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ABSTRACT

Within an n-dimensional unit cube, a number of k-dimensional simplices can be
formed whose vertices are the vertices of the n-cube. In this thesis, we analyze the
average measure of a k-simplex in the n-cube. We develop exact equations for the
average measure when £ = 1,2, and 3. Then we generate data for these cases and
conjecture that their averages appear to approach n*/? times some constant. Using
the convergence of Bernstein polynomials and a k-simplex Bernstein generalization,
we prove the conjecture is true for the 1-simplex and 2-simplex cases. We then de-
velop a generalized formula for the average measure of the k-simplex in the n-cube

and prove the average is asymptotic to n*/? - V;;:!l.

KEYWORDS: k-simplex, n-cube, Cayley-Menger determinants, Bernstein polyno-
mials, Monte Carlo methods

This abstract is approved as to form and content

Dr. Les Reid
Chairperson, Advisory Committee
Missouri State University

i



THE AVERAGE MEASURE OF A K-DIMENSIONAL SIMPLEX IN
AN N-CUBE

By

John A. Carter

A Masters Thesis
Submitted to The Graduate College
Of Missouri State University
In Partial Fulfillment of the Requirements
For the Degree of Master of Science, Mathematics

May 2018

Approved:

Dr. Les Reid, Chairperson

Dr. Xingping Sun, Member

Dr. Matthew Wright, Member

Dr. Julie J. Masterson, Graduate College Dean

In the interest of academic freedom and the principle of free speech, approval of this thesis indi-
cates the format is acceptable and meets the academic criteria for the discipline as determined by
the faculty that constitute the thesis committee. The content and views expressed in this thesis
are those of the student-scholar and are not endorsed by Missouri State University, its Graduate

College, or its employees.

1l



ACKNOWLEDGEMENTS

I would like to thank the professors at the Math Department of Missouri
State University who have sparked my interest in mathematics and expanded my
curiosities. I'd especially like to thank my advisor Dr. Reid, who’s been an im-
mense amount of help throughout this research. I'd also like to thank the friends
and family who have supported me throughout my academic career, in particular
my sister, whom I can always relate with and confide in through all trials of life,

and vice versa.

v



TABLE OF CONTENTS

1. INTRODUCTION . .. ... .. . 1
2. 1SIMPLEX CASE . . ... ... ... .. ... 2
3. BERNSTEIN POLYNOMIALS . . . .. ... 6
4. 1-SIMPLEX (CONCLUSION) . . . . . ..o 10
5. 2 SIMPLEX CASE . . . .. oo 11
6. k-SIMPLEX BERNSTEIN THEOREM . . . . .. ... ........ 17
7. 2-SIMPLEX (CONCLUSION) . . . . .. .. ... ........... 22
8. CAYLEY-MENGER DETERMINANTS . . ... ........... 24
9. k-SIMPLEX CASE . . . . ... .. i 32
10. CONCLUSION . . . .. ... .. ... 38
REFERENCES . . . . . oo 39



Figure 1.
Figure 2.
Figure 3.
Figure 4.
Figure 5.

Figure 6.

LIST OF FIGURES

Forming all 1-simplices in the 2-cube . . . . . . . .. . ... ... 2
Frequency distribution of segment length (15-cube) . . . . . . . . 4
Average measure of a 1-simplex in the n-cube . . . . . . . . . .. 5
Frequency distribution of triangle area (15-cube) . . . . . . . .. 15
Average measure of a 2-simplex in the n-cube . . . . . . . .. .. 16
Average measure of a 3-simplex in the n-cube . . . . . . . . . .. 32

vi



1. INTRODUCTION

A unit n-cube is the convex hull of 2" points of the form (z1,...,z,), where
x; € {0,1}. A k-simplex is defined to be the convex hull of k£ + 1 points. This pa-
per will discuss the average measure of a k-dimensional simplex in an n-cube, and
will show that the average measure approaches n*/2 . C' for some constant C' as n

approaches infinity. The value of this constant is in fact the measure of a regular

k-simplex of side length \%, which will be shown to be VQ’,ﬁLl.

This research began in the spring of 2016 as part of an undergraduate re-
search project. With a contribution by Dr. Xingping Sun, we were able to use Bern-
stein polynomials to prove the average measure of a 1-simplex approaches \/n_/2 as
n — 0o. As the project evolved into a thesis, we developed programs to collect data
for the average measure of the 2-simplex and 3-simplex in the n-cube to support
our conjecture and determine the value of C' in each case. We then implemented
the k-simplex Bernstein polynomial and developed a generalized proof for the con-

vergence of the average measure of any k-simplex in the unit n-cube.



2. 1-SIMPLEX CASE

A 1-simplex is the convex hull of 2 points, or a line segment. We may an-
alyze the total number of line segments in the 2-cube, including degenerate cases,
by fixing a vertex at the origin of a 2-dimensional grid and considering the possible

coordinates for a second vertex. This process is demonstrated in Figure 1.

Figure 1: Forming all 1-simplices, including degenerates, in the 2-cube.

The pair of coordinates ((0,0), (¢1, c2)) consists of the coordinates that com-
prise a line segment, where ¢;,c2 € {0,1}. Then {(0,0),(0,1),(1,0),(1,1)} is the
set of possible choices for (c1,c). So for ¢; and ¢y, we can choose these possibili-
ties: two 1’s and zero 0’s, a single 1 and a single 0, or zero 1’s and two 0’s. That is,

we're dealing with the number of ways to partition 2 into two parts.

