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The Degree of Copositive Approximation and a Computer Algorithm

Yinakang Hut anDp Xianag Ming Yut

Abstract. Our main results are: (1) Let f € C[0, 1] change its sign a finite number of times,
then the degree of copositive approximation of f by splines with n equally spaced knots is bounded
by Cws(f,1/n) for n large enough. This rate is the best in the sense that w3 can not be replaced by
w4; (2) an algorithm is developed based on the proof; (3) the first result above holds for copositive
polynomial approximation of f; (4) if f € C'[0, 1], then the degree of approximation by copositive
splines of order r is bounded by Cn~tw,_1(f',1/n).

The results on f € C[0, 1] fill a gap left by S. P. Zhou [10], and Y. K. Hu, D. Leviatan and X.
M. Yu [4-5].

Key words. Computer algorithm, Degree of copositive approximation, Spline approximation,
Polynomial approximation, Splines with equally spaced knots
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1. INTRODUCTION AND MAIN RESULTS

Let C"[0, 1] be the space of r times continuously differentiable functions on [0, 1],
and let CJ[0, 1] be the space of continuous functions. Let f € C[0, 1], then we denote
by || - || the uniform norm taken over [0, 1] and by w,(f,t) the usual rth modulus of
smoothness of f, with wq(f,t) understood as ||f||. We say that f(z) changes sign at
y € (0,1)if: (1) f(y) = 0; (2) there exists an £; > 0 such that nf(x) > 0 for any
z € [y — 1, y], where n = £1; (3) there exists an £ > 0 such that nf(z) < 0, for
any « € [y, y + €2]; (4) the inequalities hold strictly at least at one z in (therefore
on a portion of) each of the neighborhoods above, that is, f has a true sign change
at y. Such a y is called a point of sign change of f. We assume f only has k& < oo
sign changes at 0 < 41 < y2 < --- < yr < 1, and denote yo := 0 and yry1 = 1. A
function g 1s said to be copositive with f if it has the same sign with f on each interval
[yi, yi+1] and changes its sign exactly at each y;.

For any n > 0, let h := 1/n, #; := th and T := {xl}, then {Ni,r}?:_ll_r forms a
basis for all splines of order r on [0, 1] on knot sequence T, where

Nip(2) = (2igr — @), i) (- —2) 07V

are the B-splines of order r on T, and every such a spline can be written as
(1.1) s(e)= > eiNiy(x),

Since all the knots are simple, s € W71 here and throughout W;f denotes the Sobolev
space, the space of functions whose (k — 1)st derivative is absolutely continuous and
whose kth derivative lies in Ly, 1 < p < oo.
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The purpose of this paper is to investigate the degree of approximation of func-
tions f € C[0, 1] by splines and polynomials that are copositive with f. Although the
degree of nonnegative approximation to a nonnegative function is of the same order as
the best unconstrained approximation, it is not so for copositive approximation. For
example, S. P. Zhou [10] proves that it is impossible to approximate a general function
J € CJ0, 1] by copositive polynomials at a rate of w4 even if this f has a continuous
derivative and changes its sign only once in [0, 1]:

THEOREM A. There is a function f € C[0, 1] which changes its sign once in
[0, 1], such that

(0)
(1.2) hﬂgp% = +o0,

where Er(LO)(f) 1s the error of the best copositive approximation to f by polynomials of
degree < n.

Y. K. Hu, D. Leviatan and X. M. Yu [5] have recently proved that this also holds
for copositive approximation by splines with equally spaced knots, as shown in the
following theorem.

THEOREM B. There is a function f € C[0, 1] which changes its sign once in
[0, 1], such that for any sequence of splines s, of order r with n — 1 equally spaced
winterior knots, which are copositive with f, we have

(1.3) limsupM =

n—o00 W4(f, 1/77,)

In fact, this type of constrained approximation is impossible even for a much
larger class of approximating functions [5, Theorem 4]. On the positive side, they
prove in the same paper that, under conditions very similar to those in our main
results, the degree of copositive approximation by either polynomials or splines with
equally spaced knots is no worse than ws. Their approach is to construct the desired
spline first, and then apply the theorem below to the spline to get the polynomial
approximant. We will use the same approach to prove one of our theorems (Theorem
2).

