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ABSTRACT

In this paper we discuss the Hamiltonicity of the subgroup lattices of
different classes of groups. We provide sufficient conditions for the
Hamiltonicity of the subgroup lattices of cube-free abelian groups. We also
prove the non-Hamiltonicity of the subgroup lattices of dihedral and
dicyclic groups. We disprove a conjecture on non-abelian p-groups by
producing an infinite family of non-abelian p-groups with Hamiltonian
subgroup lattices. Finally, we provide a list of the Hamiltonicity of the
subgroup lattices of every finite group up to order 35 barring two groups.
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1 INTRODUCTION

Determining whether or not a given abstract graph has a Hamiltonian
cycle, often know as the “Hamiltonian cycle problem”, is suspected to be com-
putationally difficult (since it is NV P-complete [4]). It is a natural question to
ask which groups have subgroup lattices that are Hamiltonian. This question
was investigated in McLaughlin’s master’s thesis [3], and we continue that
investigation in this thesis.

In McLaughlin’s thesis he made a few conjectures. One was that all
abelian p-groups of odd exponent and rank greater than two are Hamiltonian
[3, Conjecture 2]. While a proof has not been forthcoming, we did find more
evidence for this conjecture. Another conjecture McLaughlin made was that
all non-abelian p-groups are non-Hamiltonian [3, Conjecture 3|. In Section 6
we disprove this conjecture by exhibiting an infinite family of Hamiltonian
non-abelian p-groups.

In Section 3 we provide sufficient conditions for cube-free abelian groups
to be Hamiltonian. In Sections 4 and 5 we show that all dihedral and dicyclic
groups are non-Hamiltonian, while some direct products of these with cyclic
groups are shown to be Hamiltonian. In Section 7 we display a number
of Hamiltonian non-abelian groups. Finally in the Appendix we list the

Hamiltonicity of (almost) all groups up to order 35.



2 PRELIMINARIES AND BASIC RESULT'S

Throughout this paper, by “graph” we are referring to a simple, con-
nected, undirected graph. We will refer to the vertex set and edge set of a

graph I' as Vr and Er respectively.

Definition 2.1. Given a group G, the subgroup lattice of G is defined to be
the graph I'(G) where the vertices are the subgroups of G and for Hy, Hy < G,
HiH, is an edge in I'(G) if and only if H; < Hy or Hy < Hy and there does
not exist a K < GG such that Hy < K < Hy or Hy < K < H;.

In Figure 1 we see an example of the subgroup lattice of Cyy, where
we have a subgroup for each divisor of its order. Note that, for instance,
the subgroup isomorphic to C5 is not adjacent to the subgroup isomorphic
to C1a (despite the former being a subgroup of the latter) since the subgroup

isomorphic to Cg is a supergroup of the former and a subgroup of the latter.

/TN

C30 Ci2 Cao

KX

Ceo

e

\/

Figure 1: The subgroup lattice of Cly



Definition 2.2. The order of a graph I', denoted |I'|, is the cardinality of

1ts vertex set.

Definition 2.3. A walk in a graph is a sequence of (more than one) vertices

{v1, vg,v3, ...} such that for all ¢, v;v;41 is in the edge set of the graph.
Definition 2.4. A walk is said to be a path if all of its vertices are distinct.

Definition 2.5. A cycle is a finite walk where all of its vertices are distinct

except that v; = v, (for a walk of cardinality n).

Definition 2.6. A Hamiltonian cycle is a cycle containing every vertex of
the graph. A graph containing a Hamiltonian cycle is said to be Hamiltonian.
We say a group is Hamultonian if its subgroup lattice is Hamiltonian.

In Figure 2, we see an example of a Hamiltonian cycle through the
graph I'(Cgp). We then say that I'(Cyp) is a Hamiltonian graph and Cy is a

Hamiltonian group.

Ceo

/1

C30 Ci2 Coo

S A
/

i

N/

Figure 2: Cyp is Hamiltonian



Definition 2.7. A set S of vertices is said to be independent if for all distinct
v1,v9 € S, we have that v1vy is not in the edge set of the graph.
For an example of an independent set of vertices in a graph, consider

the set {C59, Cy, 1} in Figure 1.

Definition 2.8. A graph is said to be bipartite if its vertex set can be
partitioned into two independent sets. Furthermore, a group is said to be
bipartite if its subgroup lattice is bipartite.

Figure 1 also provides an example of a bipartite graph. We can see this

by considering the two independent sets

A= {1,Cg,C4, Ci5,Cho, Coo }

B = {03, Cg, 012, 05, 0307 020}'

This forms a bipartition of I'¢,, since ANB =& and AUB = V¢ .

Definition 2.9. A bipartite graph is said to be balanced if the two in-
dependent sets are of the same cardinality, otherwise it is said to be un-
balanced. We say a group is balanced/unbalanced if its subgroup lattice is

balanced /unbalanced.
Theorem 2.10. All p-groups are bipartite.

Proof. Let G be group such that |G| = p". It is well known that p-groups

satisfy the converse to Lagrange’s Theorem, hence we know that every non-



trivial subgroup of order p* has a subgroup of order p*~!.

It is also well
known that every proper subgroup H of a p-group is a proper subgroup of
its normalizer Ng(H). Now Cauchy’s Theorem yields a subgroup of order p
of Nq¢(H)/H and hence by the Lattice Isomorphism Theorem we have a su-
pergroup of H of order p**!. This shows that we can partition the subgroup

lattice by alternating indices (that is, subgroups of order 1,p? p?, ... in one

set and subgroups of order p, p?, p°, ... in the other set). ]
Theorem 2.11. All unbalanced graphs are non-Hamiltonian.

Proof. Let I' be a bipartite graph with the bipartition A, B. Assume that
[ is Hamiltonian. Let {v1,v9,v3,v4, ..., 01,0y, v1} be a Hamiltonian cycle
of I'. Since A, B is a partition, v; belongs to either A or B. Without loss of
generality, say v; € A. We have that vyvy € Ep, so since A is an independent
set of vertices vo ¢ A and hence vy € B. Next, we have that vovz € Ep so
since B is an independent set of vertices, vs ¢ B and hence v3 € A. We can
continue this process inductively to see that v; € A if and only if 7 is odd
and v; € B if and only if 7 is even. Finally, we have that v,v; € Er, so since
v1 € A, it must be that v,, € B. This then tells us that n is even. Hence
|A| = |B| = § so that I' is balanced. O
Note that the converse of this Theorem does not hold. Indeed, P, (as
defined later in Definition 2.19) is non-Hamiltonian and yet is balanced.

This theorem, in conjunction with Theorem 2.10, has been used to



determine that a multitude of p-groups are non-Hamiltonian. In particular,
we were able to use GAP to quickly test every group of order 32 and determine
which were unbalanced. This led to many groups being determined to be

non-Hamiltonian (as can be seen in the Appendix).

Definition 2.12. The degree of a vertex v in a graph, denoted deg(v), is the
number of distinct vertices w such that vw is in the edge set of the graph.

The following definition will lead to another non-Hamiltonian condition.

Definition 2.13. A graph I' is said to have a proper diamond if it contains
a cycle denoted {vy,v9,vs,v4,v1} (With each v; unique) as a subgraph such
that deg(ve) = deg(vy) = 2, and at least one vertex v; distinct from those in

the cycle.
Theorem 2.14. Any graph with a proper diamond is non-Hamiltonian.

Proof. Let I' have a proper diamond and assume that I' is Hamiltonian.
As seen in Figure 3, this would then force vy adjacent to vy and v in the
Hamiltonian cycle and vy adjacent to v; and v3 in the Hamiltonian cycle.

This then creates a cycle before vs has been included. ]

Example 2.15. Consider the subgroup lattice of A4. As seen in Figure 4,
choose v1 = 1, v3 = C2 and vy, v4 to be any two of the three products of two
disjoint transpositions (and vs; = Ay, for instance). This shows that A4 has

a proper diamond and hence is non-Hamiltonian by Theorem 2.14 (this is



/\
\/

Figure 3: Proof that graphs with proper diamonds are non-Hamiltonian

certainly not our only choice of vertices to show this).

Ay

Cs Cs

Figure 4: A diamond in the subgroup lattice of A4

This is a useful method of eliminating candidates for Hamiltonian
groups visually. There are many groups listed as being non-Hamiltonian
in the Appendix with the justification of “Theorem 2.14” - these are groups
in which we were able to visually find a diamond in the subgroup lattice

produced by GAP.



We continue with our preliminary concepts.
Definition 2.16. A tree is a connected graph with no cycles.

Definition 2.17. A spanning tree of a graph I' is a tree that is a subgraph

of " containing all of its vertices.
Definition 2.18. Let I" be a graph and let {7;}!"; be the set of all spanning
trees of I'. Define

2(T) := min <{max({deg(v)})}> .

1<i<n UEVTi

That is, Z(I") is the degree of the vertex of maximum degree in the spanning

tree of I' that has the smallest degree of the vertex of maximum degree.