(0) 2 0 1

(1) 0 2 1

Because there are 22 vertices in a 2-cube, and because there is one coordinate to
choose to complete a 1-simplex, we should expect (22)1 1-simplices in the 2-cube.
There are 2! ways to assign a particular number of 1’s and 0’s to ¢; and c¢y. There

are 2! - 0! ways to choose two of the same component and zero of the other. Then

2!

5101 2) ways to pick 1-

we can pick either two 0’s or two 1’s, so in total there are (
simplices of this form. There are 1! - 1! ways to choose one of a single component

and one of the other, and in this situation we can only pick one 1 and one 0. So



there are (%, . 1) ways to pick 1-simplices of this form. In total we have

(5 2+

confirming that these forms cover all the 1-simplices in the 2-cube. Notice that in
the case of the 1-simplex, the measure will be the length or distance from the fixed
vertex at the origin to the second vertex. This distance will be the square root of
the number of 1’s chosen for ¢; and cy. If we denote a to be the number of 0’s and
b to be the number of 1’s chosen at any time, then the average measure can be rep-

resented as

L 2!@_12 2 \/5—122: Vk ~ 0.85355
22 albl * " 22 2-0) " 224 ‘ '

a-+b=2 a+b=2

In a similar fashion, we can find the average measure of a 1-simplex in a 3-
cube. This time we fix a vertex at the origin and consider the pair ((0,0,0), (¢, 2, ¢3))
of coordinates that comprise a line segment in the 3-cube, where ¢y, ¢o,c3 € {0,1}.

So as before, the number of 0’s and 1’s we choose for ¢, ¢o, and ¢3 can be repre-

sented as partitions of 3 into two parts:

Because there are 2% vertices in a 3-cube, this time we should expect (23)! 1-simplices.
There are 3! ways to assign a particular number of 0’s and 1’s to ¢y, co and c3. There
are 3! - 0! ways to choose three of the same component and zero of the other. Then

we can pick either three 0’s (a degenerate case) or three 1’s. In total there are (3?—('), : 2)

ways to pick 1-simplices of this form. There are 2! - 1! ways to choose two of the

same component and one of the other. Then one may choose either two 0’s and one



1 or two 1’s and one 0. So there are (2:,)’—1, . 2) ways to pick 1-simplices of this form.

GEHE

confirming that these forms cover all the 1-simplices in the 3-cube. Again we can

In total we have

easily verify that the average measure is represented as

3
1
o5 > (i) Vi ~1.12184.
k=0

Similarly, the average measure of a 1-simplex in an n-cube is

on k

! (})vE ®

The graph in Figure 2 below represents the frequency of lengths for the 1-

simplices contained in the 15-cube.

400+
300 +
Number

200

100 +

Length

Figure 2: Frequency distribution of segment length for 15-dimensional cube.

This distribution is very smooth, as is the case for each graph representing

the length distribution for many higher values of n. By analyzing many of these



graphs, we find the peak of each curve is very close to \/n_/2 This leads us to be-
lieve that the average length of a 2-simplex in the n-cube is approaching \/n_/2 as n
grows large.

Figure 3 represents the exact average measure of a 1-simplex in an n-cube

for some values of n, calculated with formula *.

n 20 50 100 200 500
Average | 3.14148 | 4.98726 | 7.06214 | 9.99372 | 15.8074
n/2 | 3.16228 ) 7.07107 10 15.81139

Figure 3: Average measure of a 1-simplex in the n-cube for several values of n.

The bottom row represents our conjecture for the average. The results com-
pared with the actual averages appear to support our hypothesis. To prove the hy-

pothesis, we will need an implementation of Bernstein polynomials.



3. BERNSTEIN POLYNOMIALS

The Bernstein polynomial is defined as follows: for any real valued function
f defined and bounded on the interval [0, 1], B,(f) is the polynomial on [0, 1] given

the value

B0 =Y () - (4).

k=0

This polynomial has a very useful property that we will utilize in showing the con-

vergence of our function for the average measure of a 1-simplex in an n-cube.

THEOREM 3.1: If f is a real-valued function defined on the interval [0, 1] and bounded

by M, then for every point x where f is continuous we have B,(f)im, ... = f(z).

Proof. The following proof is from Kadison and Liu [2]. We have that

n n

B - 10) =Y (1) -0 s (8) = 103 (7)aka -y

k=0 k=0

= ()eta—ar 1 () - s,
k=0
Thus we can say for each z € [0,1],

n

B0~ f) < Y ()at 0017 () - sl

For any § > 0 we can consider the above sum in two parts, >, where |§ — x‘ <9,
and ), where |§ — x‘ > 0. So long as x is a point of continuity of f, for any € > 0

there exists a 0 > 0 such that |f(z1) — f(z)| < § whenever |z; — 2| < J. Now for



2

k=0
ikz; (Z) k(1 — )k — 1 i . [n _ ki:o (Z) ka® (1 — x)"_k] 7
w(xl_ - kz: (Z) k(1 — o)™ = .,
]



Thus we have



Define M = max,¢jo1) f(x). Now,

# Y (f)ra-artlr ) - s

e

. |k¥25 (Z) (g _ x)lm " F | (5) - £
< k§>5 Z) (S—m)ka(l 2)" k2N
() (o) 20
all—a)

<M n

Ultimately we have

> (1)ea- ot () - s < 2

k z|25

n

Considering §, we can pick N large enough so that % < 5 whenn > N. In this

case we have

Bu(f)a) ~J@) <D +D <545 =c

showing that lim, ., B,(f)(z) = f(x) for each x € [0, 1] where f is continuous.