TueoreEM C. Let f € CY0, 1] change its sign k > 1 times at 0 < y; < y2 <
c- < yr < 1and let § = ming<j<r(yj+1 — ¥;), where yo == 0 and yp41 == 1. Then
for any m > 1, there are positive constants C1 = Cy(k, m) and Cy = Ca(k,m,d), such
that for each n > C1671, there exists a polynomial p, of degree < n which is copositive
with f and satisfies

(1.4) 1S = pall < Con™lam(f', 1/n).

The results in [5] and [10] leave an obvious gap of ws. The reason Hu, Leviatan
and Yu can not get order wgz is that the construction of the spline in [5] depends
on the Schoenberg—Bernstein variation diminishing operator, which preserves many
geometric properties of f but only has a degree of approximation wy. Theorem D and
Corollary E below, which are very recent results of ours [6], enable us to start the
construction with a best quadratic spline approximation of f, which yields degree ws.

THEOREM D. Let 1 <r <n and 0 <m<r, and let s be as in (1.1). Then

(1.5) Weom_j(sW, k)~ |[A™c||,, 0<j < min(m,r—1),

therefore they are all equivalent to each other with the equivalence constants depending
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only on r, where ¢ is the B-spline coefficient sequence of s and A™ is the mth difference
operator on sequences.

CoroLLARY E. Let f € WJ[0, 1], j > 0, have a spline approzimant s,, n > r,
of the form (1.1) such that

||f—5n||pgC’on_jwm(f(j),l/n)p for some m <r—j
then
(1.6) wm+j_k(5£f), 1/n), < C’C’onk_jwm(f(j), 1/n)p, 0<k<min(r—1,m+ j),

where C' 1s a constant depending only on r.

Our first result is about copositive approximation to functions in C[0, 1] by splines
with equally spaced knots, which fills the gap mentioned above for splines. We post-
pone the proof until §2.

THEOREM 1. Let f € CJ[0, 1] change its sign k > 1 times at 0 < y; < ya <
o< yp < 1. Let yo .= 0, ypy1 := 1 and § := mino<;j<x(yj+1 — ¥;). Then for each
n > 4671, there exists a quadratic spline s, copositive with f with n— 1 equally spaced
wnterior knots such that

(1.7) If = sull < Cuws(f, 1/n),

where C' 1s an absolute constant.

Based on the proof of Theorem 1, we develop an algorithm which actually com-
putes (the coefficients of) the spline in the theorem. It will be described in §3.

With Theorem 1, we can easily prove a similar result on polynomials in the same
way as that of [5], and this fills the gap for polynomials.

THEOREM 2. Let f € C[0, 1] change its sign k > 1 times at 0 <y < y2 < -+ <
yr < 1. Let § := ming<j<p(yj41 — y;), where yo := 0 and yx41 := 1. Then there are
positive constants Cy = C'_l(k’) and Cy = C3(k,d) such that for each n > C167*, there
exists a polynomial p,, of degree < n which is copositive with f and salisfies

(1.8) [|f — pnll < Cows(f,1/n).

Proof. In this proof and throughout this paper, the capital letter C' denotes a
constant that may change its value from one occurrence to another, even in the same
line. We apply Theorem C to the spline s, in (1.7) and obtain a polynomial p, of
degree < n that is copositive with s,, therefore with f as well. One can readily
estimate the distance between p, and f:

If = pall <1 = sall + lIsn — pall < Cws(f,1/n) + Cn~'wa(s),, 1/n) < Cws(f,1/n),
where (1.4) and (1.6) have been used. O

Now that ws i1s the best one can do with general functions in C, a question that
arises naturally is whether one can do better with smoother functions. In this aspect,
we have the following analogue to Theorem C for splines that says the optimal order
of approximation can be achieved in this case. The proof will be given in §4 at the
end of this paper.

