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ABSTRACT

Lagrange’s theorem, which is taught early on in group theory courses, states that the or-
der of a subgroup must divide the order of the group which contains it. In this thesis, we
consider the converse to this statement. A group satisfying the converse to Lagrange’s the-
orem is called a CLT group. We begin with results that help show that a group is CLT,
and explore basic CLT groups with examples. We then give the conditions to guarantee ei-
ther CLT is satisfied or a non-CLT group exists for more advanced cases. Additionally, we
show that CLT groups are properly contained between supersolvable and solvable groups.
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1. INTRODUCTION

One way of thinking of groups is as collections of symmetries. The dihedral group
Dy, contains the symmetries of a regular n-gon, including rotations and reflections. If we
restrict to the rotations of a regular n-gon, we have the cyclic group C,,. The symmetric
group S5, consists of all the re-orderings of n items. Every group contains a trivial action.
For each action in the group, there is an opposite action that, when combined with the
original, yields the trivial action. A more rigorous definition is a nonempty set along with
a closed, associative binary operation that contains an identity and inverses for each ele-
ment.

Group theory has roots in studying permutations. Consider a function
(w1, 5. .., 1,). For example, let ¢(x1, T2, 23) = 1 + 9 + 5. We can shuffle the variables
to obtain a permutation of ¢, such as ¢(z, x1,x3) which permuted z; and z3. There are
3!=6 possible ways to re-order x1, zo, x3. However, it is easy to see that the only distinct
permutations of ¢ are x1 + o+ 23, 1 + 23+ 23, and zy+z3+23. In 1770, Lagrange showed
by example that for a function ¢ which takes n variables, if d is the number of distinct
permutations of ¢, then d divides n!. This development was in a time before group theory
was a recognized branch of mathematics. The modern theorem of Lagrange deals with the
orders of groups and subgroups, and can be used to prove his original claim. In this paper,
we investigate the converse to this statement.

In Section 2, we cover preliminary group theory results, and introduce Lagrange’s
Theorem as well as its converse. We define CLT (converse to Lagrange’s theorem) groups,
and show that not every finite group satisfies CLT. Additionally, we cover partial state-
ments of CLT, given by Sylow’s and Cauchy’s Theorems. Sections 3, 4, and 6 show that
CLT is satisfied for certain classes of groups, with basic results covered in Section 3, and
more advanced ones left for Sections 4 and 6. In Section 5, we show that CLT groups are

contained between supersolvable and solvable groups.



2. PRELIMINARIES AND BASIC RESULTS

Lagrange’s Theorem, which is taught early on in introductory group theory courses,

is stated as follows.

Theorem 2.1. Let G be a finite group. Then the order of every subgroup H of G divides

the order of G.

Proof. Let N < G and G act on G/N by left multiplication. Then

Orbit(N) ={gN | g € G} =G/N,

Stab(N)={g€ G | gN =N} =N.

And so we have

|G| = | Stab(N)]|| Orbit(N)|
= [N||G/N]

= |N|[G: N].

So the order of N divides the order of G. O]

The proof, in fact, reveals an even stronger result than the theorem. Not only does
the order of a subgroup divide the order of the whole, but for a group G with H < G, we
know that |G| = |H|[G : H]. A corollary to Lagrange’s theorem is that, for a finite group
G and x € G, the order of x divides the order of G. If d is the order of x, then the cyclic

subgroup (x) = {1, x 2%,..., 2971} has order d. By the theorem, d divides the order of G.

Definition 2.2. Let G be a group. Then the automorphism group of G, denoted Aut(G),

is the group of isomorphisms from G to itself.



Definition 2.3. Let G be a group with subgroup H. If ¢(H) = H for every ¢ in Aut(G),

then H is characteristic in G.

Let G be some group with H < G and, for each g € G, define ¢, € Aut(G) to be
conjugation by g. If ¢,(H) = gHg ' = H for each ¢,, then H is normal in G, for which
we use the notation H < G. It is easy to show that if H is characteristic in G, then it is

normal. This is because conjugation is an automorphism. We also have the following.

Proposition 2.4. Let G be a group such that H is normal in G and K is characteristic in

H. Then K is normal in G.

Proof. We have H < G, and so, for g € G, ¢, : H — H given by ¢,(h) = ghg™' is an
automorphism of H. Since K is characteristic in H, ¢,(K) = K for each ¢ € G, and so

K JG. [l

Definition 2.5. For a group G and N < G, the quotient group of N in G is the set of

cosets of N in G, and aNbN = abN. This is denoted G/N, and |G/N| =[G : N].

Theorem 2.6. (Cauchy’s Theorem) Let G be a finite group. If p is prime and p divides

the order of G, then there exists an element of G which has order p.

Cauchy’s Theorem is useful because for each prime dividing the order of a group,
we are guaranteed a subgroup of that order. If GG is a group and p is some prime dividing
the order of the group, then we are guaranteed that there is an element x € G that has

order p. Then the cyclic group generated by x is a subgroup of G with order p.

Definition 2.7. Let G be a group and H < G. We define the following subgroups:

1. The center of H, denoted Z(H ), is the set of elements z € H that commute with
every element in H.

2. The centralizer of H in G, denoted Cg(H), is the set of elements z € G that com-
mute with every element of H.

3. The normalizer of H in G, denoted Ng(H), is the set of elements in x € G such that
rHx '=H.



It is easy to show that Z(H) < Cq(H) < Ng(H): Let v € Z(H). Then zy = yx
for all y € H. But by definition, x € H < G. So z is an element of G which commutes
with the elements in H, and so z € Cg(H).

Now, suppose z € Cq(H) and let y € H. Then zyx™' = yza~' = y € H, demon-

strating that x € Ng(H).
Definition 2.8. Let G be a finite group and p prime. If p™ is the highest power of p which
divides the order of GG, then a subgroup of G of order p™ is called a Sylow p-subgroup. The

set of all Sylow p-subgroups for G is denoted Syl,(G).

Theorem 2.9. (Sylow’s Theorem)

1. Let G be a finite group and p some prime. If p divides the order of GG, then G has a
Sylow p-subgroup.

2. Let GG be a finite group and p some prime. Then all Sylow p-subgroups are conjugate
to each other.

3. Let p be a prime factor of a finite group G such that n is the highest power of p di-
viding |G|. Then |G| = p"m for some m. Let n, be the number of Sylow p-subgroups
in G. Then n, divides m and p divides n, — 1.