Definition 2.19. The path graph of order n, denoted P,, is the graph with
vertex set {v;}", and edge set {v;v;11}'~. See Figure 5 for an example.
VT — V9 — V3 — Vg4 — Uy

Figure 5: The path graph P;

Example 2.20. We can show that P, is bipartite through the bipartition
A:={y]i=2k—-1<n,keN}and B:={v|i=2k <nkeN}. (Ifn=1,
then B = @). We can also see that Z(P,) = 1 for n = 1,2 and 2(P,) = 2

for n > 2 since P, itself is the only spanning tree of P, and the maximum



degree of its vertices is 1 when n = 1,2 and 2 otherwise.

Definition 2.21. Given two graphs I'y, 'y, their Cartesian product, denoted
'y Ty, is defined to be the graph with vertices {(v,w)|v € I';,w € I's} and
edge set {(vy,wy)(ve, wo)|[v1v2 € Ep, and wy = ws| or [wywe € Ep, and vy =

1}2]}.

It is easy to see that the Cartesian product is associative and commu-
tative. It is also clear that I' 0 P, = I" for any graph I'.
Let us investigate what the product of an arbitrary graph with a path

graph looks like. Let I' be a graph of order m such that
Ve = {wy,wa, ..., wpy}
We then have Vrgp =

{(wi,v1), ... (W, v1), (W1, 02), ... (W V2), .o, (W1, V), .. (Win, V) }-

For brevity denote (w;,v;) as v] so that

. 1 1 1 2 2 2 n o .mn n
Veop, ={v1,0y, ..., 0, 07,05, ..., U, o U7 U

We can then see that the Cartesian product consists of n copies of I'. From
the definition we see that vaf“ is in the edge set of ' P, forall 1 <7 <m

and 1 <k <n —1 (See Figure 6).
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Figure 6: I' UJ P, for arbitrary I

What then can we determine about the Hamiltonicity of I' J P, 7

Proposition 2.22. If ' P, is Hamiltonian for some fired n € N, then
'O Py, is also Hamiltonian for all k € N. In particular, if I is Hamiltonian,

then I' J P, is also Hamiltonian for all n € N.

Proof. The case where k = 1 clearly holds by assumption. For & = 2, we
have that I'L1 P, consists of two copies of I'L1F,,. Choose some v}, vy that are
adjacent in the Hamiltonian cycle of I' 1 P,. To see that such an adjacency
exists, choose an arbitrary vertex v; and note that it must be adjacent to
exactly two other vertices. Since this is the n-th copy of I, there is only one
vertex it could possibly be adjacent to that is not in the n-th copy of I', and
so it must be adjacent to at least one other vertex in the n-th copy of I'. Next,
reflect the Hamiltonian cycle of I'J P, across the plane passing through each
n+l )+l

(%

n,n+l

10 i

v to make a second cycle through I' L1 P,. This then makes v

10



n+1

adjacent in the cycle. If we instead make v;" adjacent to v/ and v}’ adjacent

to vl
J

'O Py, (See Figure 7).

, we connect the two cycles and create a Hamiltonian cycle through

. . / -/
U?H_l/... Un-H/...
’Un/ ) Un/ )
/ 1 / 1
U;H_l/... /U;L—’_l/...
UT.L/ N fUT.L/
--./ .a-/
--/ ---/

Figure 7: Constructing a Hamiltonian cycle through I' (0 P,

For k = 3 we then repeat this process without reflecting the Hamilto-

2n+1
)

nian cycle and make v?" adjacent to v and v3" adjacent to UJQ-”H. For

3n+1

k = 4 we follow the same process of k = 2, making v3" adjacent to v;

3n+1

2. Hence we can inductively repeat this process for

—1)n (k—1)n
J

and U?" adjacent to v

(k—1)n+1
1

arbitrary k& by making vfk adjacent to v and v adjacent to

k—1 1
U(- )n—+

; (reflecting the Hamiltonian cycle only when k is even).

If I itself is Hamiltonian, then I' [ P; = I" is also Hamiltonian and hence by

this result I' J P, is also Hamiltonian for all n € N. ]
The Cartesian products of path graphs also leads to another useful idea:

Definition 2.23. The grid graph of type ni,no,...,n;, where n; > 1 for

11



i =1,2,....,kor (k =1and ny = 1), denoted P, ,,. n, is defined to be

P, 0P,0...0P,,.

The following is then an immediate result of Definitions 2.21 and 2.4:

To make use of grid graphs, we will first need a result from [1, p. 7]

that connects the Cartesian product to the & from Definition 2.18.

Theorem 2.25. [f 'y is Hamiltonian and Z(I'1) < |Vp,|, then I'y O Ty is

also Hamaltonian.
This can then be used to expand Proposition 2.22:

Theorem 2.26. [f I' 1 P, is Hamiltonian for some fixed n € N, then

'O Pinomymg....m, 5 also Hamiltonian for any k,my,ma,...,m; € N. In

.....

particular, iof I' is Hamiltonian, then I' U Py, . m, 15 Hamiltonian for any

.....

mi,mao,...,My e N.

Proof. We know from Proposition 2.22 that I' [J P, is Hamiltonian. Note
then that the smallest possible Hamiltonian graph is K3, the complete graph
on 3 vertices. So it must be that |I'J Py,| > 3. Then since Z(F,,,) < 2,
by Theorem 2.25 we have that I' O Py, ,,, = (I'0 Py,,) O Py, is Hamiltonian.
We can continue this process inductively showing that |I'0 Pry i, mo..ms_ | >

D (P, for each i =2,3,...,1. Hence I' 0 Py iy ims....m, 15 Hamiltonian.

.....

12



If I' = I'0 P, is Hamiltonian, then by this result I' U P, 1, im,....m, is Hamilto-
nian for any k, mi,ms,...,m; € N. Relabeling m; to m;;; fori =1,2,...,1,

[ tol+ 1, and k£ to m; gives the desired result. ]

We can extend this even further:

Corollary 2.27. IfI' Pnl,n%_,.,nl1 1s Hamiltonian for some fized

ni,na,...,n, €N, then

g Pkml,anmm,kzl’ﬂzl,m1,m27~-~7m12

s also Hamiltonian for any ki, ko, ..., ki, mi,mo,...,my, € N.

Proof. First note that ' O P, 5, ., = ('O Pm’...’ml) O P,, so that by

I

, 1s Hamiltonian.

Proposition 2.22 = (I' 0 Pnz,-.-,ml) O P, =210 Py

Next since I' OJ Pklm,nz,...,nl =170 Pkml,ns,...,ml U P,, Proposition 2.22 tells

l

us that I' U Py, kongns,...n,, 15 Hamiltonian. We can continue this process to

I

show that FDPklnl;k2n27k3n3a-~-akll—1”l1—17nll is Hamiltonian. Finally Theorem 2.26

tells us that I' I Pkml,kznz,...,kzlml,mhmz,...,mzz is also Hamiltonian. ]
Proposition 2.28. IfI'y and I'y are bipartite, then I'1 11y is also bipartite.

Proof. Let A;, B; be a bipartition for I';, i = 1,2. Then

A:={(u,v)|(u € Ay and v € Ay) or (u € By and v € By)}

13



and B := Vp, or, \ A is a bipartition of I'; O T's. O
We can directly apply this to grid graphs:

Example 2.29. By Example 2.20 and Proposition 2.28, every grid graph is

bipartite.
The following example of this will lead to another useful Theorem:

Example 2.30. Let I' be a bipartite graph and consider I' [J P,. Label
each of the n copies of I' as I'1, I'y, ..., I',,. Let A;, B; be a bipartition for I';,

1 =1,2,...,n. Then for n even,

AZ:A1UBQUA3UB4U...UAn_1UBn

BZ=BlLJAQUBgUAZLU...UanlUAn

defines a bipartition of I' [J P, and for n odd,

AZ:A1UBQUA3UB4U...UBn_1UAn
BI:B1UA2UB3UA4U...UAH_1UB71
defines a bipartition of I' I P,.

Using this example, we can prove the following theorem that charac-

terizes the balance of an arbitrary bipartite graph with a path graph:

Proposition 2.31. IfI' is balanced, then I' U P, is balanced for alln. If T’

14



18 unbalanced, then I' L1 P, 1s balanced for n even and unbalanced for n odd.

Proof. Assume that n is even. Using the bipartition of I' [J P, defined in

Example 2.30, we have that:

Al = |[A{UB, UA3; UB,U...UA, UB,|
= |A1| + | Ba| + [As| + [Ba| + ... + [An 1| + | By
= |Ay| + |By| + |A1| + | B + ... + |A1L| + | By

= 5 (|A1] + |B1])

and similarly |B| = § (A1 + |Bi1|) = |A| so that I' J P, is balanced.