THEOREM 3. Let f € C[0, 1] change its sign k > 1 times at 0 < y; < y2 <
< yp < L Let 0 i=mim<j<k—1(Yj41 —y;) fk > 1and d ;=3 if k = 1. Then
for any r > 2 and n > 3371, there exists a spline s, of order r with no more than
n + 4k(r — 1)? interior knots that is copositive with f and satisfies

(1.9) 1/ = sall < Con~lwpa (f, 1/n),
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where C, 1s a constant depending only on r.
Remark. Although the knots of this s, are not equally spaced, it can be viewed
as a spline on a finer uniform mesh, so Theorem D and Corollary E still apply.

2. PrROOF OF THEOREM 1
We define

(2.1) O T R U S S

2 2
to be averages of the knots in T and define J; := [;, #;41]. The following simple
properties about the B-splines N; 3 on T can be easily derived from formulae in almost
any book discussing B-splines, for examples, [2] and [8].

(2.2.1) Nj 3 is symmetric about the line & = Z;41, increasing on the left and de-
creasing on the right; It assumes 1/8 at #; and @;12, 1/2 at ;11 and #;45, and the
maximum value 3/4 at the center #;41 of its support [a;, z;13]; It is convex on J; and
Jit2 and concave on Jiqq;

n—1

(2.2.2) Denote Z ¢;N; 3 by S, then S(x;) = Ci_l—;&, i=0,...,n
i=—2
n_l C. — C. C. — C.
(2.2.3) &' = ’_Z_:l ZTHNM and S (z;) = % i=0,...,n.

The points P;(Z;,¢;—1), 1 = —1,...n, totally determine the graph of S and are called
the control points of S [2]. In terms of the control points, (2.2.2) and (2.2.3) can be
geometrically restated as: the line segment FP;_1F; is tangent to the graph of S at
z = z;. We are now ready to prove Theorem 1.

Proof of Theorem 1. We denote ws(f, 1/n) by ws for convenience and fix n > 4/4.
Let

n—1

s(e) = D eiNis(x)

i=—2
be a best quadratic spline approximant of f on T, then s satisfies (1.7), namely,
(2.3) E:=|f-5] < Cus.

This s is not copositive with f in general, of course. we have to modify it to get the
desired spline s.
Before the modification we make two assumptions about s. Denote

I; = (i‘i,i‘H_l], 1=—1,...,n—1.

We call I; contaminated if ; < y; < Z;41 for some j. Since n > 4/J, there is
exactly one y; in each contaminated interval. Let /. and [; be any two consecutive
contaminated intervals, then

(2.4) 3<r<r+4<i<n-5,

that is, the distance between them is at least 32. Our Assumption 1 is that s has the
same sign as f on [z,42, #7]. Otherwise, we lift or lower the control points P;(#;, ¢;—1),
i=r+1,--- 1, by F units. More precisely, if f is nonnegative on [z,y2, ], for
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example, then for any x in that interval we have

0 < 5() = J(2) + B < 5(a) + B

(2.5) — Z_: ¢iNis(z)+ E = i(ci + E)N; 5(x).

If 5 is negative in (part of) the interval, we replace ¢; by ¢; + E, ¢ = r,--- [ — 1,
then s will satisfy the assumption and, by the definition of E, the inequality in (2.3)
will still hold. Similarly, we assume s has the same sign as f on [z, 2,] if I, is the
first contaminated interval, and on [¢,42, ,] if it is the last. This means s may have
wrong sign only in the interval [@,, ,42] for each contaminated interval I,.