Proposition 2.10. Let G be a finite group and p some prime such that P € Syl (G).

Then P is normal in G if and only if n, = 1.

Proof. If P is the only Sylow p-subgroup of a group G, then gPg~! is another subgroup of
the same order, so gPg~! = Pforallg € G. So P < @. Conversely, if P is normal in
G, then by part 2 of Sylow’s Theorem, every Sylow p-subgroup is a conjugate of P, and so

must be P itself. And so it is unique and n, = 1. O

Let the order of a group G have prime factorization py'p5? ... p¢. Cauchy’s Theo-
rem provides us with subgroups of orders py, p1, ..., p, while part one of Sylow’s Theorem
shows the existence of subgroups of orders pi*, p52, ... p%". We will now consider an exam-

ple.



Theorem 2.11. (Third Isomorphism Theorem) Suppose G is a group with normal sub-

groups H and N such that N is a subgroup of H. Then N is normal in H and
(G/N)/(H/N) = G/H.

Theorem 2.12. (Lattice Isomorphism Theorem) Let G be a group and N < G. Then
there exists a bijection between the set of subgroups of GG containing N and set of sub-

groups of G/N. Also, K/N <4 G/N if and only if K < G.
The proofs of the previous two results can be found at [5, pg 98] and [5, pg 99] re-

spectively.

Definition 2.13. A subnormal series of a group G is a sequence of subgroups
l=GodG14--- 4G, =G

such that each G; is normal in G;,;. If each G; is also normal in GG ,then this chain is
called a normal series.
Definition 2.14. A group G is solvable if it has a normal series whose quotient groups
Gi11/G; are all abelian.
Remark 2.15. An equivalent definition of a solvable group is a group G with subnormal
series 1 = Gy 4--- <4 G,, = G such that each G,1/G; is cyclic.
Definition 2.16. A group G is supersolvable if it has a normal series whose quotient groups
Giv1/G; are all cyclic.

Note that it is easy to show that a supersolvable group is solvable, since cyclic groups
are abelian.
Definition 2.17. Suppose G and H are groups such that ¢ : G — Aut(H) is a homomor-
phism. Then the semi-direct product of H and G with respect to ¢, denoted H x4 G is the
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cartesian product H x G with the rule (h, g)(1, ¢') = (h(é(9)[]), 99")

Whenever ¢ is the trivial homomorphism, then this is precisely the direct product
of H and GG. And so semi-direct products are a richer generalization of the direct product.
Suppose there exist subgroups H, N of a group G where N I G, HN N = {e}, and G =
NH, the inner semi-direct product defined for some ¢. Then G = N x4 H. If we also have
that H < G, then G = N x H.

The converse to Lagrange’s theorem is that for a finite group G, if d divides G,
then there exists a subgroup H < G of order d. This is not true in general, as we will
demonstrate in the following example.

Example 2.18. Consider the alternating group Ay, which has order 12. If the converse to
Lagrange’s theorem were true, then there would exist a subgroup H < A, with order 6.
Assume such an H exists. Then H has index 2. Thus the two cosets are H and G — H. If
g€ H, thengH = H=Hg. If g¢ H,then gH = G— H = Hg, and so H < G . Hence
|Ay/H| = [A4 : H] = 2 and so for any s € G, we have s°H = (sH)? = H. Let s be some
3-cycle. Then s = (s%)?,s0 s € H. But there are 8 3-cycles in A4, contradicting the fact
that |[H| = 6.

Definition 2.19. A finite group which satisfies the converse to Lagrange’s theorem is
called a CLT group. Note that these groups are often called Lagrangian.

In order to show that a finite group G is a CLT group, we let d be an arbitrary di-

visor of |G|, and show that there exists a subgroup H of G with order d.

Proposition 2.20. The symmetric group S, is a CLT group.

Proof. Sy has order 4! = 24, which has prime factorization 23 - 3. The divisors of this are



1, 2, 3,4, 6,8, 12, 24. Subgroups of order 1 and 24 clearly exist, as they are the identity
and whole of S4 respectively. Cauchy’s Theorem provides the existence of subgroups with
orders 2 and 3, while Sylow’s Theorem gives us a subgroups of order 2 = 8. This leaves
us to find subgroups of orders 4, 6 and 12. The Klein four-group, which consists of the
identity and double transpositions, is a subgroup of order 4. The alternating group Ay is a
subgroup of order 12. Finally, the symmetric group S3 is embedded in S, and has order 6.

We have now found a subgroup for each divisor of |S,|, and so Sy is indeed a CLT group.

m
Lemma 2.21. For z,y; € R, if 2 < > y;, then there exist z1,...,x, € R such that
i=1
xr =) x; and x; < y; for each 1.
i=1
-1 !
Proof. There exists [ < n such that > y; <x < > y;. Now, for each 7, define
i=1 i=1
(
Yj J <l
-1 .
Tp=9 v—=3 Y j=1
i=1
\ 0 J>1
-1 ! -1
Then clearly z; < y; fori # l,and x; = x — > y; < Y. y; — > y; = y. Furthermore,
i=1 i=1 i=1
r=) Z. O
i=1

k

k
Proposition 2.22. If a | [] n;, then there exist ay,as, ..., a; such that @ = [] a; and
i=1 i=1

a; | n; for each 1.
Proof. Let pi'---p;"" be the prime factorization of each n;. Then the prime factorization

koo koo k
of ning---ny 1s plzi:la“l' . -p;’:1a”. Let a = pf“ . 'pf’". Then we have 0 < 8; < 3" «ay, for
=1

)



k
i =1,...,k By Lemma 2.21, we have (3, ; such that 5; = > f;; and 3;; < «; ;. Now for
i=1

each i, take a; = pf”- . -pf” . Then a = a;- - - a;, and each q; | n;. O

Definition 2.23. A number N is said to be square-free if its prime factorization contains

only one occurrence of each prime.

Proposition 2.24. An alternate definition for a square-free integer N is if whenever d?|N,

then d? = 1.

Proof. We will prove that the two definitions of square-free are equivalent.