For n odd we have:

Al =]A1UB,UA3UByU...UB, 1 UA,]|
= |A1] + |Bo| + [As] + [Ba| + ... + | Bu1| + [Ay]
= |Ay| + |B1| + |A1| + |Bi| + ... + | By| + |Aq]

= 2HL A | + 22| By
and

|B| = |ByUAs UB3 U A U...U A, UB,|
= |Bi| + |Ag| + [ B3| + |A4] + ... + [Ana| + | By

= |By| + |A1| + |B1| + |A1] + ...+ |AL| + | By

15



= 2By + 5Ly

If ' is balanced, then

4] = 28 44| + 251 By
= 21| + 251 Ay

= |B]

and hence I' [1 P, is balanced.

On the other hand, if I'" is unbalanced, by way of contradiction assume that

|A| = |B|. Then
Al = [B]
B AL+ 55 By = 15 By + 55 A
[As| = [Bul,
but I' is unbalanced by assumption. Hence I' [J P, is unbalanced. ]

We can then expand this to characterize when the Cartesian product

of an arbitrary bipartite graph with a grid graph is balanced.

Theorem 2.32. If I' is balanced, then I' U Py, n,.. ., @S balanced for all
ni,na, ..., € N. If I' is unbalanced, then I' O P, 5, . n, % unbalanced if

and only if each ni,no, ..., nyg 1s odd.

16



Proof. If I' is balanced, then I' [ P,, is balanced by Proposition 2.31. This

then implies that 'O0 P, ,,, = ('O P,,) 0 P,, is also balanced. We can repeat

1,72

this inductively to show that I' 0 P, ,,, . », is balanced.

k
Next, assume that I' is unbalanced. Suppose that each nq,ns,...,n; is odd.
Proposition 2.31 then tells us that I' [ P, is unbalanced. This then implies
that 'O P, ,, = (I' 0 P,,) O P,, is also unbalanced. Again, we can repeat

this inductively to show that I' U P, ,,,.. », 1s unbalanced.

k
Finally suppose that at least one of ny,ns,...,n; is even. Without loss of
generality (since the Cartesian product is commutative) assume that n; is

even. Proposition 2.31 then tells us that I' U P,, is balanced. This then

implies that I' O P,, ,, = (I' 0 P,,) O P,, is also balanced. Once again, we

1,2
can repeat this inductively to show that I' 0 P, ,,, ., is balanced. ]
Corollary 2.33. P, p,. ., 1S unbalanced if and only if each ny,no, ... ny is

odd.

Proof. This follows immediately from Theorem 2.32 since P, is unbalanced

a‘nd Pnl,n2,...,nk

= Pnl,ng,...,nk |:| Pl' |:|

This idea can then be used to characterize the Hamiltonicity of grid

graphs:

Proposition 2.34. The grid graph I' := P, p,.. . 15 Hamiltonian if and

only if k > 1 and at least one of ny,ne, ..., ny is even.

17



Proof. If £ = 1, then I' is a path graph which is clearly non-Hamiltonian.
If each ny,no,...,n; is odd, then our graph is unbalanced by Theorem 2.33
and hence non-Hamiltonian by Theorem 2.11.

Suppose then that & > 1 and at least one of ny,no,...,n; is even.
Without loss of generality (since the Cartesian product is commutative) as-

sume that n; is even. Consider P, ,, = P,, U P,,. Let uj, us,...,u,, be the

1,12

vertices of P, and vy, vs,...,v,, be the vertices of P,, as in Definition 2.19.

Figure 8 shows how to define a Hamiltonian cycle through P, Then by

1,12

Proposition 2.22, P, n,ns = Puyn, U Py, is also Hamiltonian. This can be

repeated inductively to show that I' is Hamiltonian. ]

We have the following result from [5, p. 36] that will help us determine

what the subgroup lattices of many groups are:

Theorem 2.35. If the orders of a sequence of groups Gi,Go,...Gy are

pairwise relatively prime then

[(Gy xGe x ... x Gg) =T(Gh)OT(Ge) O ... OT(Gy)

holds.
We can use this to show that ['(C),) is a grid graph for all n:

Example 2.36. First note that Cp. for p prime is isomorphic to P, since

the subgroups of Cje are exactly Cpo, Cpa_1,Cpa_s, ..., Cp, C), 1. Write n =
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Figure 8: A Hamiltonian cycle through P,
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p1gP2g - - - Pre In its prime factorization. Then by the Chinese Remainder

Theorem and Theorem 2.35 we have:

F(Cn) = F(CP1%P25-~-W?)
= I (Cpig X Cpyg X - X Cpp,)
= F(Cpl%) [l F(Cm%) ... 0 F(Cpkg)

= 041+1DP0¢2+1D"~|:|P04k+1

Y

= L a;+1,a+1,...,a,+1

as required.

Using this example, Proposition 2.34 then leads to a characterization

of the Hamiltonicity of cyclic groups:

Theorem 2.37. If n = p{'py*...p* in its prime factorization, then C, is

Hamiltonian if and only if K > 1 and at least one of ay, ao, ..., ax is odd.
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3 ABELIAN GROUPS

A proof of McLaughlin’s conjecture that all non-abelian p-groups of
rank larger than two are Hamiltonian has not been forthcoming. We did
test multiple abelian p-groups to attempt to find a counterexample, but this
yielded no results. We found that Cy x C?, C3 and C3 x CZ are Hamiltonian
which provides further evidence for this conjecture. However, Mathematica
was unable to answer the Hamiltonian cycle problem for C3 x Cy, C3 x Cqy
and C5.

As for other abelian groups, we now provide sufficient conditions for

cube-free abelian groups to be Hamiltonian.

Lemma 3.1. For p prime, 9 (F (Cg)) < 7%3.

Proof. Referring to Figure 9, I' (C’g) consists of p + 1 independent copies of
(), each connected to 1 and Cg. Label the Cy’s as Cy1,Cp2,...,Cppr1. We
will now construct a spanning tree 7, for I' (C’g). For p = 2, adjoin Cy; and
Chz to C3 and adjoin Cyp and Cy3 to 1. In this case max,cy,, (deg(v)) =
2 so that 7 (I (C3)) < max,cyy, (deg(v)) = 2 < 2. For p > 2, adjoin
Cp1,Cpas ..., C py3 to CF and adjoin C' py3,C p3, o Cppt1 to 1. Then

P 20 P

mMaXycvy, (deg(v)) = 1%3 so that 2 (F (Cg)) < maXyevy, (deg(v)) = 1%3. 0

Proposition 3.2. If p # 2 is prime, then C3 x C,, is Hamiltonian. Similarly

if p # 3 is prime, then C§ x C,, is Hamiltonian. If p and q are distinct primes
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2

/I\ //

271 CQ 2 2,3 +3 C p+3 e Cp,p“l‘l

\l/ \\ /'

Figure 9: Spanning tree for C’g

1

and q > 3, then C’g X Cpa 15 non-Hamiltonian for all o € N.

Proof. Since ged(2,p) = 1, by Theorem 2.35 T'(C3 x C,) = T'(C3) O T(Cy).
Figure 10 is then a Hamiltonian cycle through TI'(C3 x C,,).

C3 x Cp

AL

022 CQXCPCQXCPCQXCP
Cy Cy Oy Cy
! /

Figure 10: Hamiltonian cycle through T'(C§ x C})

Similarly, T'(C% x C,) 2 T'(C2)T(C,). Figure 11 is then a Hamiltonian
cycle through I'(C% x C,).
Now consider I'(C7 x Cpe). Again, T'(CZ x Cpe) = T(C7) O T(Cpe).

Furthermore by Example 2.36, ['(C7) O I'(Cp) = I'(C7) O Payy. Use the
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C3 x Cy

A

CgXC CgXC CgXC CgXC

W
\\//

Figure 11: Hamiltonian cycle through T'(C3 x C,)

labeling in Figure 12 for the vertices of T'(C7 x Cpa).

N\

Figure 12: A labeling for the vertices of I'(C7 x Cje)

By way of contradiction, assume that this graph is Hamiltonian. Con-
sider the vertices b; for 1 = 1,2, 3,4. Each b; must either be adjacent to a and
¢ in the Hamiltonian cycle, or adjacent to b; and one of a or c.

Case 1: One of b; for i = 1,2, 3,4 is adjacent to both a and ¢, without

loss of generality say by is adjacent to a and ¢ (see Figure 13).
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Figure 13: Case 1 in the proof of Proposition 3.2

We consider the same options for by. If by were made adjacent to a and
¢, then this would close the cycle before many vertices have been reached.
Thus it must be that by is adjacent to b, and, without loss of generality, a.
We consider the same options for b3, however, we are also forced to make b3
adjacent to ¢ and b5. Then, as in Figure 14, b, has only one vertex (b)) it can
be made adjacent to, hence Case 1 cannot hold.

Case 2: Each of b; for i = 1,2,3,4 is adjacent to b} (See Figure 15).

Each has to be adjacent to a or c. At most two of these are adjacent to
a and at most two are adjacent to c, hence exactly two must be adjacent to
a and exactly two must be adjacent to c. Without loss of generality say b1, bs
are adjacent to a and bs, by are adjacent to c. Then, as in Figure 16, 0,41 has
only one vertex (b}, ;) it can be made adjacent to, hence Case 2 cannot hold.