O



4. 1-SIMPLEX (CONCLUSION)

To prove the convergence of the average, an implementation of Bernstein
polynomials is used. Let f(z) = \/z, then f € C[0,1]. Notice that f(1/2) = 1/v/2.
We have

Ba(£)(1/2) = Z () (g) (- %) :

_ X ()VE
NI

Yo WVE 1
TN \[5

Zko () VE \/’

By Theorem 3.1,

This means

thus proving our conjecture.
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5. 2-SIMPLEX CASE

In the non-degenerate case, a 2-simplex is the convex hull of 3 points, or a
triangle. We may analyze the total number of 2-simplices in the 2-cube, including
degenerate cases, by fixing a vertex at the origin of a 2-dimensional grid and con-
sidering the possible coordinates for a second and third vertex that will complete a
2-simplex. That is, ((0,0), (a1, as), (b1, b)) consists of the coordinates that comprise
the 2-simplex, where a;,b; € {0,1} for i = 1,2. Similar to the 1-simplex case, we
can consider a certain number of pairs. One pair (a;,b;) will describe the first co-
ordinate value of each vertex, assigning values to a; and b;. A second pair (asg, bs)
will describe the second coordinate value of each vertex, assigning values to as and
bs. So there are 2 pairs in total used to form the two vertices of a 2-simplex that
are not fixed at the origin. Of the choices for (ay,b1) and (ag, by) we have (0, 0),
(0,1), (1,0), and (1, 1). The number of ways to choose two of these, one for (ay, b;)
and one for (ag, bs), is the number of ways to partition 2 into four distinct parts, as

demonstrated below.

(0,0) 2 0 0 0 1 1 1 0O 0 0
(0,1) o 2 0 0 1 0 0 1 1 0
(1,0) o 0 2 0 0 1 0 1 0 1

(1,1) o 0 0 2 0 0 1 0 1 1

Because there are (2%) vertices in a 2-cube, and because we need two vertices
to complete a 2-simplex, we should expect (22)> = 16 2-simplices. There are 2!
ways to assign a particular number of pairs to (aj, b;) and (as, by). There are 2! -
0!-0!- 0! ways to choose two of the same pair and zero of the rest (which would be

degenerate 2-simplices). Then we can pick two of the same pair out of four possible

11



. 4) ways to pick 2-simplices of this form. There

. . 2!
pairs, so in total there are (m

are 1! - 1!- 0! - 0! ways to choose two different pairs and zero of the rest. There are

(3) ways to choose one pair then another distinct pair out of four possible pairs. So

4

there are (2—' . (2

Tt )) ways to pick 2-simplices of this form. In total we have

2 44 2 4 =16
2.0,0 1,1,0 2/

Recall we are dealing with the number of ways to partition 2 into four parts.
For each of these partitions, we can assign a to represent the number of (0,0) pairs,
b the number of (0,1) pairs, ¢ the number of (1,0) pairs, and d the number of (1, 1)
pairs, where a +b+c+d = 2.

We can invoke Heron’s formula to help create an equation for the average
measure of a 2-simplex in a 2-cube. The length of a side of the 2-simplex will be
the distance between two of the three coordinates that comprise it. For example,
the distance between the origin and the vertex (ay,as) will be the magnitude \/m .
However, since a1, as € {0,1} this distance is just y/a; + as and the values a; and
as each only increase this distance beyond zero if they are 1. So if we want to ana-
lyze this distance we should only be concerned with the number of (1,0) and (1, 1)
pairs chosen for a particular 2-simplex, since each of these would contribute a 1 to
the vertex (ay, as). So if we call the length of this side =, then 2 = vc+d. In a
similar manner we can see that if we call y the distance between the origin and the
vertex (by,bs), then y = Vb + d. If we define z to be the distance between the ver-
tices (ai, as) and (by, by), then the values a; and b; will only increase the distance
beyond zero if they are each different. The same can be said for as and by. Thus
z=+vb+e.

If we define V5 to be the area of a 2-simplex, using Heron’s formula we have

1
Vo = Z—L\/Zx?y? + 22222 + 2y%2% — at — yt — 24

12



We can write this as an equation where a, b, ¢, and d are parameters:

g(a,b, c,d) = i{z(w Db+ d) +2(c+ d)(b+¢) + 200+ d)(b+ )

1/2
—(c+d)?—(b+d)?— (b+c)2} :

So now an equation for the average measure of a 2-simplex in a 2-cube is

1 2!
16 > paqrd (@b e d).

a+b+c+d=2

In fact, since d =2 — a — b — ¢ we can define the side lengths by using only a, b, and
c as parameters. We can define a new function for the area using only these three

variables like so,

f(CL?b?C):g(a7b7072_a_b_c>

:}1{2(2—a—b)(2—a—c)+2(2—a—b)(b+c)

1/2
+2(2—a—c)(b+c)—(2—a—b)2—(2—a—c)2—(b—|—c)2} :

So the equation for the average can be rewritten as

1 2 1
16 Z (a,b,c)f(a’b’@:i

a+b+c<2

Now let’s find an equation for the average measure of a 2-simplex in a 3-
cube using the same approach. Here we analyze the total number of triangles in the
3-cube, including degenerate cases, by fixing a vertex at the origin of a 3-dimensional
grid and considering the possible coordinates for a second and third vertex that
will complete a 2-simplex. Let ((0,0,0), (a1, az, ag), (b1, ba, b)) consist of the coor-
dinates that comprise the 2-simplex, where a;,b; € {0,1} for i = 1,2,3. We can

consider a pair (ag, by) assigning values to the first entry of each vertex, a second

13



(ag, be) assigning values to the second coordinate value of each vertex, and a third
pair (as, b3) assigning values to the third coordinate value of each vertex.