(=) Let N = pips...pk, and suppose that d* | N but d* # 1. Then d # 1 and
d | N, so d shares prime divisors with N. Without loss of generality, let d = p;. Then
d> = p? sop? | N, contradicting our assumption. So we must have d* = 1, showing
| N=d*=1.

(<) We will show the contrapositive is true. Let N = p{*...p*, where at least one
a; > 1. Without loss of generality, assume a; > 1. Then p? | N. But p; # 1. Hence

d*|N # d? = 1. So we must have a; = as = ... = a; = 1. Thus the definitions are

equivalent. O



3. ELEMENTARY CLT GROUPS AND PROPERTIES

For this and the remaining sections, groups are assumed to be finite.

Proposition 3.1. Cyclic Groups are CLT.

Proof. Let G = (x) be a cyclic group of order n, and let d|n. Then n = md for some m.

And so H = (z™) is a subgroup of G such that |H| = d. Hence G is a CLT group. O]
Proposition 3.2. Abelian groups are CLT.

Proof. Let G be abelian such that |G| = p{*p3?- - p~, where each p; is prime. Assume
d | |Gi|]. If d = 1, the result is trivial, so suppose d > 1. Then p; | d for some i. By
Cauchy’s Theorem, for each p;, there exists H < G with |H| = p;. Note that |G/H| < |G|
since H is nontrivial. Also d/p; | |G/H|. By induction, there exists N/H < G/H of order
d/p;. By the Lattice Isomorphism Theorem, this corresponds to N < G where |N| = d. So

G is CLT. ]
Lemma 3.3. If G = p" for some prime p and n > 0, then G has a nontrivial center.

Proof. Let |G| = p™. If G = Z(G), then we are done. So suppose G # Z(G). From the
class equation, |G| = |Z(G)| + Y25, [G : Ca(g:)]. Since each g; & Z(G), p|[G : Calg:)).
Otherwise, G/Cg(g;) would be trivial. It is also clear that p | |G|. Hence p divides the

order of Z(G), and so Z(G) is nontrivial. O

Proposition 3.4. Let |G| = p™ for some prime p and n > 0. If p® | |G|, then there exists

H < G such that |H| = p®. Furthermore, H may be taken to be normal.



Proof. By Lemma 3.3, |Z(G)| # 1. That is, |Z(G)| = p®, B # 0. From this, we have
|G/Z(G)| < |G]. Ifa < B, then p* | p”. Note that Z(G) is abelian and so CLT by
Proposition 3.2. Hence there exists H < Z(G) < G such that |H| = p®. Furthermore,
H < G, since H is contained in Z(G). Now suppose a > . Since the center is nontrivial,
|G/Z(G)| < |G|. By induction, there exists a normal subgroup H/Z(G) of G/Z(G) such
that |H/Z(G)| = p*>~?. By the Lattice Isomorphism Theorem, H < G, and |H| = p®. By

[5, pg 188], H may be chosen to be normal. ]
Corollary 3.5. Every p-group is CLT.

Proof. Let G be a p-group, then |G| = p® for some prime p and some a. Let d divide the
order of G. Then d = p°, where b < a. Then by Proposition 3.4, there exists a subgroup of

G of order d, and so G is CLT. n

Corollary 3.6. If G is a group with p® | |G| for some prime p , then there exists a sub-

group H of G such that |H| = p*.

Proof. Let (3 be the highest power of p dividing |G|. Then there exists P € Syl,(G), which
is a p-group of order p?. Since 8 > «, p® | p°. It follows from Corollary 3.5 that there

exists a subgroup of G with order p®. O

This result generalizes Sylow’s Theorem in that it guarantees p-subgroups for every
power of each prime dividing the order of a group G, while Sylow’s Theorem only gave us

the existence of subgroups for the maximum powers of each prime dividing |G].

Theorem 3.7. A product of CLT groups is itself CLT.

Proof. We will prove this by inducting on the number of groups. Let |G{| = ny and |Gy| =
ny. Then |Gy X Gy| = niny. Let a | niny. By Proposition 2.22; there exist ay, as such

10



that a = ajas, a1 | ny, and as | ne. Since Gy and Gy are CLT, there exist H; < G
and Hy < G4 such that |H;| = a; and |Hy| = as. Then |H; X Hs| = ajas = a and

Hy x Hy < Gy x Gy. Now, assume Gy, ... G,, G, 11 are CLT groups. By induction, [] G
k=1

n+1 n

is CLT. Then we have [[ Gx = (][ Gk) X Gp41. This is the direct product of two CLT
k=1 k=1

groups, and so is CLT. O

We’ve shown CLT groups are closed under direct products. This is not the case,

however, for subgroups or quotient of CLT groups.

Example 3.8. Proposition 2.20 showed that S; is a CLT group. However, A4, which is a
subgroup of Sy of order 12, has no subgroup of order 6, and so is is not CLT. This gives us
an example of a non-CLT subgroup of a CLT group.

Example 3.9. Consider A, x Cy. This has order 2% - 3. Finding subgroups of orders 1 and
24 is trivial. Corollary 3.6 gives us subgroups of order 2, 3, 4, and 8. Now, A4 is a sub-
group of order 12, and Az x (s is a subgroup of order 6. And so A4 x C5 is CLT. However,
(Ay x Cq)/Cy =2 Ay is not CLT, giving us an example of a CLT group with a CLT sub-
group, whose quotient is not CLT. This is also an example of a product of two groups that

is CLT, but only one of the factors is CLT.

3.1 Groups of Square-Free Order

Proposition 3.10. If |G| = pq for some primes p and ¢, then G is CLT.

Proof. Subgroups of orders 1 and pq clearly exist. Cauchy’s Theorem gives us subgroups of

orders p and q. ]

Here, we have an example of a group with square-free order. That is, |G| is a square-

11



free number, which we defined in the preliminary section as a number whose prime factors
have multiplicity one. In this case, the prime factorization contained only two primes. As

we will show, this result can be extended to any group with square-free order.

Lemma 3.11. Let G be a group and N < G. If G/N and N are both solvable, then G is

solvable.