This exhausts the cases and thus Cg X Cpe is non-Hamiltonian for all
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SN

Figure 14: Case 1 in the proof of Proposition 3.2 (cont.)

o € N. ]

Proposition 3.3. Let n be cube-free (i.e. p> { n for any prime p) such
that when written in the form n = pipy...purirs...r7 where each p; and T
are distinct primes and m > 0. Let q be a prime such that ¢ ¥ n. Then if

% < 2m3! then C’g x Cy, is Hamiltonian.

Proof. The minimum value for ¢ is 2. For 2i23 < 2m3! to hold, | > 0 or
m > 1. If [ = 0, then it must be that m > 1 so that the rank of n is at least
2. Similarly if m = 1, then it must be that [ > 0 so that again the rank of
n is greater than 2. Thus in both cases ), is Hamiltonian by Theorem 2.37.

Then by Lemma 3.1, Example 2.36, and Proposition 2.24:



Figure 15: Case 2 in the proof of Proposition 3.2

so that C7 x C, is Hamiltonian by Theorem 2.25. O
This can be generalized even further using the following theorem.

Theorem 3.4. Let n be cube-free where m > 0 when written in the previous
form and let 1 < g2 < ... < qi be primes such that q1,q2,...,q; 1 n. If

—q’“;?’ < 2m3" then 031 X C’q22 X ... X ng x C,, is Hamiltonian.

Proof. Now, by Proposition 3.3, CqQk x (), is Hamiltonian. We have that
D(Ch x Co)| = [T(C3) OT(C,)| = [T(CHIIT(C)] = (ax + 3)2"3
Since ¢1 < ¢3 < ... < q we have that

B o oS o< 8 < gml

26



Figure 16: Case 2 in the proof of Proposition 3.2 (cont.)

so in particular

2 (T (C2 ) < 28 < om3l < (g, + 3)2™3" = [T(C2 x C,)

qr—1 qk

and hence C’gk_l X Cgk x C), is Hamiltonian. We can continue by induction to

show that for each i = 2,...,k — 1 (done in this order) that

72 (T (Cp ) <22 <2m3 < [[(qr—y +3)2"3' =

qk—i
J=0

-

Jj=0

and hence that Hk 1(C’2 IxCy = CZ xC2 x...xC; x C, is Hamiltonian.
]

This leads to an even more effective sufficient condition:
Corollary 3.5. Let n be cube-free where m > 0 when written in the previous
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form and let ¢ < qa < ... < q be primes such that qi,qo, ..., qr 1 n. Define

@ :=1. If 22 <2m3l k> 1 and

i—1 h—1
k = max {2 %'TJF?’ < 2m3! H(Qj +3) and Vh < i, @ < om3l H(qj + 3)}

j=1 j=1

then C'q2l X C’q22 X ... X C’qQk x C,, is Hamiltonian.

Proof. Define ky := max{i

43 < 2m31} and

i—1 fil
e mas gt <29 i +9) mavn <0t <20 i )

J=1 J=1

(the domains of these maximum functions are non-empty since % < om3l =

2m3l(1)). Now, kg < ki since @ < 2m3l < 2m3l H?izl(qj + 3). By Theo-

rem 3.4, 7 xC% x...X quko x C,, is Hamiltonian and of order 273! H?Sl(%""

3). So if M < 2m3! H?:l(qj + 3) then ky + 1 < ky and by Theorem 2.25,

C’gl X ng X ... X Cgkoﬂ x C,, is Hamiltonian. We can continue this until we
reach ki to conclude C’gl X Cq22 X ... X C’gkl x (), is Hamiltonian. Hence if
ki = k, then C(i X 032 X ... X Cgk x O, is Hamiltonian. ]

Example 3.6. We can use this to show that Cjy x C2 x C2 x C% 17 X Cy00003
is Hamiltonian. In this instance n = 12 = 223 so that [[(C12)] = 2 3% =
18. We can clearly see that ¢4 = 2000003 > 18, so we cannot directly
apply Theorem 3.4. Instead we search for ky so that we may begin applying

Corollary 3.5. We need @ < 18 so that g, < 33, so in this instance kg = 2
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(where g, = 7). Next we check each k& > 2. We can see that
2T (Chyy)) = HE2 =600 < 1920 = 18(5 4 3)(7 + 3)
and furthermore

DT (C2h0003)) = 200B+3 — 1000003 < 1612800 = 1920(1117 + 3)

so that k1 = k and hence Cig X CZ x C% X C%7 x C3y00003 i Hamiltonian.
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4 DIHEDRAL GROUPS

In this section we show that the dihedral groups are non-Hamiltonian.
We will do this by showing that the dihedral groups are unbalanced and hence

non-Hamiltonian by Theorem 2.11. We have
Doy = (r,slr" =s* =1,srs=1r"").

Let n = p]'py?...p%m be its prime factorization, m > 0 and each «; > 0.

Define a(n) := > ", a;.
Proposition 4.1. Dy, s bipartite.

Proof. Now, (r) is a cyclic group of order n, so for each d|n it has a unique
subgroup of order d of the form <7“%>. Note that each d = pflpgz o plm
where 0 < §; < o for i = 1,2,...,m. Define 5(d) := > ", f;. Since each
p; 1s distinct, if d = pf1p§2 ..pPmand d' = pfipgé . .pﬁé” where §(d) = p(d;),

then either d = d’' or neither <T%> nor <r§> is a subgroup of the other. Thus

() o -

forms an independent set of vertices in I'(Dsy,). Furthermore, if <r%> <
<r§> such that 5(d) +1 = (d') where [ > 2, then there must be some d”
where 8(d) < f(d") < B(d’) and <r%> < <r%> < <r§>. In particular, if
[ = 2, then there must be some d” where 5(d) +2 = B(d") + 1 = (d') and
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<r%> < <7’%> < <fr§>. Hence <7’%> and <r%> are adjacent in ['(Dsyy,)
and <r%> and <T§> are adjacent in I'(Dsy,) but <r%> and <7“§> are not
adjacent in I'(Dsy,). Thus

a(n) a(n)

{<r%> ’ﬁ(d) _ %},ijj and {<7~%> ‘B(d) — 9% + 1}LZJ

form two independent sets of vertices in I'( Dy, ). For each d, if i = j( mod %)

then <7“d, T28> = <7"d, 7“33>. Then, in a similar manner as before,

form independent sets of vertices in I'(Dsy,,).

Now, if <r%> < <r%,7“is> then <7"%> < <r§> < <r%,ris>. So, <r%>
is only adjacent to <r§, ri$> in I'(Dy,) whenever d = d’. Finally, we know
that it could never be that <r%,ris> < <7’§>. Thus we can partition the
vertices of I'(Dy,) in the following manner. Define Ay := {(r,s)}. If a(n) is

odd then for £ =1,2,..., (@] — 1 define

Ay = {<7~%> , <r§,ris> 0<i<2 B(d)=p(d)+1=an)— (2k— 1)}
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and A () := {1}. Furthermore, for £k =0,1,... L#J set

2
By, = {<r%> , <r§,ris> ‘O <i<Z, fld)=pd)+1=a— Qk} :
If a(n) is even then for k = 1,2,...,[5] define
Ay = {<r%> , <r%,7~is> ‘0 <i<2 B(d) =Bd)+1=aln) - (2k - 1)} .

Furthermore for £ =0,1,... L@J — 1 set

), 20
A= U Ak and B = U Bk
k=0 k=0

Thus A and B form two independent sets of vertices and hence Ds,, is bipar-

tite. D

Now, we wish to prove that D»,, is unbalanced. First, we will need some

lemmas:

Lemma 4.2. For any ng > 1 and any prime p,

o

> (=p)F#0

k=0
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Proof. Suppose that this were the case. We would then have;

no

> (=p)F=0

k=0

l—p+p°—...£p" =0

p—p ... Epo=1

p(l—p+p°—. .. £p ) =1
Since p,1 —p+p? — ... £ p™ ! € Z, it must be that
p=1—p+p*—. .. £p" ==4l,

but p was chosen to be prime, a contradiction.

Lemma 4.3. For any ng > 1 and any prime p,

no

> (=)t #+1L.

k=0

Proof. Suppose that this sum is 1. We would then have;

no

d (-p)f=1

k=0

l—p+pP—.. .. £ph=1
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—p+pP— . P =0

—p(l—p+p*—.. . £pH =0

Since p, 1 —p+p?—...£p"™ ! € Z, it must be that either p = 0, contradicting
the assumption that p is prime, or 1 —p+p* — ... £ p" ! = 0, contradicting
Lemma 4.2. Hence Y 12 (—p)* # 1.