There are three pairs in total we may use to form the two vertices of the 2-
simplex aside from the origin. In any given 2-simplex we have a certain number of
(0,0)’s, (0,1)’s, (1,0)’s, and (1, 1)’s pairs. To avoid the trouble of listing all pos-
sibilities, we will go through the number of cases analytically. There are 3! ways to
choose a number of pairs for (a1, b1), (as,b2), and (as, bs). There are 3!-0!-0!-0! ways
to choose three of the same pair and zero of the rest (which are degenerate cases).
Then we can pick three of the same pair out of four possible pairs, so in total there

are ( - 4) ways to pick 2-simplices of this form. There are 2! - 1! - 0! - 0! ways

3!
3lototo!

to choose two of the same pair, one of another pair, and zero of the two remaining

pairs. There are (4) ways to choose zero of two pairs, and we multiply this by two

2

since from the remaining pairs we can pick two of the first and one of the second,

4

2)) ways to pick

or one of the first and two of the second. Thus there are (%&,0, . 2(

2-simplices of this form. Then we can pick three distinct pairs out of four. In total

3 3 4 3
4 ) 4 =64
(3,0,0) * (2,1,0) <2> * (1,1,1) 64,

which is (23)2, the number of 2-simplices we would expect in the 3-cube. Using the

we have

same approach as before, we find the average to be

1 3
o > (abc)f(a,b,c)%o.&ll,

a+b+c<3

where

fla,b,¢) =g(a,b,c,3—a—b—c),

again an application of Heron’s formula.

Similarly, the average measure of a 2-simplex in an n-cube is

14



where

f(a,b,c):g(a,b,c,n—a—b—C)

:E{Q(n—a—b)(n—a—c)+2(n—a—b)(b+0)

1/2
+2(n—a—c)(b+c)—(n—a—b)2—(n—a—c)2—(b—i—c)2} :

The graph in Figure 4 displays the distribution for the average area of the 2-simplex

in the 15-cube.

150

100

Number

50

Area

Figure 4: Frequency distribution of triangle area for 15-dimensional cube.

This distribution is not as even as the distribution for the 1-simplex case.
It’s not so obvious from the graph that the average is converging to any particular
value. Nonetheless, we conjecture that the average length of the 2-simplex in the
n-cube approaches n - C' where C' is some constant.

Figure 5 represents the exact average area of a 2-simplex in an n-cube for

15



some values of n, derived from formula **.

n 20 50 100 200 500

Average | 4.18051 | 10.67899 | 21.50532 | 43.15645 | 108.10865

Average/n | 0.20903 | 0.21358 | 0.21505 | 0.21578 0.21622

Figure 5: Average measure of a 2-simplex in the n-cube for several values of n.

The bottom row represents the average divided by n. The data indicates
this ratio does appear to approach some constant. This encouragement prompts us
to apply a method similar to that used for the 1-simplex case, involving k-simplex

Bernstein polynomials to find the convergence.

16



6. k-SIMPLEX BERNSTEIN THEOREM

Let I =[0,1] and k € N. Define a k-simplex A\, as follows,

Ay ={F=(v1,...,¢0) €EI" o1+ + 2, < 1}
Define @ = (vy,...,v;) € NE to be a multi-index such that
0] =v1+ -+ v, €{0,1,...,n}.

We then define the following notation for any & € A\,

k
-0 v;
r = | |xil,
i=1

vl :Ull""l]k!,

n\ n!
)  Tln— o)

Similar to a regular n-th degree Bernstein polynomial, we set

()

o) = (1) 770 — a1

For any f defined on A, we define

THEOREM 6.1: If f : Ay — R is continuous, then B, (f) — f uniformly on A\, as

n — oQ.

Proof. The structure of the following proof is from A. Bayad, T. Kim and S.-H.

Rim [1] and is very similar to the proof of the regular Bernstein polynomial conver-

17



gence. We first note that

Z Bﬁ’n('f) = ( " >x11)1$12)2 cee :Czk(l — Xy — xk)nfvlf---f’vk
|v]<n |7]<n VU3 -+ - Vg

=14+t Fap+(1—x—29g— - —ap)]"

= 1.

Since [ is a continuous function on Ay, for any § > 0 there exists a 6 > 0 such that
for & = (z1,...,2,) and ¥ = (y1,...,yx), when |x; —y;| < d foralli = 1,2,... k,
then |f(Z) — f(¥)| < 5. To indicate an upper bound for two vectors, we define

a measure on Ay as d(Z,y) = max{|zy — vy1],...,|rr — yr|}. Now similar to the

regular Bernstein case, we have

Y Baa@I[f(E) - f@|= Y. Baa@|f (%)~ f@)

j#l<n a(2,7)<s

The first summation satisfies

Bon(@) |f (£) = F@)| < D Banl®) -5 = 5.
<o

(2,3

18



Let vg1 =n —v; — -+ - — v and note that for any x,,,

0 n
U1 Um, Vi Vik
—_— ‘Tl Y ‘r .. Ik xk 1
o, Z ! m (1)

