right in the integration by parts can be written as a sum.

[ - Linir = S I

Now, we substitute this information into (4.34):

s s e EE ) GGG
+k2(—b2)f() 2(b1>f<>
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or,

E:u n)* [ Xall3-

So, the total energy, E, in the system is >, 1*(f A(n)2]| X, |2

The solution of this problem is

i ) cos At X, ().

Given this backdrop and similar calculations earlier in this section, Parseval’s Equal-

ity may again be used to calculate the expression for kinetic energy. From (1.2),

KE() = / W2 (z, t)pla)da

:—Z/\2f2 )| X,0]]2 sin? At.

Now, the total potential energy is then

PE() = / W2 (o, 8)p() e + k(b)g@(b, ., k(a)gbl(a,t)

:—Z)\2 n)|| X | |3 cos® At

This value can be computed by subtracting the kinetic energy from the total en-

ergy.

We can now formulate the analog of Proposition (4.1) and its corollaries as
follows. Let C? [a,b] be the class of C?-functions on [a, b] that satisfy the Robin

boundary conditions. Let W?2?2[a,b] be its completion relative to the norm

1 Fv2e = [1F115, + 11155 + LA,
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where L is defined in (4.35).

PROPOSITION 4.4: Let f € W2?[a,b]. Then,

u(z,t) =Y (f)u(n) cos /it X, (z) (4.44)

is a weak solution of the initial boundary value problem (4.36) with boundary con-
ditions replaced by (2.13). Furthermore the kinetic and potential energies are given

by (4.41) and energy equipartition holds:

1
AKE' — §E — APE-

Proof. Because 3., pin(f) p(1)?[| Xn|l5, converges and using the notation from the

proof of Proposition (4.1),
Slip HUN('vt) - u('vt)HZP — 0

as N — oo. This suffices to justify term by term integration in (4.38) as in the

proof of Proposition (4.1). The rest of the proof follows from our computations. [
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5. CONCLUSION

The energy equipartition principle has now been proven for Dirichlet, Neu-
mann, mixed, and Robin boundary conditions. This principle states that the ki-
netic energy and potential energy, when averaged over time, equally divide the total
energy in the vibrating string. Essential in the proof of this principle is the conver-
gence of the series ,un(f)p(n)2| | Xn||3,- This result was obtained by placing f
in the Sobolev space Wblc’z[a, b, a space that was specifically constructed to ensure
that f would meet the necessary conditions for a solution to exist and for conver-
gence to occur.

In the Robin case, many of the same calculations were completed. An en-
ergy conservation law was found and explicit forms for kinetic and potential energy
were stated. Here, Parseval could not be used directly to calculate the potential en-
ergy, as, while X/ (z) is always orthogonal, X/ (z) was shown not to be an orthogo-
nal system with respect to the L>-norm. Remarkably, the values for kinetic and po-
tential energy took the same form for the Robin case as they did for the Dirichlet,
Neumann, and mixed cases. Should we have presumed to use Parseval’s equality for
the Robin case, the same result would have been reached.

To conclude, we defined a space in Wblf[a, b for f when the wave equation
has Robin boundary conditions. This case required stricter conditions on f than
the previous cases, but based on the energy forms, an energy equipartition principle
could be established for the Robin case, as well. The calculation was almost iden-
tical to the calculations proving Corollary 4.3. So, despite significantly more com-
plicated boundary terms, the same even separation of average kinetic and potential

energy still holds.
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