Now suppose that this sum is —1. We would then have;

> (=p)f=-1

k=0
l—p4+p’—...£p"°=-1
—pHpP— . kP =2
—p(l—p+p*—. . Epo ) =-2
p(l—p+p*—. .. . £po =2

no—l

pY (—p)F =2
k=0

Since p,1 —p +p?> — ... £p™~! € Z, it must be that p = +1,4+2. Since p
was chosen to be prime the only valid option is that p = 2. This then implies
that S1° ' (=2)* = 1. If ng — 1 = 1, then this amounts to 1 — 2 = 1, which
is an obvious contradiction. If ng — 1 > 1 then this contradicts our findings

in the first half of this proof. Thus > }° (—p)* # —1. ]

From the definition of Aj; and By, for each d such that §(d) = k,
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we have that, for a(n) odd <T%> € A for k even and <r%> € B for k
odd and for a(n) even <r§> € B for k even and <r%> € A for k odd.
Define A'(n) := {<r%>

A, = A'(n) N Ay and B; := B'(n) N By, for the proper values of k. Define

d|n} \ B and B'(n) := {<T%> )d\n} \ A. Define

s'(n) = [A'(n)] = [B'(n)].

Lemma 4.4. If o; is even for all i = 1,2,...,m then s'(n) = —1, else

s'(n) = 0.

Proof. If d,d'|n and B(d) = fB(d’) mod 2, then <r%> : <r§> € A or
<r%>,<r§> € B’. Whereas if f(d) # £(d’) mod 2 then <7’%> e A" and
<r§> € B or <r%> € B' and <r%> € A’. Note that for each d|n, we have
that Z|n where 5(%) = a — 3(d).

Now (d) ranges from 0 to a(n). If a(n) is odd, (so that at least one «;
is odd), B(5) = a — B(d) # B(d) mod 2 and hence <r%> € A'and (r?) € B’
or <r%> € B and (r?) € A’. Note that it cannot be that 8(d) = a(n) — 5(d)
since this would imply 26(d) = a(n), but a(n) is odd. So in either case, each
element of A’ corresponds to an element in B’ and thus s'(n) = 0.

To cover the case where a(n) is even, we will proceed by induction on
a(n). First, some base cases with even a(n)’s:

Case 1: a(n) =2 and m = 1.

We then have n = p? so that all o;s are even. In this case B} = {(r)},

A} ={({r")} and B] = {1}. Hence s'(n) = —1.
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Case 2: a(n) =2 and m = 2.

We then have n = pips so that at least one «; is odd. In this case
Bl = {(r)}, A} = {{(rP*),(rP2)} and B} = {1}. Hence §'(n) = 0.

Case 3: a(n) =4 and m = 1.

We then have n = p} so that all o;s are even. In this case B} = {(r)},
A, = {()), Bl = {<rp%>}, A = {<rp‘i'>} and B} = {1}. Hence s'(n) =
—1.

Case 4: a(n) =4 and m = 2.

We then have n = p?p3 so that all ;s are even. In this case B = {(r)},
AL = [, (7)), Bl = {<Tp%>7<f,,p1pz>7<rp%>}7 Ay = {<Tp%p2> , <Tp1p%>}
and B} = {1}. Hence s'(n) = —1.

Case 5: a(n) =4 and m = 3.

We then have n = p?pyps so that at least one ;s is odd. In this case
By = ()} Ay = L), ) ey, By = {1 (rome)  (rme) (o) |,
A = {<7~p?m> , <rp%p3> , <rmm>} and B, = {1}. Hence s'(n) = 0.

Case 6: a(n) =4 and m = 4.

We then have n = pipapsps so that at least one «; is odd. In this case

we have that

By ={(r},
All - {<rp1> ) <Tp2> ) <Tp3> ) <Tp4>} )

Bi — {<TP1P2> ’ <TP1P3> ’ <TP1P4> ’ <74P2P3> ’ <TP2P4> : <TP3P4>} ’
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A’2 — {<TP1P2P3> ’ <TP1P2P4> ’ <Tp1p3p3> 7 <7AP2P3P4>} and

B, = {1}.

Hence we can easily compute that s'(n) = 0.

By use of strong induction, assume that the conclusion holds for all
0 < a(n) < ap for some o > 4. If n = p{'ps?...po%m with a(n) = ay,
choose some prime p,,11 (so that a(np,+1) = oo + 1, and hence they have
different parities). Given how A" and B’ are defined, all elements of A’ for
I'(Dsy,) become elements of B’ for I'( Dy, ,,) and all elements of B’ for I'( Dy,
become elements of A’ for I'(Da,, .., ). So changing the sign of s'(n) for I'(Da,)
will account for the sublattice C), in Cy), ... The new elements of A" and B’

npm—i—l

are then of the form <r d > where p,,.1 1 d.

If pppi1 1 n (and hence oy, 11 = 1, which is odd) then this forms a second
copy of C,, wherein if §(d) = k in I'(Ds,) then B(d) = k + 1 in I'(Da,,, ., )-
So we have two copies of (), with different signs for the alternating sum. By
our induction hypothesis, s'(npy+1) = s'(n) + (—1)s’(n) = 0 as required.

Suppose then that p,,.1|n, that is p,+1 = p; for some 0 < i < m, say
pi,- Note then that a;,(np,.1) = a;(n) + 1. Write np,,1 = ijOl. We then
have a copy of (), with the opposite sign on its alternating sum, and a copy
of C;. We then have the following cases:

Case 1: «; is even for all i # iy, and «;,(n) is even. In this case a(n) is

even so that a(np,,+1) is odd and hence §'(np;,+1) = 0 as shown previously.
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Case 2: q; is even for all ¢ # 4y, and «;,(n) is odd. In this case a(n)
is odd so as previously shown s'(n) = 0. We then have, by our induction
hypothesis, s'(npn+1) = —5'(n) + §'(1) = —1.

Case 3: ¢, is odd for some pj,|l. Then by our induction hypothesis
s'(npmi1) = —=s'(n) +s'(1) =0

as required. ]

Lemma 4.5. If at least one of the «;’s is odd, then
A= 1Bl =] (Z(—pi)])
i=1 \j=0
or else
a1 =TT () -1
i=1 \j=0

iof all «;’s are even.

Proof. Again from the definition of Ay and By, for each d such that 3(d) =
o — k we have <r%,ri3> € B,0 <1 < % for k even and <r§,ri$> € A,

0 < < 5 for k odd. Recalling then that each d = pflpf ... pP» this accounts

m

for & = pfl_ﬁlpgrﬁz ...pm=Pm elements in B for k even and % elements in

A for k odd. Define A” := A\ A" and B” := B\ B’. We then have that
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|A" U B"| = o(n), the sum of the divisors of n. Now

(Zﬁ%)

1+pz+p7 i)

ol

Since we are looking to determine |A”| — |B”|, we need to assign negative

values to those divisors d such that 5(d) is odd. So, if instead we consider

m
H(1 —pi+D; =P A ()™)
i—1

only those divisors with an odd number of prime factors with odd exponents

will retain the negative sign, which is exactly what we are looking for. Hence

A" —|B" =1 —pi+p2 =02+ ...+ (—p)™)
=1
=1 ( = )

Now, A", A”, B" and B” are all disjoint by definition. In addition, A = A'UA”

and B= B UB". So

Al = [B| = AT +[A"| = |B'| — |B”|
= [A"] = |B"| + |A'| - |B|
[T (S )+ o0

=1
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Lemma 4.4 completes the proof. ]
Theorem 4.6. D», is unbalanced and hence non-Hamziltonian.

Proof. If at least one of the «;’s is odd, then by lemma 4
a1 =TT (350 ).
i=1 \j=0

By Lemma 4.2, none of these factors are 0, hence their product cannot be 0
so that |A| # |B].

If all o;’s are even, then by Lemma 4.4

A= 81 =]] (i(—p»ﬂ') 1

i=1 \j=0

By Lemma 4.3, none of the factors of []}", (Z?;O(—pi)j) can be +1. Hence,
their product cannot be 1 and thus |A| # |B|. Hence Dy, is non-Hamiltonian

by Theorem 2.11. [

While a dihedral group on its own is non-Hamiltonian, that is not

always the case for direct products of dihedral groups with other groups:

Proposition 4.7. Ifn = p{'py?...p%m in its prime factorization and 2 {
n, Dg X C,, and Dig x C,, are Hamiltonian if and only if at least one of

a1, Q9, ..., 05 1S odd.
Proof. Figure 17 below shows a Hamiltonian cycle through Dg x C), for 2 1 p
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prime. Theorem 2.26, Example 2.36 and the Chinese Remainder Theorem
then imply that if one of aq, s, ..., a; is odd, then Dg x C), is Hamiltonian.
If instead each aj, a0, ..., o is even, then Dg x Cpe is unbalanced by The-
orem 2.32 and Theorem 4.6 and hence non-Hamiltonian by Theorem 2.11.