vl g
ooy =n \U102 k

0 n
:87[(x1+---+xm+-~+xk+1) 1,

n
2 : v v v Vkk
( )vmxll"-xmm--wk’“(%kH)
Tm

vilug! vl

v+ U1 =N 172 k
n—1
=n(@+ Tt F ),

n
v Um v, Vkk
E < o ,)vmxll'--xm 2 (L)
V109! "« V-

V1t tvEL1=n

=T (T1 4 T+ D)

and

0 n
v v v, Vk+1
el D DR OIS L e e A

V1t tUEL1=n

0

" Oy,

1 n
2. v [ v Vg
- § o] | Um xll"’xmm"'xkk<xk+1) i
X V1:U9: "« = V-

™ v+ topp=n

[T (214 @+ )"

n—2
=zpnn—1) (14 +2m+ - Fapg1)" 7,
n
2. v v v Vk+1
E o | /Umxll"'xmm"'xkk(xk+l)
V1:V9! * * V-
(T o R )

=z nn—1) (1 4+ + X+ Tpp)"

19



If we let zj41 =1— 21 —--- — x4, then from the equalities above

n
§ v [ v n—vy——v
< | | ')Umxl1...Imm...xkk(]__ajl_..._xk>
V1:UVg: * * * V-

v+t <n
—1
=xpn(xi+ - Fap+1l—x— - —a)"
-1
= Z,n (1)"
= T,Nn,
and
n 2 . v Um, Vg n—vy—+—vg
Umxl ---xm ---xk (1—1’1—---—Ik)
vilvg! -+ vl
v+t <n
2 n—2
=zpnn—1(x;+- - +ap+1—21— - —xp)

= z,°n(n —1) (1)"?

= z2n(n —1).

Thus we have
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Define M = max ¢+ f(%) so that for any Z, ¢ € [0, 1],

[f(@) = [ < [ F@)]+f(H)] < 2M.

Then we have

Here we have that z;(1 — ;) < § foralli =1,..., k. Thus
oM (xl(l — )+l —mk)) < oM <—k : 71*) _ Mk
n n 2n
From the above we have
. = . ME
Z By (2) ‘f (Z) - f($)| < 9152

Again by considering d, we can pick N large enough so that % < 5 whenn > N.

So we have
€

[Ba(£) (@) = £(@)] < 5+ 5

= €.
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7. 2-SIMPLEX (CONCLUSION)

Notice that

f(a,b,c) :E{Q(n—a—b)(n—a—c)+2(n—a—b)(b+c)

1/2
+2(n—a—c)(b+c)—(n—a—b)2—(n—a—c)Q—(b—i-c)Q}
is continuous on A\;. Also note that when f is the formula above,

1 1
Ef(a,b,c)—ﬁg(a,b,c,n—a—b—C)

:%-E{Q(n—a—b)(n—a—c)+2(n—a—b)(b+c)
1/2
+2(n—a—c)(b+c)—(n—a—b)Q—(n—a—c)Q—(b+c)2}

+2(n—a—c)(b—|—c)—(n—a—b)Q—(n—a—c)Q_(b+C)2]}1/2
000D 6
2(-- ) () - (-5 -0)

where f is a new function that still defines the area of the 2-simplex requiring only
. %, and ¢ to form the parameters. At this point we can apply the generalization

of Bernstein polynomials on simplices, where

(1= 12)" " ()

Sy,
3
~
S~—
ol
Il
N
ST
~__
8y
ey
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and lim,,_, B,(f)(Z) = f(Z). By choosing Z = (1,1, 1) we have

B DGAN= ¥ (1) (i )T ey
= 3 () (3)
1

1 n
n Z (CL, b, C) f (aa b7 C) :
a+b+c<n

Therefore from Theorem 6.1,

f(a,b,c)

§I'—

It’s easily found that f (3—1 }1 ) = ‘/?g, so ultimately

1 n V3
4n <a, b, c) f(a,b,¢) ~ s
a+b+c<n

Note that v/3/8 =~ 0.216506 agrees with the collected data from Figure 5 for the

2-simplex case.
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8. CAYLEY-MENGER DETERMINANTS

Let Vi be the measure of a k-simplex. Note that any vertex of the simplex
can be defined by (Z1m, Tam, -+ , Trkm), Wwhere m can be from 1 to k + 1. Every side

length of the k-simplex can be defined by

Sij = \/(ﬁu —15)? + (T2 — i) + - + (Ths — Tay)%,

where (21;, T, -+, i) and (xq;, Tej, - -+ ,x;) fori,j = 1,2,...,k + 1 are two

vertices of the k-simplex and S;; is the distance between them. Define

0 1 1 e 1

1 0 Sp® Sl(k+1)2
(M| = |1 Sy? 0 oo Soregn)”

1 Sgrnr”® S - 0

THEOREM 8.1: The measure of a k-dimensional simplex is defined by

| A7)

TR

Proof. The following proof for this theorem is influenced directly by [3]. Consider

a k-dimensional simplex with k£ + 1 vertices. Choose any one of these vertices and
regard it as the apex of a k-dimensional pyramid above a (k — 1)-dimensional base.
Then we can call the height of this apex from this base h; and the measure of the
base Vj_1. If we consider a (k—1)-dimensional slice perpendicular to the k-dimensional
plane, when we are a distance of h from the apex, the (k — 1)-dimensional measure

k—1
of that slice will be V;_; (hik) . Thus the measure V}, for the k-dimensional sim-
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plex is

P R\ h
1% :/ Vi (—) dh = V_ <—’“)
k o k—1 hk k—1 k?