Proof. Let N < @ such that both N and G/N are solvable. Since N and G/N are each
solvable, there exist subnormal series
1=N,<---<4N, =N
1=G;/Nd---<G1/N=G/N
whose factor groups are each cyclic. By the Lattice Isomorphism Theorem and since each
Giy1/N < G;/N, we obtain subnormal series N = G; <4--- < Gy = G. By the Third
Isomorphism Theorem, each G;/G;11 = (G;/N)/Gi+1/N) is cyclic. And so we have our

desired subnormal series
1=N<---AQN=N=G;<9---4G, =G
with cyclic quotients. Hence G is solvable. O]

Definition 3.12. Let GG be a finite group where p is a prime dividing the order of G, and
P € Syl,(G). Then a normal p-complement, @, of P is a normal subgroup of G such that
PN@=1and PQ =G.

Lemma 3.13. [4, pg 327] Let P be a Sylow p-subgroup of a group G. If P is a subgroup

of Z(Ng(P)), then P has a normal p-complement in G.

12



Lemma 3.14. Let p be the smallest prime dividing |G|. If P € Syl (G) and P is cyclic,

then there exists a normal complement of P in G.

Proof. Let x € Ng(P). Then zPz~! = P. Let ¢ : Ng(P) — Aut(P) be given by ¢(z) =
fe, where f.(g) = xgz~'. Now, P is cyclic, so abelian, and hence P < ker ¢. We have the

induced homomorphism
0: Ng(P)/P — Aut(P).

Since |P| = p* is the highest power of p dividing |G|, p 1 |Ng(P)/P|. Any prime di-
viding the order of Ng(P)/P must be greater than p. Now since P is cyclic of order p*,

| Aut(P)| = (p — 1)p*~*. Any prime factor of | Aut(P)| must therefore be less than or equal
to p, and so ged(|Ng(P)/P|,| Aut(P)|) = 1, and thus @ is the trivial mapping. Let g € P
and take 0(zP)[g] = xzgz~' = g. It follows that xg = gz, and so g € Z(Ng(P)). So

P < Z(Ng(P)). From Lemma 3.13, it follows that there exists a normal p-complement of

P in G. O]
Theorem 3.15. If G has square-free order, then G is solvable.

Proof. Let G be a group with square-free order. Let |G| = pips ... p.. We will induct on r.
If r = 1, then |G| = p, and so G is cyclic, hence solvable. Assume the result is true

for r = k. Now suppose that r = k + 1. Then |G| = pipa...prr1, where p; < py <

... Pr+1. By Lemma 3.14, there exists N < G such that |G/N| = p;. But [N| = pa...pri1.

By induction, N is solvable. Also, G/N is cyclic, and thus solvable. By Lemma 3.11, G is

solvable. O
Lemma 3.16. Suppose N is square-free and mn = N. Then ged(m,n) = 1.

13



Proof. Suppose ged(m,n) = d. Then m = m’d and n = n/d. So N = mn = m/n/d*>. That

is, d* | N, and so d*> = 1. By Proposition 2.24, 1 = d = ged(m, n). O

Definition 3.17. Let G be a finite group. If H is a subgroup of G whose order is rela-

tively prime to its index in G, then H is called a Hall subgroup.

Sylow p-subgroups are Hall subgroups whose order has only one prime factor, while
p-complements are Hall subgroups whose index has only one prime. The next result from

Hall generalizes the existence of these subgroups in solvable groups.

Theorem 3.18. [6, Theorem 9.3.1] If G is solvable and |G| = mn, where m and n are

relatively prime, then there exists a Hall subgroup of G of order m.

Theorem 3.19. A group G of square-free order is a CLT group.

Proof. Let G be a group of square-free order. By Theorem 3.15, GG is solvable. Suppose
m | |G|. Then |G| = mn for some n. By Lemma 3.16, m and n are relatively prime. It
follows by Theorem 3.18 that G has a Hall subgroup of order m. Hence G is a CLT group.

]

3.2 Nilpotent Groups

Definition 3.20. A central series of a group G is a series of subgroups
1=G;<--- 4G, =G

such that each G;,1/G; is contained in the center of G/G;.

In a similar fashion to our definitions of supersolvable and solvable groups, we have

a new classification.

Definition 3.21. A group G is called nilpotent if it has a finite central series.
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All abelian groups are nilpotent. A nonabelian example of a nilpotent group is the

quaternion group, which has central series {1} < {1,—1} < Qs.
Lemma 3.22. [6, Corollary 10.3.1] Suppose G is nilpotent and H is a proper subgroup of

G. Then H is a proper subgroup of Ng(H).
This is the normalizer property, and it generalizes on a property of abelian groups:

that every subgroup of an abelian group is normal.
Theorem 3.23. [5, pg 191] A group G is nilpotent if and only if it is the direct product

of its Sylow p-subgroups.

Proof. (=) Suppose G is nilpotent. First, we will show that every Sylow p-subgroup of G
is normal. Let P € Syl,(G) for some p | |G|. Since P < Ng(P), it is unique in Ng(P) of
order p*. Since automorphisms preserve orders, we get that P is characteristic in Ng(P).
But Ng(P) 9 Ng(Ne(P)). So by Proposition 2.4, P < Ng(Ng(P)). And so Ng(Ng(P)) <
N¢(P), showing Ng(Ng(P)) = Ng(P). By Lemma 3.22, this means Ng(P) cannot be a
proper subgroup of GG, and so Ng(P) = G. Thus P < G. But if every Sylow p-subgroup of
G is normal in GG, then G is the direct product of them.

(<) Now, suppose G = P; x--- X B, is the direct product of its Sylow p-subgroups.
Note that Z(P, x--- x P,) = Z(P,) x--- x Z(P,). Each P, is a p-group, so Z(P;) # 1 by
Lemma 3.3. If G # 1, then |G/Z(G)| < |G|. By induction, G/Z(G) is nilpotent, giving us

central series
2(G))2(G) = 2,/2(G) <+ -+ 4 Z,J2(G) = G/Z(G).
By the Third Isomorphism Theorem and Lattice Isomorphism Theorem, we have central

series 1 4 Z(G) < Z; 9--- 9 Z;, = G, showing G is nilpotent. O
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Note that Sylow p-subgroups are p-groups, and are CLT by Corollary 3.5. Since G
is a finite direct product of these, it must be CLT by Theorem 3.7. However, we will show

a stronger result.

Theorem 3.24. Let G be nilpotent and d divide the order of G. Then G has a normal

subgroup of order d.