Mathematica verifies that D x C), for 2 1 p prime is also Hamiltonian, so

this argument can be repeated to show the same result for D4 x C,,. ]
D8 _ Dg X Cp
. C3xC, CixCp ~ C3xC,
¢y — 47 2

1/Cp

Figure 17: A Hamiltonian cycle through I'(Dg x C,) for p # 2

Next, we look at Dy, where p is prime. As seen in Figure 18 | I'(Dy,) =

F(Cg). Then by Proposition 3.2 and Theorem 2.35 we have:

Proposition 4.8. If p # q are prime, then Da, X C; is non-Hamiltonian for

all p > 3, q # 2.
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5 DICYCLIC GROUPS

In this section we show that the dihedral groups are non-Hamiltonian.
We will do this by showing that the dihedral groups are unbalanced and hence

non-Hamiltonian by Theorem 2.11. We have
Dic,, = <:U,y|a;‘2” =1, =", yr = x_1y> :

Let n = p]'py?...p%m be its prime factorization, m > 0 and each «; > 0.
Define a(n) := Y, a; and n(n) := max{n|2" divides n}.

We will first need some lemmas:
Lemma 5.1. For all i,k € Z, <xk,:132y> = <xg0d(k’”),:1:iy>.

Proof. It is clear that 2’y is an element of both of these subgroups. Thus
(z'y)? = a'yz'y = 2'xz7'y* = 2" is also an element of both of these sub-
groups. It is also immediate that x* € <:cg‘3d(k’”),:z:iy> so that <xk,:z:iy> C
<xg6d(k’”),xiy>. To see that x8edkn) ¢ <xk,xiy>, note that by the Greatest
Common Divisor Theorem we can write ged(k,n) = mia + mon for some

my, my € Z. Then
:Cgcd(k,n) _ xmlk‘—kmgn _ (ZCk)ml (ajn)mg e <$k,$iy>

so that (2", z'y) = (28°/*n) 2ly) as required. O

This can be directly used for the following lemma, the proof of which
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then follows immediately.

Lemma 5.2. For all i € 7Z, if ged(2k,n) = ged(k,n), then <xk,xzy> =

(x*, z'y) We first need to show that:
Proposition 5.3. Dic, is bipartite for all n € N.

Proof. Now, () is a cyclic group of order 2n. We first focus on the sublattice
isomorphic to C),. So similarly to the proof of Proposition 4.1 (and using the

same notation),

a(n)

{<x%ﬂ> 8(d) = 2k};?J and {<x%‘> () = 20+ 1}1%%

form two independent sets of vertices in I'(Dic,,). We also need to account

for the subgroups of (z) not contained in the sublattice isomorphic to C,,

2n
namely those subgroups of the form <:Uﬁ> such that 270" | d. For these,

a(n)+1

2 7
{<a:2d> 21 |d, B(2d) = Zk}
k=n(n)

a(n)+1

2n L 2 J
and {<x2_d> 214, B(2d) = 2k + 1}

k=n(n)

]

form two independent sets of vertices in I'(Dic,,).

2n . 2n .
Next, for each d, if i = j( mod %”) then <x7,xzy> = <xd ,x3y>. In

addition, if 21 d then ged(2,n) = ged(3%, n) so that by Lemma 5.2 we have
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form independent sets of vertices in I'(Dic,). This amounts to all of the

subgroups of Dic,.

2n 2n 2n 2n 2n 2n
Now,if<xd><<xd’,x’y>then<xd>§<xd’>< xd x's )so(xd

2n .
is only adjacent to ( @ ,z's ) in ['(Dic,) whenever d = d’. Finally, we know

2n 2n
that it could never be that <x7,ajzy> < <£C d > Hence we can partition

the the vertices of I'(Dic,,) in the following manner. From here on out, let d

describe an arbitrary divisor of 2n, rather than of n. Define Ay := {(x,y)}.
If a(n) is odd then for k =1,2,..., L@J define

Ay = {<x27> , <a:d_3:s> ]o <i< B(d)=B(d)+2=an) - (2k - 1)}

and define

Furthermore, for £ =0,1,... L@j define By, :=

{<x%”> | <xdﬂx3> ‘0 <i<2 20d, B(d) = B(d) +2 = aln) - Zk}
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2
If a(n) is even then for k =1,2,..., @ define

and define B a(n), = {1}.

Ay = {<x27> , <x§,xis> ]o <i< B(d)=B(d)+2=an) — (2k - 1)}

and define A,y = {1}.
2 1
Furthermore, for £k = 0,1, ... @ — 1 define

By = {<x%”> , <xzxy> 0<i<2 B(d)=p8(d)+2=an) - Qk}

and define

Sl el
A= Ay and B:= ] B
k=0 k=0

Thus A and B form two independent sets of vertices and hence Dic,, is bi-

partite. [

If we define A'(2n), B'(2n) and s'(2n) in the same manner as was done
in Lemma 4.4, we achieve the same result with the roles of “odd” and “even”
reversed since a(2n) = «(n) + 1. Then if we define A” and B” in the same

ay Q2 ay

manner as in Lemma 4.5 and let 2n = ¢;""¢y”* ... ¢;" in its prime factorization
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we can follow a similar technique in the proof of Lemma 4.5 and the proof of

Theorem 4.6 to show:

Theorem 5.4. Dic,, is unbalanced and hence non-Hamiltonian.
It is well know that Dicor = (Q9r+2, the generalized quaternion group.
While the quaternion groups are non-Hamiltonian, much like for Ds,, this may

not be the case for direct products of cyclic groups and quaternion groups.

Proposition 5.5. Let n = p"py?...p%m in its prime factorization such that

24n. Then

(1) Qs x C,, and Q16 X C,, are Hamiltonian if and only if there exists an

1=1,2,...,k such that «; 1s odd.

(11) Q32 x Cy, and Qgq X Cy, are Hamiltonian if there exists two distinct i =

1,2,...,k and j = 1,2,...,k such that both o; and o are odd.
both hold.

Proof. It has been shown [3, p. 22] that Qs x C5 is Hamiltonian, and Math-
ematica verifies that (15 X C3 is Hamiltonian. This extends to telling us that
Qs x C, and Q16 X C), are Hamiltonian for p > 2 prime. Then since ()3 and
()16 are unbalanced by Theorem 5.4, Theorem 2.26 and 2.32 verify (i).
Mathematica verifies that (Y30 x C5 and QQgqs X Ci5 are Hamiltonian.
This extends to telling us that QY3 x C), and Qs X C,, are Hamiltonian for

distinct primes p,q > 2. Then by Corollary 2.27, if there exists two distinct
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i=1,2,....,kand j = 1,2,..., k such that both a; and «; are odd, (ii) is

verified. OJ

Note that (Y30 x C3 and (Qgs X C3 were found by Mathematica to be
non-Hamiltonian and that (Y32 x C3s was also found to be non-Hamiltonian
(whereas Qs x Cp3’s Hamiltonicity could not be determined by Mathemat-
ica). While it is possible a priori that there may be some cyclic p-group
with exponent larger than 3 that can be crossed with ()32 or Qg4 to result in
a Hamiltonian graph, we do know that this order cannot be even by Theo-
rem 2.32 since (Y32 and Qg4 are unbalanced. We also determined that Q128 x Cj
is non-Hamiltonian but Q1928 X C15’s Hamiltonicity could not be determined

by Mathematica.
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6 NON-ABELIAN p-GROUPS

McLaughlin conjectured in [3, Conjecture 3] that all non-abelian p-
groups are non-Hamiltonian. To disprove this, we show that C, x (Cys x Cy)
is Hamiltonian for all prime p. First note that in the case where p = 2, the four
semi-direct products give us: C3 x Cg, Cy x QD1g, Co x My(2) and Cy x Dyg.
Gap and Mathematica verify that these four groups are Hamiltonian. When

p > 2, we have two semidirect products:

G = <x,y,z’xp:yp3 :Zp,g;y:yx,xz:za:,yz:zy> %C’; X Cps

Gy = <a,b,c ’ a’ = b’ = b, ab = ba,ac = ca,chb = bp2+1c>

By [3, Theorem 8], GG; is Hamiltonian. We claim that I'(G2) = T'(G1) and
hence G4 is Hamiltonian. We will show this through the following theorem

from [5, p. 17

Theorem 6.1. Let ¢ : G1 — Go be bijective and ¢(H) := {p(h)|h € H} for
H C Gy. Then H < Gy <= ¢(H) < Gy implies that T'(G1) = I'(Go).

Hence we can show that I'(G;) = I'(Gs) through the construction of a

projectivity between G; and G5. Before we create such a function, we will
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need a few lemmas.

Lemma 6.2. For k € NU {0}
(P*+ 1) =kp*+1 mod p’.

In particular, (p?> 4+ 1)’ =1 mod p°.