We can continue this process by defining h; for « = 1,2,...,k to be the height of
the (i 4+ 1)th vertex above the plane containing the i-dimensional simplex base. The

measure can then be written as

1
Vi = yhkhkz—lhk—2 - hy.

To determine the heights in the above equation, we can rigidly translate the ver-
tices of a k-dimensional simplex without affecting its measure so that the (k + 1)th

vertex is positioned at the origin. We then arrange the following matrix,

11 Ti2 o Tk
To1 To2 - T2k
Tkl T2 ... Tkk
Where (z;1, 0, ..., z4) with ¢ = 1,2,... k are the coordinates of each vertex

not positioned at the origin. Any rigid rotation of the vertices about the origin

will not affect the determinant of the matrix. Thus we can rotate the simplex in
k-dimensional space in such a way that & — 1 vertices are contained in (k — 1)-
dimensional space, orthogonal to one of the axes. In doing this, we can obtain a

matrix with the same determinant such that the last entry is zero for every coordi-
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nate except the kth coordinate.

/ /
Ty Tz v Tk Ty T o 0
/ /
Tl Xog o Tok le x22 e O
/ / /
xkl IkQ “ e xkk (L’kl ku e Ikk
Above the coordinate z7, is the height hy, of the vertex (z}, T}o, - - -, Z}y;) above the

(k — 1)-dimensional space containing the other k vertices (including the origin). So

by cofactor decomposition of the last column we have

/ / / / /
T Tiz o Tk Ty Ty oo 0 L1 T L1(k—1)
/ / / / /
To1 T2z o T2k Ty Ty -+ 0 La1 Lag T Lo(k—1)
Tpl T x ., x X x x
k1 k2 - kk k1 k2 - kk (k—=1)1 (k=12 - (k=1)(k—=1)"

We can again rotate the vertices in such a way that the last coordinate in this ma-
trix lies above the (k — 2)-dimensional plane containing the other vertices and apply

the same procedure, i.e.

hihi—y |2, ij=1,...,k—2.
Ultimately, we have
Tir T2 - Tk
To1 T22 - T2k

= hphg—1hg—2 - hy.

T Tg2 ... Tkk
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Thus,

11 Ti2 - L1k

v 1 |Z21 T22 -+ T2k
PR

Tkl T2 ... Tkk

We can alter the above equation to consider a simplex with k& + 1 arbitrary ver-
tices. If the vertices are located anywhere without requiring one vertex to be at the
origin, we can call the (k + 1)th vertex (x(k+1)1, T(k41)25 - - - ,x(k+1)k) and write the

content of the k-simplex as

(33'11 - ﬂf(k+1)1) (3712 - Hf(k+1)2) T (ib’uc - ZC(k+1)k)

1 ($21 - $(k+1)1) ($22 - iU(kH)Q) T (xzk - x(kJrl)k)
Vi=—
k!

(l’m - $(k+1)1) (l’kz - $(k+1)2) cee (-Tkk - x(k+1)k>

By once again using cofactor decomposition, we can write the above as the determi-

nant of a higher dimensional matrix like so

U (2 =) - (T = Tenp)

L (22— 2gepan) 0 (226 — Teene)
-

U@ = 2grnt) o (o = Tsnn)

1 0 0

Since adding a multiple of any row or column to another doesn’t affect determi-

nants, we can add (1)1 times the first column to the second one, x(;11)2 times the
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first column to the third, and so on to get

1 T11 T Tk

1 T21 T L2k
Vi = % :

Iz o T

I gyt - Tagk

Now we wish to alter the equation further to write everything in terms of side lengths
instead of single vertices. Note that since the transpose of a matrix has the same

determinant as that matrix, we have

1 oz o T 1 1 ... 1
1 T21 s L2k 11 21 o Tkt
I w0 g Tz Taz ctc T(k41)2
1 T(k+1)1 *°° T(k+1)k Tig T2k - T(k+Dk
L+my-my I+my-mg -+ 1+4+mg-myp
1+my-my 1+me-mg -+ 14+mo mr
1
(k)2
L+mg-my 14+mg-mg - 14 mg-myy
T+mppr-my T+mpgr-mo oo 1T+ mypqr - Mg

Where we have m; - m; = xix;1 + Tioxjo + - - - + T 5. We can again express this as
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a matrix of one higher dimension,

We may subtract the first row from every other row without changing the determi-

nant,

1
0
1
(K1)?
0

1
Vi)? =
(Ve) (k!)2
Notice that
0 T11
0 T21
0=
0 xm
0 Z@in
my-my
mg -y
mg - my
Mg41 -

1

1—|—m1~m1

1+mk-m1

0 1+mpgpq-my

my-my

mg - MMy

=1 mpy1-my

T1k 0
Lok Z11
Tk T12
T(k4+1)k| | L1k
my - Mg
mo - Moy
mg - Mo
Migy1 - Mo

29

1

L+my-mpp

1 +mk * M1

L+ mpeq1 - Mg

my - Mgy1

Mg - Mi41

ME41 - ME41

0 0
T2 T(k+1)1
T22 T(k+1)2
Lok T(k+1)k
my - Mgy
mo - Miy1
my - Mi41

M1 - M1




Thus the cofactor of the top left-hand element in the determinant for V}, is zero and

this element has no impact on the determinant. So we may set it to zero,

1 my-my

1 mg-m

L mypyr-my

my - Mgy1

mp - Mi41

Mig4+1 - M1

Because multiplying a single row or a column of a determinant by a constant is the

same as multiplying the whole determinant by that constant, we can multiply the

first column by —1 to get

1 mq - 1

1 mg-my

1 mpqq -my

my - Mgy

mp - Mi41

Mig4+1 - M1

We can multiply every column except the first by —2 and multiply the first row by