Our Assumption 2 about s is that

(2.6) o1 > e (o ey <o)

if f changes sign in I from nonnegative to nonpositive, (or from nonpositive to non-
negative, respectively). Otherwise, we set them both to their average, which would
increase (decrease) c¢,_1, consistent with Assumption 1. This is possible because if f
changes sign from nonnegative to nonpositive and ¢,_1 < ¢,, for example, then we
will have

0< —4(cro1 —¢p) <25(xp) — 4ero1 — ¢r) — 25(2r42)
=c¢r_a+cro1 —4der_1 +4e — o — Cr41
=c¢r_2—3¢r_1+ 3¢, — cry1 < Cws(5,1/n) < Cuws.
Here Assumption 1 about § has been used in the second step, (2.2.2) in the third,
Theorem D in the fifth and Corollary E in the last one.
We are now ready to modify 5. Let y; be any of the points of sign changes,
and I, be the contaminated interval containing y;. We suppose f changes sign from
nonnegative to nonpositive at y;, and 5(y;) < 0. The other cases can be proved by

replacing f(z) by —f(1 — ) or —f(2). To correct the sign of § near y;, we add to it
a correction function

—5(y))
2.7 ; = N,_ .
27 i) = BN ate)
Since N,_1 3(y;) > 1/8 by (2.2.1), and

15(yi)| = 1£(y;) — 5(y;)| < Cws,
we have
(25) Iyl < Co,

As mentioned above, all cases will be changed to this case by rotation or reflection,
hence one can see that the support of any correction function contains the corre-
sponding contaminated interval in its interior and extends beyond it by no more than
1.5k on each side, therefore, by (2.4), the interiors of the supports of the correction
functions m;, j =1, .-, k, will be mutually disjoint, which enables us to define s by

{ 5(z) + my(z), if zisin the support of some m;
s(z) =4 _ .

§(x), otherwise.

Note (1.7) now follows from (2.3) and (2.8).
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The only thing remaining to show is that this s is copositive with fin [#,_1, @,42],
the support of m;. This part of the proof will be almost identical to Case 4 in the
proof of [5, Theorem 1]. We will take full advantage of the fact that s is a parabola
on each interval J; = [2;, #;41]. It is obvious that s is copositive with f on J._; since
5, m; and f are all nonnegative. On J,41, we claim that s = 5 4+ m; is either convex
or decreasing. We merely need to show this for 5 instead, because m; is both convex
and decreasing on J,11. Indeed, since s is linear on this interval, s is coconvex with
the broken line P.Pr41Prio by (2.2.3), where Pi(%;,¢;-1), i = r,r+ 1 and r + 2, are
control points defined at the beginning of the section. If P, P.y1 Py 42 is concave, then
P, 41 P, 42 has smaller slope than that of P, P-4, which is already nonpositive by (2.6),
and this means §' is nonpositive at both endpoints 2,41 and 45 hence on the whole
interval, therefore the claim is true.

On J, we claim that s is either concave or decreasing. An argument similar to
the above shows this is true on the interval [2,, #,41]. If s is convex on J,, then it
must be decreasing on [, #,41] C I, therefore it is decreasing on whole J,.

Now if 2,41 < y; < Zr41, then these two claims together with s(z,) > 0,

5(vs
S(05) = 5(0y) + 3 (05) = 5005) = N {35) =0

and s(#,42) < 0 (see Assumption 1) imply that s is copositive with f on J.41 and is
non-negative on J.. If &, < y; < 2,41, then the above imply that it is copositive with
f on J,. and is nonpositive on Jy4q. O

3. AN ALGORITHM

We have developed an algorithm for copositive approximation based on the proof
of Theorem 1, and implemented it on the computer. The code is written in ANSI C.
The function f is supplied in a subprogram as a formula, but only the values at z;
and z; are really needed. The input data consists of the endpoints of an interval [a, b]
(instead of [0, 1]), n, k and {y; }. If the given n is too small, it will be increased to the
first integer > 4(b—a)/d, where § := min(1.6(y1 —Y0)sY2—Y1, - s Y —Yi—1, L.6(Yht1—
yk)) The factor 1.6 is used here since we only need y1 — yo and yr41 — yx > 2.5h
instead of 4h, see the discussion after (2.8) in §2.