Proof. Let G be nilpotent such that |G| = pi*---pi». Then each P; € Syl (G) is unique
and thus normal in G. By Theorem 3.23, G = P| x P, x--- P,, where P; € Syl (G). Let
d divide |G|. Then d = p&'-- - pbr, where 0 < b; < a;. By Proposition 3.4, each P; has a
normal subgroup H; of order pf Take

H=H x---x H,.
Then H is a normal subgroup of G with order d. O

Therefore nilpotent groups satisfy a stronger version of CLT in that for each divisor

d of the order, there is a normal subgroup of order d.
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4. GROUPS OF ORDERS p?q AND p?¢?

In the previous section, we showed that a group of order pq, where p and ¢ are dis-
tinct primes, are CLT. We then generalized this result to any group having a square-free
order. In this section, we will again restrict the prime factorization of the orders of our
groups to two primes, except now with the condition that either one or both of the primes

are squared.

4.1 Groups of Order p’q

Definition 4.1. Let A be an n x n matrix. Then the characteristic polynomial of A is

given by
p(A) = det(N — A)

where [ is the n X n identity matrix.
Theorem 4.2. [6, Theorem 9.3.2] A group of order p®q®, where p and ¢ are primes, is
solvable.

Corollary 4.3. If G is a group of order p®¢®, where p and ¢ are prime, then there exists

N < G with index p or gq.

Proof. Since G has order p®¢®, it is solvable by Theorem 4.2. Let N be a maximal normal
subgroup of G. Then G/N is simple and solvable, and so cyclic of prime order. Hence [G :

N]=|G/N|=porq. O

Lemma 4.4. Matrices that are conjugates of each other have the same characteristic

polynomial.
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Proof. Let A and B be n x n matrices with corresponding characteristic polynomials p4()\)
and pg(A). Suppose A = RBR™!. That is, A and B are conjugates of each other. Then we

have

pa(AN) = det(AT — A)
= det(M — RBR™)
— det(RAIR™" — RBR™)
= det(R(\ — B)R™")
— det(R) det(A\] — B) det(R™")
= det(A\ — B)

= pB(A)

]

Theorem 4.5. Let G be a non-abelian group of order p?q. Then G is a CLT group if and

only if gtp+1orgqg=2.

Proof. Suppose G has order p?q. By Sylow’s Theorem, G has subgroups of order p? and gq.
By Cauchy’s Theorem, G has a subgroup of order p. Hence G is CLT if and only if it has
a subgroup of order pg. Let @ € Syl (G). By Corollary 4.3, G has a normal subgroup N
with prime index. If [G' : N| = p, then |N| = pq, and so G is a CLT group. If [G : N] = g,
then |[N| = p? and so N =2 Cp2 or N = C,, x C,. Let N = C,2. Now, C,, is characteristic in

G, so C,Q < G and |C,Q| = pg, showing that G is CLT. Now, suppose C, x C, & N < G.
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We have G = (C), x C,) x4 C, with ¢ : C; = Aut(C, x C,,) = GLy(F,), and so

|AUt(Op x Cp)| = |GL2(]FP)|
= (p* = D" —p)

=plp—1)>*(p+1)

If ¢ is trivial, then G = C), x C}, x Cy, which contains C, x C},, x 1 as a subgroup of order pq.
So we may assume ¢ is nontrivial. Let = generate C; and ¢ map x to A € GLy(F,). Then
A is a non-identity element of order ¢. By Lagrange’s theorem, ¢ | p(p — 1)%(p + 1). Clearly

q1{p,soeitherg|p+1lorq|p—1.

Case 1: Suppose A is not be diagonalizable. Then the Jordan Canonical Form of A

is (g 1). That is,

a 1
A=R Rt
0 «
And in general,
ad qod!
Al=R R1'=1.
0 ol

So we have 0 = ga? ! € F,. Hence p | ¢, which contradicts the fact that p and ¢ are

distinct primes. So it is necessary that A be diagonalizable.

Case 2: Now, suppose A is diagonalizable. Then we have
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A=R R!
0 g
That is,
a? 0
A1=R R!
0 p1

Case 2a: If ¢ | p— 1, then o?~! = 1. So a € (F,)*. There exists @ € F such that
At = ot € (d). That is, zdz~" € (d) = C,. Hence (z,4) = C, x C, < G has order pg. And

so G is a CLT group.

Case 2b: Suppose ¢ | p+1. Without loss of generality, we may assume that ¢{p—1,
otherwise 2a applies. That is, ¢ # 2. By Cauchy’s Theorem, there exists A € GLy(F,) of
order g. We will now show that at least one of the eigenvalues of A is contained in [F,2 —
F,. By way of contradiction, assume neither are. That is, o, 5 € F,. Since A is invertible,
@, 8 # 0. So both are units. That is, they are contained in F’, which has order p — 1. By
Lagrange’s theorem, a?~! = P~! = 1. But note that

I=A"=R
0 p1

It follows that a? = 37 = 1, but ¢ is the lowest power doing so. Hence ¢ | p — 1, contradict-

ing our assumption. So either o or § is contained in [F,,» — F,. Without loss of generality,
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assume it is . We have

=A-a)A=p)

=\ — (a+B)A+ap

Since 22 — (a + B)x + aff € F,[z], it is true that o + 8 € F,. So we must have 3 ¢ F,,.

Otherwise, o = a+—f € F,, contradicting our assumption. Now, let G = (C, x C,,) x4 C,
(where ¢ generates C,) under the action cvc™! = Av. Suppose H is a subgroup of order pgq.
Let v € C), x C}, have order p. We need to find a vector of order ¢q. Let @ € C,, x C,. Then

(we)t = (W + A +- - - + AT 10). So (A — I)(we)? = (A7 — )@ = 0. But note that

a 0
det(A —I) = det(R R'—1T)
0 g
a—1 0
= det
0 pg-1
=(a—-1)(-1)
#0

So we must have (wc)? = 0, showing wc is an element of order ¢g. Thus

H = (v, wc)

21



, and so wcd(we)~t € H. But

=W+ cvct +wt

= ctlic™!