—% to obtain

From here, for each i =

0 1

1 —2m1 - my
1 —ka My
1 =2myqr -y

1

—2my - My

—2my, - My

—2Mypy1 - My

1,2,...,k + 1 we can add the first column multiplied by

m; - m; to the (¢ + 1)th column. Then we can add the first row multiplied by m; - m;
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to the (i + 1)th row, obtaining the result

0 1 ... 1
1 m% —2mimq + p% e mf —2mimy41 + piﬂ
1
2
W=~ oy
1 mi—2mgmy+pi - mi—2mpmy + Py
1 miﬂ — ka+1m1 + p% s mﬁﬂ — 2mk+1mk+1 +pi+1

where p1p; = p; - p;. The square of the distance between these two is
Pi P —2pi - pj+ 0P = (T — $1j)2 + (22 — $2j)2 o (T — ij)Q = Sij27

where S,»jQ is the square of a side length of the k-simplex. So we ultimately have

| M|

"= e

Thus we can write an equation for the measure of any dimensional simplex using

the side lengths of the simplex as parameters, of which there are (k;rl) O]
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9. k-SIMPLEX CASE

Figure 6 displays data collected for the average measure of a 3-simplex in an

n-cube for several values of n,

n 20 50 100 200 300 400 500

Average 3.41 14.26 | 40.90 | 116.94 | 215.33 | 331.92 | 464.32

(Average/n®/2) | 0.0381 | 0.0403 | 0.0409 | 0.04134 || 0.04144 | 0.04149 | 0.04153

Figure 6: Average measure of a 3-simplex in the n-cube for several values of n, with

Monte Carlo approximations.

Since the hypothesis is that the average is approaching n/? - C for some
constant C, the bottom row lists the average divided by n3/2. If there is any con-
vergence here, for the first four values of n in the figure it is quite slow. Also, com-
putationally these exact values are time-consuming to derive. Thus the last three
columns of the figure, divided by a double bar, represent a utilization of the Monte
Carlo method implemented to reduce the number of computations needed and ap-
proximate values for these higher dimensions. The approximated data does seem to
indicate a convergence. Now we apply general methods for determining the average
measure of any k-simplex in the n-cube.

In any n-cube, we can consider the coordinates that define each vertex of
a particular k-dimensional simplex in that n-cube by fixing the first vertex at the
origin and choosing the remaining k£ vertices that form it. To create the vertices
aside from the origin, we can consider n seperate k-tuples. One k-tuple will assign
values for the first coordinate value of each vertex. Another k-tuple will assign val-
ues to the second coordinate value of each vertex, and so on. For each k-tuple we
can choose a 0 or 1 for its k values. So we can expect 2* possible k-tuples to choose

from. One side length of the k-simplex can be defined by the first entry in each k-
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tuple, another side length by the second entry in each k-tuple, etc.. For each side
length defined this way there are 28! corresponding k-tuples because if we fix a 1
in a particular position when considering k-tuples, there are 2*~1 ways to position
the other values of the k-tuple.

Another type of side length corresponds to the instance when the ith and
gth entry in the k-tuples differ. For example, consider two different k-tuples where

every entry is zero except the first two.

(170707'” JO>

(OJ]-?Ov'” 70>

The k-tuples above correspond to a distance between the first and second vertices.
For each side length defined this way there are also 2*~! corresponding k-tuples
since when considering these k-tuples, one may fix a 1 in the ¢th position and a 0
in the jth position, leaving 2¥=2 possible placements for the other entries. Alterna-
tively, one may fix a 0 in the ¢th position and a 1 in the jth position, also leaving
2+=2 possible arrangements. So there are 282 + 282 = 2%=1 L_tuples corresponding
to the side length.

For every possible form for the k-tuples, let the list P = {aq,as,...,ax}
contain the number of k-tuples of that form chosen to define any k-simplex, where

a1+ as + -+ + agr = n. From these we can derive any side length of the k-simplex.

For example, the first side length may be of the form S = \/au +ap+ -+ ager
where each ay; is a distinct member of the list P.
Note there are (Hl) sides for the k-simplex. We define g(ay, as, ..., aq) to

2

be the corresponding Cayley-Menger formula for the measure of a k-simplex, taking
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members of the list P as parameters to form the side lengths, i.e.,

g(ﬂ-l, a2,... ,ﬂ-gk) = ﬂ (ﬂrll +---+ ﬂ-ligk—l}, fea ,ﬂ-(k;—i)l T+t a{*;'i}(gk—l})

—V (31?, L .5'{;,;1}2) ?

where each sum in the parameters for V' contains specific parameters of g and com-
prises a side length squared.

Note that because V), is a function defining k-dimensional area, any scalar
multiplied with the side lengths used to calculate Vi will be affected by a degree of
k. That is,

q (}kﬂrl, }kﬂ.g, N ,}hﬂgk} = Vk(}iﬂu +---+ }m'l{‘l"_ijs ceay Aﬂ{k;—i}l + -t Aﬂ-{k;i){?_tj]
Vi (Asﬁ, L AS{.T]Z)
2 2
—V, ((ﬁsl) . (ﬁS{kgi)) )
ke
2 2
_ (\;’E) Vi (51 oo Sy )
= Ng(ay,aq,...,ap_,).