Since it is not easy, and not necessary, to find a best L, spline approximant
for s, we use instead the quasi-interpolation scheme described in [8, §6.4], written as
a subprogram called quasi_interp. While the proof uses all simple knots inside and
outside the interval [a, b], the algorithm uses multiple knots _» = _y = 2p = a and
Zn = Tpy1 = Tpy2 = b at the ends of the interval, otherwise the quasi-interpolation
scheme would require values of f outside [a, b] where it may not be defined. We
point out that any spline approximation scheme, such as linear least squares method,
can be used for s. In that case, the error of the final spline s will be bounded by
C’max(”f — 8|, ws(s, (b— a)/n)), (see §2).

The modification is done in a subprogram called modify_spline, which checks the
two assumptions about s, changes some coefficients if they are not met, then adds the
correction functions m; to § by changing appropriate coefficients, namely, ¢, or ¢,_1,
depending on the trend of f near y; and the sign of 5(y;), as described in the proof.
Since 0 < N; 3 < 3/4, we merely need to make sure the changes in coefficients are no
too large.

While the algorithm follows the proof closely elsewhere, it accomplishes the work
involved with Assumption 1 in a totally different way. This is because (2.5) would
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make the error unnecessarily large, let alone the cost of estimating the uniform norm
of f — 5. Modify_spline checks the sign of the coefficients, and changes them only
when it is absolutely necessary. We only describe the case that [, and [; are two
consecutive contaminated intervals and f is nonnegative between them. The other
cases are treated similarly. The program checks the sign of ¢;, e = r,r+1,...,1 =1,
and groups consecutive nonpositive ¢;’s. If such a group consists of more than one ¢;,
it changes them all to zero. This is justified by the fact that if ¢;, ¢;41 <0, then

(3.1) 0> min(ei, cip1) > i+ cigr = 25(xiyn) > 2(5(ziy2) — flwig2)) > =211f — 3]

If a group consists of a single nonpositive ¢;, modify_spline does one of the following:
(1) if i = r and |¢;| > |eit1], set ¢ to —eiqq;
(2) ifi=1—1and |¢| > |ej—1], set ¢; to —¢i_1;
2
ci—1+ ¢ Cio1 — ¢
(3)ifr<i<l—1,ci<0and21+Z— (cim1 = ci) < 0, then set
2 2(civ1 — 2¢i + 1)

Ci—1+ Ciy1 — \/C?_l + 14c;_1ci41 + CZZ_H
6 )

(3.2) Cj

(4) otherwise, do nothing.

The change in (1) guarantees that the new § satisfies §(z,42) = 0, (the value §(2,43) >
0 is unchanged). By arguments similar to those in §2, the new § is nonnegative on
[%r42, Zr43]. And inequalities similar to (3.1) show that the change in ¢;, thus in
§ itself, is less than C'||f — §||. The change in (2) is the counterpart of this at the
other end of the group. The little lemma below, together with (2.2), guarantees that
§ is nonnegative on [;41, #;4+2] after the change in (3). That it is nonnegative on
[#i, i3], the support of N; 3, can be shown in a similar way to that of the proof
of Theorem 1, provided 5(x;) and §(z;43) are both nonnegative, which will hold true
after modify_spline finishes the processing.

LEMMA 3.1. Let Pi(—h/2,¢1), Pa(h/2,¢2) and P3(3h/2,c3) be three points in
the plane with c1,¢3 > 0 and c2 < 0 (or ¢1,¢c3 < 0 and ¢x > 0), and let p be the
quadratic polynomial tangent to the line segments Py Py and PoPs at their midpoints
(0, (c1 + ¢2)/2) and (h,(ca + ¢3)/2), respectively. Then p assumes its minimum (or

c1+ co (Cl —62)2 (Cl —Cz)h

; { — tp = — =/~ 0, h]. Thi
mazimum) value 5 es —Zes 1) at = R € [0, h] s

extremum p(z) = 0 if

(3.3) = 1+ c3 — \/cf + 146163—|—C§ <0r c1 +e3+ \/cf + 146163—|—C§ )
. 5 .