= AT 4\,

where A € F,,. (We showed the eigenvalues of A must be in F,2 — F,.) Thus A¢ and ¢ are
linearly independent, so H has order p?q, contradicting the assumed order of H. Therefore
there cannot be a subgroup of order pg. Hence it is necessary that ¢ { p + 1 or, if it does,

then g = 2. O

Example 4.6. Suppose |G| = 72 - 3. 3 divides 7-1 and, since 3 # 2, 3 does not divide
7+1. It suffices to show there is a subgroup of order 3 - 7 = 21. Now, let Q € Syl;(G).
By 4.3, there exists N < G such that [G : N] = 3or 7. If [G : N] = 7, then N = 21.
Suppose [G : N] = 3. Then [N| = 7>. So N & Cygor N = (7 x C7. If N = Cjg, then
we have Cyg. C7 is characteristic in N, so C7() < G has order 21. Let N = (', x (7. Then
G = (C7 x C7) x4 Cs. Suppose ¢ is non-trivial, and let x generate Cs5. Then ¢(z) = A €
GLy(F7), where A # I. We have A = R(4§)R™". But A> = 1. Since 3 | 7—1, A7! = I.
So @™ = 1, hence a € (F;)*. So there exists @ € Fy? such that A = ai € (i) = Cy.
And so (z,4) = C5 x C7 < G has order 21.

Example 4.7. Let C5 be generated by = and suppose
¢ : 03 — Aut(C5 X 05) = GLQ(]F5)
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maps z to some M € GLy(F5). We have C2 x4 C3 has order 5* - 3 = 75. Then M? =

¢(2™) = I, so M has order 3. Take

-1 -1

Note that M2+ M + 1 =0 and M*+ M? +1=0. Let v € C5 x C5 so that (v,z?) is
in G. Then i is either 0, 1, or 2. If i = 0, then (v,z") = (v,1) has order 1 or 5. Now, note

that

(Uwri)s = (Uu xi)Q ’ (Uwri)
= (v+ M'v, 2%) - (z,0")
= (v + M+ M*v, 2>

= ((I+ M+ M), 1).

If i = 1 or i = 2, then this is (0, 1), the identity. And so (v, z") has order 3. Hence each
element in G has order of either 1, 3, or 5. Suppose there is a subgroup of G with order
15. By Cauchy’s Theorem, there is an element of order 15, a contradiction. There cannot

be such a subgroup, and so G is not CLT.

4.2 Groups of Order p?¢?

We have now considered groups of order pg and p?q. A natural step would be to

consider groups of order p?¢?.
Theorem 4.8. [2, pg 2] Let G be a non-abelian group of order p?q?, where p, ¢ are primes
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with ¢ < p. Then G is non-CLT if and only if ¢ is odd and ¢ divides p + 1.

Proof. (<) We have that ¢ < p. By Sylow’s Theorem, n, = 1 mod p and n, | ¢* So
n, = 1 or ¢ or ¢*>. We must have the n, = 1, and so P € Syl,(G) is normal. Now, suppose
G contains a subgroup H of order pg®. There exists Q € Syl,(G) that is a subgroup of H.
Since ¢ divides p + 1, ¢ does not divide p + 1, since it is odd. Now by Sylow’s Theorem,
ny, = lorp. Butn, = 1 mod ¢. Since ¢ 1 p — 1, we must have that n, = 1, and so
(Q < H. And so the normalizer of () in G is either H or all of G. Hence we must either
G : Ng(Q)] = 1or [G: Ng(Q)] = p. It follows that the number of conjugates n,(G) of
@ is either 1 or p. If ny(G) = p, then p = 1 mod ¢, contradicting ¢ being odd. And so
ny(G) = 1,80 Q) < G. Since P, () are normal in G such that PN Q =1, G = Q x P
is abelian, contradicting our assumption. Hence there cannot be a subgroup of G of order
pq?, showing G is non-CLT.

(=) Suppose G is non-CLT. As shown in the first part of the proof, G has a normal
Sylow p-subgroup P. If @) is some group of order ¢, then the product of () and P is a sub-
group of order p?q. If G contained a subgroup of order pg?, then the intersection of it with
a subgroup of order p?q would yield a subgroup of order pq, making G CLT. And so there
cannot be such a subgroup. Therefore there cannot be a normal subgroup in G of order p,
as its product with a Sylow ¢-subgroup would be one. P is non-cyclic and so G has p + 1
subgroups of order p. Now, every subgroup of order p is normal in P. If H is a subgroup
of order p, then Ng(H) > Np(H) = P (since H < P). Consequently, |[Ng(H)| > p?, and so
1 < [G: Ng(H)] < ¢* Now, ¢ divides the number of conjugates of H which is equal to ¢

or ¢>. Andsoq|p+1. O
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5. FURTHER CLASSIFICATION

Recall from the first section the definitions of supersolvable and solvable groups,
and that all supersolvable groups are solvable. As we will show in this section, CLT groups

are properly contained between supersolvable and solvable groups.

5.1 CLT Groups are Solvable

Lemma 5.1. [6, Theorem 9.3.3] If a finite group G contains a p-complement for every

prime p dividing its order, then G is solvable.

Suppose n; is the maximum power for each prime p; such that p;* divides the or-
der of a group G. Then if G has a subgroup with index p;* for each p;, then G is solvable.
Now, recall the definition of a Hall subgroup: a subgroup whose order is relatively prime

to its index.
Lemma 5.2. [3, Lemma 1] Let |G| = n = p{'p5?- - - pi* and n; = n/p;* for each i. Then G

is solvable if and only if G’ has a subgroup of order n; for each i.

Proof. (=) Assume G is solvable such that G = n = pi*---p%. Take n; = n/p;*. Then

|G| = nipi* and ged(n;, pi") = 1. By 3.18, there exists a Hall subgroup of G of order n;.
(<) Let |G| = n = pi*...p% and suppose for each prime dividing the order of

G, there exists a subgroup H; of G of order n/pj*. Then H; is a p-complement for each p;

dividing G. By Lemma 5.1, GG is solvable. [
With this result, we are now ready to show the first containment.

Theorem 5.3. [3, Theorem 1] All CLT groups are solvable.