Since age =m —ay — - - - — age_;, we can define another function,

f{{ﬂ’l:ﬂ'?}?' “ . 7'1‘25_1}) = g{ﬂ'hﬂ?a sy o g, — @y — -0 — ﬂ':!*_l]:

to describe the measure. Note,

1 1 k/2
nklllrzf({ahﬂﬂ:--~:ﬂ'2*—1]}= (;) Ql{ﬂ-l,ﬂ.g? , T — 1y _"'_ﬂ'ﬂ'ﬂ_l)
A e e I S gk 3
_g(ﬂ,ﬂ?...?l - — )
_ F{{81 B2 gk |
SR ),
where f is another function defining measure using S —ﬂ"’i“ AS parameters.



If ¥ consists of every member of P, we can define the average measure of the

k-simplex in the n-cube with the following equation,

w2 (1)

#1<n

Next we will find a convergence for this average. To utilize the k-simplex Bernstein

polynomial convergence, we take & = (2%, cee zik)

Il
(]
N

=1

I
(]
7~ N

=
IA
3

I
IA
VR
S 3
"

=
3

I
3
Z| =
[\]
—~
[\)
| =
SN—
3
IN
3
VR
SIS
~__
~=
—~
S

Thus by convergence,
. 1 1 n . -
T e > (5>f(v)=f((2%w-wz%))

and
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To analyze the value of our constant term above, note that

(o) =9 (o1 22))

(@) ()

This is the measure of a regular k-simplex in the unit n-cube (of side length \%)
Recall that

1
Vie = pylwhi—1hg—z - - ha.

Any height h; for an i-simplex can be considered as the distance between the (i 4+
1)th vertex and the centroid of its (i — 1)-simplex base. For a (i — 1)-simplex in n-
dimensional space with coordinates (z11,...,Z1), ..., (i, ..., Tw), the centroid is

located at

g ey

($11+$21+"‘+IZ’1 $1n+l’2n+"'+xm)

Consider a regular i-simplex embedded in (i+1)-dimensional space with the vertices

1
(— 0,0,...,0,0

)
0.20.....00
’27 E ) ) 2
o,o,l,...,o,())
2 3
)i-i—l

0,0,0,...,=,0

N | —

=
=
=
=
N | —
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The sides of this regular i-simplex all clearly have a length of \/Li For the (i — 1)-

simplex base of the (i + 1)th vertex, its centroid is at

1 11 1 0
207247200727 )

The distance between this vertex and the (i + 1)th vertex is

h<—'12+12—1/1+ 1 [i+1
=\ "\ 2) “aVi T TV i

So now for a regular k-simplex of side length \%,

V_ll/k+11\/k 1\/k—1 1 /2
PR oV e 2VE—1 2Vek—2 2V1
1 [(k+ 1)

o 2kk) k!

1
vk +1.

~ okkl

MAIN THEOREM: The average measure of a k-dimensional simplex in an n-dimensional

cube is asymptotically,

@ > (ﬁ)f(ﬁ) Nnk/z,%_

[v]<n

Note that when £ = 3, we have V2§J3r!1 ~ (0.04167, which correlates with the

collected data from Figure 6 for the 3-simplex case.
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10. CONCLUSION

To begin this research, we developed an equation for the average measure of
a l-simplex in a unit n-cube. We then analyzed the distribution of the 1-simplex
lengths in the n-cube and noticed the smoothness of this distribution. This allowed
us to form a conjecture for the average measure, that it approaches \/n_/2 Results
from our formula for multiple values of n appeared to coincide with this approxima-
tion and reinforced the conjecture. We then were able to apply Bernstein polynomi-
als to prove the conjecture.

Using Cayley-Menger determinants, we developed equations for the average
measure for higher values of k. The measure distribution for higher-dimensional
simplices in the n-cube appeared less promising in finding a trend for the average
measure. However, we were able to implement the Monte Carlo method in our cal-
culations and collect enough data to determine a generalized conjecture, that the
average measure approaches n*/2 - C' for some constant C, did appear to be true.
This conjecture was then proven using the convergence of k-simplex Bernstein poly-
nomials. With this convergence, we were also able to determine the value of the
constant C' in the conjecture to be the measure of a regular k-simplex with side

1
length 7

38



REFERENCES

[1] A. Bayad, T. Kim, S.-H. Rim, Bernstein Polynomials on Simplex, Available at
https://arxiv.org/pdf/1106.2482.pdf.

[2] R. Kadison, Z. Liu, Bernstein Polynomials and Approximation, Available at
https://www.math.upenn.edu/ kadison/bernstein.pdf.

[3] Simplex Volumes and the Cayley-Menger Determinant, Available at
http://www.mathpages.com/home/kmath664/kmath664.htm.

39



	The Average Measure of a k-Dimensional Simplex in an n-Cube
	Recommended Citation

	INTRODUCTION
	BERNSTEIN POLYNOMIALS
	1-SIMPLEX (CONCLUSION)
	2-SIMPLEX CASE
	k-SIMPLEX BERNSTEIN THEOREM
	2-SIMPLEX (CONCLUSION)
	CAYLEY-MENGER DETERMINANTS
	k-SIMPLEX CASE
	CONCLUSION
	REFERENCES