6

Proof. Without loss of generality, we assume ¢1,¢3 > 0 and ¢3 < 0. One can
readily check

(x)_cl-l-cz -, cg—2ca+c1 4
a 2 h 2h2
and p” > 0. Solving
_ €1+ ¢z (e1 — 62)2
= — =0
p(l‘) 2 2(63 — 262 + Cl)

for ¢y gives us one negative value

61—1—63—\/6%4—146163—1—6% 0

6

Co =
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We now show that the change in (3) will not change ¢; too much, (in fact, it is
(Ci—l — Cl)h
Ciy1 — 2¢; + i1
being the new value computed from (3.2). Let §o51q be the value of § at & before the
change of ¢; and sy the value after that. We observe ¢; has been increased, since the
old minimum of 5 in [2;41, ®;42] is negative and the new one is s,y = 0 by Lemma

3.1. This means §51q is negative. Let d(c¢;) be the change in ¢;, we have

just enough to increase the minimum to zero). Let Z := with ¢;

0 < d(c;)Ni3(2) = —501a < f(Z) — 5014.

Since zjy1 < & < x40, we know N; 3(Z) > 1/2, therefore 0 < d(e;) < 2(f(Z) — 5a1a) <
C(.dg.

To evaluate various splines, the program calls the CMLIB (NBS Core Math Li-
brary) subprograms DBSPVD and DBVALU, written by C. de Boor and modified by
D. E. Amos. The double precision version is used here only because most floating type
variables in C are of type double by convention. At the end, the program computes
values of f, § and s, and passes them to Mathematica (Wolfram Research, Inc.) to
produce graphs, including the graphs shown in this paper.

FIGURE 1. Approzimation of a polynomial with two single zeros and two double ones inside
the interval [—1.2, 1.2] with n = 12. Different scales are used for the z- and y-azes.

The algorithm is efficient, because all the computations are local. In fact, it 1s so
fast that we do not feel it is worth CPU timing. On a Sun SPARCstation 2, it took 1-2
seconds elapse time to approximate a polynomial of degree 8 with n = 10 , including
evaluation of f, s and s at 200 points, the most time consuming part of the program.
It doubled with n = 190. As for the order of errors, in all of our tests ||f — s|| was
the same as or slightly larger than ||f — §||, which is theoretically guaranteed to be of
the order ws(f, 1/n). We give a few figures showing the results. Small values of n are
used so that different curves are distinguishable. In all the figures, f is represented by
solid curve, 5 by dotted curve and s by dashed one.
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In preparation of Figure 1, we gave the program a polynomial
f(x) = (z+ 1.5)(z + 0.7)(z + 0.55)*(x — 0.2)*(x — 0.7)(1.6 — z)

on [—1.2,1.2] with n = 10. This n turned out to be too small and was changed
to 12 by the program. In the figure the final spline s (dashed) seems differ from s
(dotted) only near one of the two single zeros, # = —0.7. Actually, they also differ
near & = 0.7, but the difference is too small to be seen, (0.0026 at # = 0.7). The error
||f = s|| = 0.03006 is even smaller than ||f — || = 0.03039. When larger values of n

were used in our tests, the two errors were the same for this function.

FIGURE 2. A function that vanishes on the interval [0.5, 1] with a vertical tangent line on
each side. The point of sign change 1is specified as y; = 0.75 in the input.

The next figure we want to show is about a function that is identically zero in
the middle of the interval [0, 1.5] with two vertical tangent lines:

V05—z, for0<z<05
flx) =< 0, for 0.5 <z <1
—/x—1, forl<a<L15.

We specified y; = 0.75, the midpoint of [0.5, 1] as the point of sign change. Given
n = 10, the program produced a final spline s with ||f — s|| = 0.07604, about 32%
larger than ||f — 5|| = 0.05734. This s looks more pleasant than §, preserving much of
the shape of the original function f. Note any point in [0.5, 1] can be viewed as the
point of sign change of f. We tried y; = 0.5 in another test in which s had an error
0.1061, 85% larger than that of 5, and looked worse than s, too.