Proof. Let G be CLT. If |G| = 1, then this is trivial. So assume |G| = n has prime fac-
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torization p{'...py*. Define n; = n/p}* for i = 1,..., k. Each n; divides n and so G has a

subgroup of order n; for each i = 1,..., k. By Lemma 5.2, GG is solvable. n

Example 5.4. The converse to this is not true. For example, A, is solvable but note
CLT. In general, if H is a group of odd order, then A, x H is solvable but is not CLT.
Let |H| = h, where h is odd. Note that Ay is solvable. By the Feit-Thompson Theo-
rem, H is solvable. Hence Ay x H is solvable and |A; x H| = 12h. We will now show
that Ay x H does not have a subgroup of order 6h. Suppose that such a group, K, ex-
ists. Then [A; x H : K] = 2, and so K is normal. Also, (A4 x H)/K has order 2, and
hence is abelian. Let g,h € Ay x H. Then ghK = hgK, and so g 'h 'ghK = K. Hence
lg,h] € K, showing (A4 x H)' = A} x H < K. By Lagrange’s theorem, |A}| divides |K]|.
But A}, = {(1),(12)(34), (13)(24), (14)(23)}, so 4 | 6h, which is a contradiction since h is

odd. Therefore, Ay x H cannot have a subgroup of order 6h, and so is not a CLT group.

5.2 Supersolvable Groups Satisfy CLT
Definition 5.5. A chief series of a group G is a normal series
1=G,<--- 4G, =G

such that for any ¢, there does not exist a proper subgroup H between GG; and G,,; where
H LG
Lemma 5.6. [6, Corollary 10.5.2] Suppose G is finite and supersolvable of order pips ... p,,

where p; < py <--- < p, are primes. Then G has a chief series
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where each A;_;/A; has order p;.
Lemma 5.7. [3, Lemma 2| Let |G| = n = p{*...p% such that p; < ps <-++ < p,. If G is

supersolvable, then there exist normal subgroups of G with orders 1, p,, p2,..., p’ .

Proof. Let G be finite supersolvable. Let |G| = pipa- - - p,, where p; < py <--- < p,. By
Lemma 5.6, G has chief series Ag > A; >--- > A, = 1, where A;_1/A; has order p;. Let

|G| = pi*...p}, where p; <--- < p;. Then we have

‘Ar| =1 :pg
|A,_1/A.| = p, and so |A,_1| = p;

|A,_o/A,_1]| = ps, and so |A,_s| = p?

|Ar7at /Arf(atfl)’ = D¢, and so ‘Arfat’ - pgt
Since this is a chief series, each A; is normal in G. O]

In Theorem 5.3, we showed that all CLT groups are solvable, and that this is a
proper containment. Now, we are ready for our next containment- that all supersolvable

groups are CLT.

Theorem 5.8. [3, Theorem 2] All supersolvable groups are CLT.

Proof. Assume G is supersolvable. We will induct on the number of primes which divide

|G|. If |G| = 1, then this is trivial. If |G| = p®, then G is a p-group and is a CLT group, by
Corollary 3.5. Assume G is CLT if |G| = p{'...p% for some n. Let |G| = p{* ... ptrpait,
where p; < py < ... < pupy1- As usual, suppose d divides the order of G. Then d =

i pent = rpitt where 0 < b; < a; and r = pi' ... p¥+1. G is supersolvable, and hence

solvable. Thus we can find a subgroup H < G such that |H| = |G|/py" ' = pi* ... poe.
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Since G is supersolvable, H is supersolvable. By the induction hypothesis, H is a CLT
group since it has n prime divisors. Since r | |H|, there is a subgroup R < H of order r.
So R is a subgroup of G with order r. Since G is supersolvable, we may apply Lemma 5.7

to find P < G with |P| = pf{ff. Since P is normal, RP < G. Also, since the orders of R

|| P|
and P are relatively prime, |RP| = RAP = |R||P| = rpf[ff = d. This shows that G
contains a subgroup of order d, and it follows that G is a CLT group. O

Example 5.9. The converse is not true. Let G be a CLT group. The group A4 x Cs is
a CLT group, but not supersolvable. More generally, let G be some CLT group. Then, by
Theorem 3.7, (A4 x Cy) x G is also CLT. Note that Ay = Ay x {e} is not CLT. By Theo-

rem 5.8, Ay is not supersolvable. It follows that (A4 x C3) X G is not supersolvable.

Indeed, this sequence of group class containment extends to the following classes

covered in Sections 1 and 3:

Cyclic C Abelian C Nilpotent C Supersolvable C CLT C Solvable
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6. GROUPS OF ORDER p'q

In the third section, we found the conditions for a group of order p?q to be CLT.

Definition 6.1. Let p be some prime. A group G is strictly p-closed if G has a unique

Sylow p-subgroup P such that G/P has exponent dividing p — 1.

Definition 6.2. An abelian group G is elementary abelian if every nontrivial element has

order p, where p is prime.

Note that all elementary abelian groups are p-groups. The following lemmas are
given by Pinnock in [8].
Lemma 6.3. let G be finite and solvable. Then a minimal normal subgroup of G is an
elementary abelian subgroup for some prime p.
Lemma 6.4. Suppose N is a minimal normal subgroup of a group G such that N is el-
ementary abelian for some prime p. Then |N| = p if and only if G/Cg(N) is abelian of
exponent dividing p — 1.
Definition 6.5. Let N < G. If N has a normal series whose terms are normal in G and
factors are cyclic, then N is said to be G-supersolvable.
Lemma 6.6. If N < G is G-supersolvable and G/N is supersolvable, then G itself is su-
persolvable. In particular, cyclic-by-supersolvable groups are supersolvable.
Theorem 6.7. [8, Proposition 4.4] If G is strictly p-closed for some prime p, then G is

supersolvable.

Proof. We will induct on the order of G. Assume G is strictly p-closed and S € Syl (G).
Consider |S| = 1. Then G/S is abelian of exponent dividing p — 1. But G = G/S is
abelian, and so G is supersolvable. So consider the case where |S| # 1. Let Z be the
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center of S. Since S is a p-group, by Lemma 3.3 Z is nontrivial. Also, since Z is char-
acteristic in S and .S is normal in G, we have that Z is normal in G. Thus Z contains a
minimal normal subgroup N of GG. Since N is contained in the center of S, S centralizes
N. By Lemma 6.3, N is elementary abelian for some prime p. Note that by assumption,
G/S is abelian of exponent dividing p — 1. And so, by the Third Isomorphism Theorem,
G/Cq(N) = (G/S)/(Cg(N)/S) is abelian of exponent dividing p — 1. By Lemma 6.4, N is
cyclic of order p. Since N is nontrivial, |G/N| < |G|. Since S is a p-group, it has order p,
and so |S/N| = p"~!. Since S is normal in G, S/N is normal in G/N. Hence S/N is the
unique Sylow p-subgroup of G/N. By the Third Isomorphism Theorem, (G/N)/(S/N) =
G/S is abelian of exponent dividing p — 1 by the assumption. Hence G/N is strictly p-
closed. So by induction, G/N is supersolvable. Since N is cyclic, G/N is cyclic-by-supersolvable.