Proof. First note that (p*>+1)° =1 = (0)p*+1 mod p*. Inductively assume

that the statement holds for £ € NU {0}. Then:

(P*+1)*=kp*+1 mod p?
(P + D"+ 1) = (" + D(kp? + 1) mod p’
P+ D" =kp' +p? + kp®+ 1 mod p?
P>+ D) =(k+1)p*+1 mod p?.
We can then see that (p? + 1)’ =p* +1=1 mod p>. O

Lemma 6.3. Forn,m € NU {0}, we have (in Gy), ¢"b™ = p™@*+)" ¢,

Proof. This holds trivially for n = m = 0. Let n = 1. For m = 1 this is as

appears in the definition of GGo. Suppose this holds for some m € N. Then:

™t = b

=y
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_ bm(p2+1)bp2+1c

_ b(m+1)(p2+l)c

Then, let the statement hold for some n € N and fix m € N. Then:

"™ = cc"b™
2 n
= D" on
2 n (2
— pn@* )" () pon

_ bm(p2+1)"+1cn+1

as required. O

Lemma 6.4. For all k € N and [,m,n € 7Z,

(albmcn)k:aklbm(kJrn 5 —) n

holds.

Proof. We first claim that

k 2 n(i—1)
(alb" ") = gl S ) i

This holds trivially for £ = 1. Suppose this holds for some k& € N. Then by
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Lemma 6.3:

(@b )+ = (@ (albmen)
= aFlpm S (PP Ckn(albmc”)
_ Dm0 kngm n
— D pm 8 (P 1)) pm(p )R (ke L)n
_ D (S )Y ()R ) (ke D)n

R e

Then by Lemma 6.2:

k+1 k

mZ(pz + 1))=Y mZ(n(z —1)p?* +1) mod p°
=1 i=1

k
m(k + np” Z(Z —1)) mod p?
i=1

k1
= m(k + np* Zz mod p’
i=1

=m(k + anW) mod p
= m(k + w) mod p°

Hence

i <k+np2k(k—1))
2 n(i—1) m
(albmcn)k‘ _ ajklbmzz'zl(p +1) Ckn _ ak‘lb 2 Ckn
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Theorem 6.5. For p prime,
Gy :=Cp x (Cpp xCp) = <a, b, clal = B = b, ab = ba,ac = ca,cb = bp2+1c>

1s Hamiltonian. This serves as a counterexample to McLaughlin’s Congjec-

ture 3.

Proof. Given the relations prescribed in their definitions, for g € Gy
and g € G we may write g = 2"'y™z™ and go = a2b™c™ for some
l1, 12, M1, Mo, n1,n9 € Z such that 0 < Iy, 1y, n1,n0 < p and 0 < my, my < p.
Define ¢ : G; — Gy by ¢(z'y™2") := alb™c". Furthermore define ¢(H) :=
{¢p(h)|h € H} for H C Gy. If zhy™zm = alym22" then |} = I, mod p,

mi = my mod p® and n; = ny mod p so that necessarily
¢(xl1ym12n1) — allbmlcnl — algbmgcng — gb(xlgmeZTLQ).

Hence ¢ is well-defined. If a'b™c" € Gy, then 2'y™2" € Gy and ¢(a'y™2") =
a'b™c” so that ¢ is surjective. Furthermore, if ¢(zhy™z™) = ¢(al2y™22"2),
then a"b™c™ = al2b™¢™. Hence |} = Iy mod p, m; = me mod p® and
ni =ny mod p so that xliy™ 2™ = xl2y™2 2" Therefore ¢ is injective.

It remains to be shown that H < G <= ¢(H) < Go. First, assume

that H < Gy. Let ahb™c™, a2b™c" € ¢(H). Then zhy™zm, glym2zmz
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H. Since H < Gy, (leym22"2)_l = gy M2, ¢ H. And furthermore

(a~l2ymezm2) (D™ € H. Now

(x—lzy—mzz—nz)(p2+l)"1 — x—lz(pzﬂ)”ly—mz(p?ﬂ)”lZ—nz(p2+1)"1
_ x—lz(l)”ly—mz(szrl)”lZ—nz(l)”l

— x*lgyfmg(p2+1)n1 Z*’Ilg

So that finally

(.I'llyml an) (x—ZQy—mz(pz-l-l)an—nQ)

— xl1—12ym1—m2(p2+1)n1 Zn1—’/l2 E H

Through Lemma 6.3 we see:

b <xll—lzym1—m2(p2+1)"1 an—m) — all—lzbm1—m2(p2+1)n1Cnl—nz
— dhglepmip—me (P*+1)™m M2

— allg TRy

= (a"b™c™) (a2b7™ ™) € ¢(H)

Hence ¢(H) < Go.

Next assume that ¢(H) < Gy. Let aliy™ 2™ glym22" ¢ H. Then

a"b"™ ™ a2b " € ¢(H).
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Since ¢(H) < G5, by Lemmas 6.2 and 6.3:

_1 _ _ _
(alzbmzcn2) — o TepTM2g la

_ a—lz 2T me
— g )T e (),

n (P*+1)"2m
Furthermore, (a‘lQb_“”(pQ“) 20_”2>

6.2, 6.3, and 6.4 we have that:

2_~_1 ng—mnj

_ 2 ng—mnj
— allbmlcnla lg(p +1)

2(02 ng—mn 2 nog—n
2 —-n 2 nog—mn nap (p +1) 2 1((p +1) 2 1_1)
b_m2(p +1)7"2 ((p +1)r2TmM 4 ) C_n2(p2_~_1)n27n1

— a/ll bmlcnla/_ZZ(]-)Tuinl

20,2 ng—n 2 nog—n
o oo (12 {yng—ny , P2P-(PTH1L)"27M ((p741)"2 7" 1)
bimQ(p +]‘) 2 ((p +]‘) 2 1+ 2 C_n2(1)n27’n1

n 2 2_|_1 ng—ni 2+1 ng—nj_1
meo(p?+1)~"2 <(p2+1)n2—n1_|_ 2p°(p ) 2((17 ) )) o
C

= ghlpmeny

Ust

ngp*(p*+1)"2 "M ((p°+1)"2~ "1 —1)>
e

_ 2 1)1 2 1)—"2 2 1)72—"1
B e (e ,

n 2 2+1 nog—nj 2+1 ng—ni_]
my—mg(p?+1)"17"2 <(P2+1)n2"1+ 2 (7 1) 2((p ) )

— allfbb )CTHWQ

mQ((nln2)p2+1)<((ﬂ2nl)p2+1)+n2p ((na—n1)p +12)((n2—n1)p +1-1)

— al1—l2bm1 >Cn1—n2

2 2_ 0211 2 .2
m1—m2((n1—n2)p2+1) (n2p2—n1p2+1)+n2p (nap”—mp”+1)(nap"—mp”)
— all_l2b 2 Cnl—ng

2,4 4 2 2 2
m1—m2(n1p2—n2p2+1) (n2p2—n1p2+1)+(n2p n1M2P~+N2p )(nzp mp )
R a/ll_lQb 2 C’I’Ll—ng

%)

€ ¢(H). Finally by Lemmas



2 2 2
n nop*—mn

B my—ma(n1p?—nep?+1) ( (nep?—nip?+1)+ 2" (nap 17’ B

CLZ1 lzb 2 Cnl n2

n2p*—ningp*
I—l mlm2(n1p2n2p2+1><(n2p2n1p2+1)+M)
= a't 72} m—n

— al1—l2 pm —ma(n1p® —nep?41)(nep* —n1p®+1) ni—ng

Cc

— ghlepm —ma(ningp* —nsp*+nop® —nip+ningpt —nip®+n1p® —nap®+1) n1—ny

C

— glilzpm —mg(nep® —nip?*+n1p* —nop?+1) ni—ny

Cc

= gh~lpm—m2gmTne ¢ g (),

This implies that ol —lzgm—m2ym=nz — phymiymg=lzg=mz =12 ¢ []  Therefore
H < Gh. Thus H < G; <= ¢(H) < Gy so that I'(Gy) = I'(G3). Then

since (1 is Hamiltonian, G5 is also Hamiltonian. ]
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7 OTHER NON-ABELIAN GROUPS

There are many ways we can go about determining the Hamiltonicity
of some non-abelian groups that are not p-groups. First, we will consider a
class of non-abelian groups whose subgroup lattices are isomorphic to another
class of groups whose Hamiltonicity has already been determined.

Consider the group
C’z X Cy = <7°, s,tr? =sP =t =1,sr =rs,tr =r 't ts = 3_1t>
for p > 2 prime. The non-trivial proper subgroups of Cg x Cy consist of the

following classes:

(a) The p + 1 subgroups isomorphic to C, of the form <7“"3> for 0 <7 <p
and (r).

(b) The p* subgroups isomorphic to Cy of the form (r¥s“t) for 0 < x,y < p.
(¢) The unique subgroup isomorphic to C’g, namely (r, s).
(d) The p* + p subgroups isomorphic to Dy, of the form <rm5, rbt> for 0 <

m,b < p and (r, s°t) for 0 < ¢ < p.