In Figure 3, the function is basically the same as that in Figure 2, only moved
down by 0.01. It then has a unique zero at y; = 0.4999. The quasi-interpolant s is
positive near = 0.9 where f is negative. Note s confines itself under the z-axis. In
fact, 1t 1s tangent to the z-axis at x = 0.9. Only part of the graph is shown in the
figure so that more details can be seen.
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FicURE 3. The same function as that in Figure 2, but moved down by 0.01. The graph 1s
enlarged to show details.

4. PROOF OF THEOREM 3

In this proof, we shall first construct no more than 2%k + 1 splines on overlapping
subintervals of [0, 1] with desired properties, then blend them to produce the final
spline in the theorem, using the following lemma by R. K. Beatson [1].

LEMMA 4.1. Let r > 2 be an integer and d = 2(r — 1)%. Let T = {x;}52___ be a
strictly increasing knot sequence with xo = a and x4 = b. Let g1, g2 be two polynomials
of degree < r. Then there exists a spline g of order r on T such that

(1) g(x) is a number between g1(x) and g2(x) for each x € [a, b],

(2) g =¢1 on (—o0, a] and g = g2 on [b, >0).

Proof of Theorem 3. Let I; := (x;, ®iy1], where {2;} is the knot sequence T
defined at the beginning of §1. We say I; is contaminated if it contains a point y; of
sign change of f. Since n > 3/4, there is exactly one y; in each contaminated interval
I, j=1,...,k. Moreover, we have l; +3 < lj41 for any j, that is, the distance
between I; and I, +1 is at least 2h. We approximate f’ on [0, 1] by a spline s of order
7 — 1 on knot sequence {z;} with

(4.1) Eo=|f =8| < Cwri(f,1/n).

Let n; := 1 if f changes sign from nonpositive to nonnegative at y;, and n; := —1
otherwise. Define on each J; :=[x; _1, #; +2] N[0, 1]

(4.2) 5;(z) = /x(é(t)—l—njE) dt, j=1,... k.

They are splines of order r on {;}, and are copositive with f:

(4.3) 5i(y;) = 0;
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i f, (f'(t) = 3(t) = E) dt <0,  for x> y;;
—n; [ (f/(t) = 5(t) =n E) dt >0, for & < y;.

For the degree of error, we have for z € Ji

(4.4)  ni(f(x) —5;(2)) = {

(4.5) |[f(2) = 5;(2)] < %(2||f' —sll) < On”lwoa(f, 1/n).

Denote the closures of the intervals in the complement set [0, 1] ~ (Ufl ) by
I =[x 41, 1 ) 7=0,1,... k with lp := —1 and l54; := n. We observe that on
each I, , f does not change its sign, which is given by ;. One can readily construct

on each I; a spline §; of order r on {x;} such that

(4.6) If =5ll;, < Cwr(f,1/n) < Cnlwp_i(f,1/n)
and
(4.7) nidi(z) >0, =zl

If iy <1 (or ly > n—2), then §y (or §;) will be unnecessary. In this case we simply
skip that value of j.

Now that all the overlapping splines have been defined with desired properties, the
only thing remaining to do is to blend them to produce the final spline s € C"~2[0, 1],
which is possible by Lemma 4.1. In each admissible pair of §;_; and 5;, both of them
are polynomialson [#; _1, @; ], the interval where they overlap. We insert d—1 equally
spaced knots into this interval (by cutting it into d equal pieces), where d := 2(r —1)2.
By Lemma 4.1, there exists a spline b; consisting of d polynomial pieces whose graph
lies between those of 5;_; and 5; and connects them in a C"~? manner. We do the
same thing to each admissible pair of 5; and 5;. Define the final spline to be b; on
these overlapping intervals, and otherwise to be either $; or 5;, whichever is defined
there. It is easy to see from the construction that s i1s copositive with f and satisfies
(1.9), and that s has no more than n + 2(d — 1)k < n + 2dk = n + 4k(r — 1)? break
points. Since s € C"~2[0, 1], all these break points are single knots. O

Remark. The 1dea used in this proof can lead to a shorter proof of Theorem 1.
But it will give a messier knot sequence and larger constant C'; and a spline thus
produced will not be as easy to handle as the one produced by our algorithm.
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