Hence G is supersolvable. O

We will now obtain a result about CLT groups of order p'q.

Theorem 6.8. Let GG be a group of order p”q, where p and ¢ are primes such that ¢ di-

vides p — 1. Then G is a CLT group.

Proof. Let P € Syl,(G). By Sylow’s Theorem, n, = 1 mod p. But n, divides ¢, which

divides p — 1. Hence we must have n, = 1, and so P < G. Now, |G/P| = ¢ is cyclic, and so
abelian. Also, the order of each element in G/P divides ¢, which divides p — 1. Thus G/P
has exponent dividing p — 1. By Theorem 6.7, G is supersolvable. By Theorem 5.8, G is a

CLT group. O

Example 6.9. In particular, all groups of order 2p" are supersolvable, and so CLT.
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Note that this is not a generalization of Theorem 4.5. For example, a group of or-
der 32 - 5 is a CLT group by that result. However, the order clearly does not meet the con-

ditions for Theorem 6.8, and so it does not apply here.

31



7. MORE RESULTS

Previously, we showed that all groups of order pg are CLT. We then gave condi-
tions to guarantee that a group of order p?q is CLT and for a group of order p?¢? to not
be CLT. Another natural step from p?q, rather than squaring both primes, would be to

consider groups of order p?q. Marius Tarnaceanu gives the following result.

Theorem 7.1. [9, Theorem 1.1] Let p and ¢ be primes. Then there exists a non-CLT

group of order p?q if and only if ¢ divides p + 1 or ¢ divides p? +p + 1.
In Theorem 4.8, the conditions we gave to guarantee a non-abelian group of order
p?q* (where ¢ < p) to not be CLT were that ¢ be odd and ¢ divide p + 1. However, there

are equivalent conditions for this result.

Theorem 7.2. [2, pg 2] Let G be a non-abelian group of order p?¢*, where ¢ < p. Then G
is not CLT if and only if one of the following holds:

1. ¢g=2,p=3 mod 4, G = (C, x C}) x4 Cy, and ¢ is one-to-one.
2. G= Ky x,Cyor Ky 1, (Cs x Cy), where Ky is the Klein-four group.

We can generalize these order to groups of orders p®q®, where p and ¢ are primes.
Such groups are solvable by Theorem 4.2. John Nganou extends this in [7, pg 3]. He de-
fines a number n to be a CLT number if every group of order n is CLT. An example he
gives unlike what we have covered in this thesis, are numbers of the form p™q?, where p, q
are primes and ¢* | p — 1.

The result of Theorem 3.24 showed that if G is a nilpotent group and d divides |G|,
then there exists a normal subgroup of G of order d. And so nilpotent groups are strongly
CLT. One may investigate if these are the only groups which satisfy this, or if it can be
extended to a larger class.

Finally, we end with an interesting result which gives conditions that guarantee a

group to be CLT, regardless of order.
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Theorem 7.3. [1, Theorem 6] Let G be a finite group such that its commutator subgroup

(G’ is isomorphic to A4. Then G is CLT.

Example 7.4. Consider the group Sy. S;/A4 = Cy, and so S < Ay. Now, take (a b ¢) €

Sy, where a, b, ¢ are distinct. Then

[(ab):(ac)=(ab)(ac)ab)(ac)=(abc)

is contained in Sj. Since A, is generated by the 3-cycles of Sy, we have A, < S). And so

the commutator subgroup of Sy is A4. As we showed earlier, Sy is a CLT group.

33



8. CONCLUSION

In this thesis, we explored finite groups satisfying the converse to Lagrange’s theo-
rem. We investigated groups by their orders, namely groups with orders that are square-
free or consisting of two prime factors. We also showed that there is a proper containment
of supersolvable groups in CLT groups, and of CLT groups in solvable groups. Finally, we

outlined other results which, amongst others, are worthy of further investigation.

34



REFERENCES

[1] Barry, Fran: The commutator subgroup and CLT groups, Mathematical Proceedings of
the Royal Irish Academy, 104, 119-126 (2004).

[2] Baskaran, Shyamsunder: CLT and non-CLT groups of order p*q*, Fundamenta Math-
ematicae, 92, 1-7 (1976).

[3] Bray, Henry: A note on CLT groups, Pacific Journal of Mathematics, 27, 229-231
(1968).

[4] Burnside, William, Theory of Groups of Finite Order, Dover, New York (1955).
[5] Dummit, David, Foote, Richard, Abstract Algebra, Wiley, Vermont, 2004.
[6] Hall, Marshall, The Theory of Groups, Dover, New York (2018).

[7] Nganoi, Jean: Converse of Lagrange’s theorem (CLT) numbers under 1000, Int. J.
Group Theory 6, 2, 37-42 (2017).

[8] Pinnock, Chris: Supersolubility and some characteriza-
tions of finite supersoluble groups, 2nd edition, Available at
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.28.2482rep=repltype=pdf,
1998.

[9] Tarnduceanu, Marius: Non-CLT groups of order pq®, Math. Slovaca, 64, 311-314
(2014).

35



	Groups Satisfying the Converse to Lagrange's Theorem
	Recommended Citation

	INTRODUCTION
	PRELIMINARIES AND BASIC RESULTS
	ELEMENTARY CLT GROUPS AND PROPERTIES
	Groups of Square-Free Order
	Nilpotent Groups

	GROUPS OF ORDERS p2q AND p2q2
	Groups of Order p2q
	Groups of Order p2q2

	FURTHER CLASSIFICATION
	CLT Groups are Solvable
	Supersolvable Groups Satisfy CLT

	GROUPS OF ORDER prq
	MORE RESULTS
	CONCLUSION
	REFERENCES