Lemma 7.1. The geometry A where subgroups of the class (d) are lines,
subgroups of the class (b) are points, and incidence is defined by a point being

a subset of a line is isomorphic to the affine plane defined over IF),.
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Proof. We can coordinatize this in the following manner. Since points
are of the form (r¥s"t), let (r¥s"t) <> (x,y). Lines that are of the form
<7’ms,rbt> contain the points <r”m+b3”t> for each 0 < n < p. Given our
coordinatization, <7’”m+b5”t> < (n,nm + b) that is, if n = z, y = ma + b.
In this way (r"s,r’t) = {(z,y)|ly = mx + b} < [m,b]. Finally, we have our
vertical lines that are of the form (r, s°¢) which contain the points (r"s°t) for

each 0 < n < p. That is, (r,st) = {(x,y)|z = ¢} < []. O

Lemma 7.2. The geometry /' containing A as well as the subgroups of class
(a) as points at infinity and (r,s) as the line at infinity forms the projective

plane defined over IF),.

Proof. Our lines of the form [m, b], with m fixed, are parallel in A. Indeed,
each of these now also now also contain the point (r"s) in A’. Furthermore
each vertical line is parallel in A and indeed they now also contain the point
(r) in A’. Finally (r, s), the line at infinity, contains each of the newly added

points at infinity. [
This leads us to our first class of Hamiltonian non-abelian non-p-groups:

Theorem 7.3. C]% X Cy 1s Hamailtonian for p > 2 prime.

Proof. From Lemma 7.2 we have that I'(GC; xCy)\{C? xCs, 1} is isomorphic
to the projective plane defined over IF,,. Then, F(Cg x () consists of the graph

of the projective plane defined over I, with a vertex added that connects to
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every line and a vertex added that connects to every point. It is well know
that F(C’S) consists of the graph of the projective plane defined over F, with
a vertex added that connects to every line and a vertex added that connects
to every point. Hence T'(C; x Cy) = I'(C3). By [3, Theorem 7], C; is
Hamiltonian. Hence C’g X (Jy is Hamiltonian for p > 2 prime. O

C3 S3
AN AN

Cs C3 C3 (3 Cs3 Cy Cy (O

N N

Figure 19: Subgroup lattices of C3 and Ss

In order to obtain other classes of non-abelian groups that are Hamil-
tonian, we look to direct products of cyclic groups with non-abelian groups.
Our first observation comes from taking the direct product cyclic groups and
symmetric groups. Consider S3 x C, for ¢ # 2,3 prime. By Theorem 2.35
we have that I'(S5 x C;) = I'(S3) O . In Figure 19 it is easy to see that
['(S3) 2 T(C%) and hence that T'(S3 x C,) = T'(C? x C,). It is also clear that
S3 is unbalanced. By Proposition 3.2, C% x C, is Hamiltonian so that S3 x C,
is also Hamiltonian. Then by Theorem 2.26, 2.32, and 2.11 we have that if
2,31 n, then S3 x C), is Hamiltonian if and only if one exponent in the prime
factorization of n is odd. Furthermore, Mathematica verifies that Sy x Cj
and S5 x (7 are Hamiltonian. Using Theorems 2.35 and 2.26, we can come

to similar conclusions (though they are not bi-conditionals as neither Sy nor
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S5 is bipartite). To summarize:

Proposition 7.4. Let n = p{'p5*...p%m in its prime factorization. Then

i) If 2,3 1 n, then S3 x C,, is Hamiltonian if and only if there exists an

1 =1,2,...,k such that «; 1s odd.

it) If 2,3 1 n, then Sy x C,, is Hamiltonian if there exists an i =1,2,...,k

such that o; 1s odd.

iii) If 2,3,51 n, then S5 x C,, is Hamiltonian if there exists ani =1,2,... k

such that o; 1s odd.

all hold.

Our attempts to find similar results for Sg were unfruitful as the com-
plexity of the Hamiltonian question for these graphs was too great to be
processed by Mathematica.

As for the cases where 2 | n or 3 | n, the Hamiltonicity of many groups
of the form C), x S3 have been determined by Mathematica and are visible
in Table 1 (where p > 3 is prime). These where determined by testing the
Hamiltonicity of C, x S3 for n up to 60 (which proved to be the first n in
which Mathematica was unable to determine the Hamiltonicity).

This leads to the following conjectures:

Conjecture 7.5. Cyags X S3 is Hamiltonian if and only if both v and [ are
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Table 1: Hamiltonicity of C,, x S3 where 2 | n or 3 | n

Group  Hamiltonian? = Group  Hamiltonian?

Cy x S3 No C2p, X S3 Yes
C3 x S3 No Co33 X S3 Yes
Cy X Ss No C3s x S5 No
Cy.3 X S3 Yes Cazp X S3 Yes
Cos X S3 No Cos X S3 No
C32 X S3 No Co232 X S3 No
Cyp X S3 Yes Cosp, X S3 Yes
Co23 X S3 No Coag X S3 No
C3p X S Yes Cop2 X S3 No
Cos X Ss No Coy33 X S3 Yes
Co.32 X S3 No

odd.

Conjecture 7.6. Caags,m X S3 15 Hamiltonian if and only if n is odd.

We can similarly investigate the direct products of cyclic groups and
alternating groups. For instance, while Mathematica verifies that As is non-
Hamiltonian, it also verifies that A; x C7 is Hamiltonian. While we have
already seen in Example 2.15 that A4 is non-Hamiltonian, Mathematica ver-

ifies that A4 X (s« is non-Hamiltonian for a = 1,2, 3,4. However, A4 x Cj;
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is Hamiltonian. This leads us to our next result:

Proposition 7.7. Let n = p{'p5*...p%m in its prime factorization. Then

(1) If 2,3 1 n, then Ay x C, is Hamiltonian if there exists two distinct

1=1,2,...,kand 3 =1,2,...,k such that both o; and «; is odd.

(ii) If 2,3,5 1 n, then A5 x C,, is Hamiltonian if there exists ani=1,2,... k

such that o; 1s odd.

both hold.

Proof. Since A4 x Cs5 is Hamiltonian, so too is A4 x C), for distinct primes
p,q > 3. Then by Corollary 2.27, if there exists two distinct ¢ = 1,2,...,k
and j = 1,2,..., k such that both a; and «; are odd, A4 x C), is Hamiltonian.

Since As x (7 is Hamiltonian, so too is As x C, for p > 5 prime. Then
by Theorem 2.26 As x C), is Hamiltonian if there exists an ¢ = 1,2, ..., k such

that «; is odd. ]

Again, Mathematica was unable to determine the Hamiltonicity of the

graphs necessary to find similar results for Ag.
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APPENDIX

There are some groups whose Hamiltonicity has already been deter-

mined by the following findings not included in the body of this thesis.

Theorem A. If p is prime, then Cpe x Cys is non-Hamiltonian for all o, B €

N. /3, Theorem 3]

Theorem B. All finite p-groups with even exponent are mon-Hamiltonian.

[3, Theorem 4]

Theorem C. All non-abelian p-groups of order p> are non-Hamiltonian. [3,

Theorem 5]

Theorem D. If p is prime, then Cgk“ x Cp x C, 1s Hamiltonian for all
k> 0. [3, Theorem 7]

The following table lists the Hamiltonicity of every finite group up to
order 35, barring two groups whose Hamiltonicity could not be determined
by Mathematica (a ‘7" appears on these). Any finding whose justification is
listed as “Mathematica” was determined by using GAP to convert the sub-
group lattice to a graph and then using Mathematica to determine whether or
not the graph was Hamiltonian. The structure descriptions (if useful enough

to be provided) and GAP IDs were referenced from [2].
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Gap ID

Structure Hamiltonian?

Justification
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9,2
(10,1)
(10,2)
(11,1)
(12,1)
(12,2)

12,2

1 No
Cy No
Cs No
Cy No
C3 No
Cs No
S3 No
Cs Yes
C, No
Cy No

Cy x Oy No
Dxg No
Qs No
Cs Yes
Cy No
C? No
D1 No
Cho Yes
Cy No

Dics No
Co Yes

65

Definition 2.3
Theorem 2.37
Theorem 2.37
Theorem B
Theorem B
Theorem 2.37
Theorem 4.6
Theorem 2.37
Theorem 2.37
Theorem 2.37
Theorem A
Theorem 4.6
Theorem 5.4
Theorem D
Theorem B
Theorem B
Theorem 4.6
Theorem 2.37
Theorem 2.37
Theorem 5.4

Theorem 2.37



Gap ID Structure Hamiltonian? Justification

(12,3) Ay No Example 2.15
(12,4) Dqo No Theorem 4.6
(12,5) C3 x Cs Yes Proposition 3.2
(13,1) Ci3 No Theorem 2.37
(14,1) Dy No Theorem 4.6
(14,2) Cla Yes Theorem 2.37
(15,1) Cis Yes Theorem 2.37
(16,1-14) - No Theorem B
(17,1) Clr No Theorem 2.37
(18,1) Dy No Theorem 4.6
(18,2) Cis Yes Theorem 2.37
(18,3) C3 x S3 No Mathematica
(18,4) C3 % Oy Yes Theorem 7.3
(18,5) Coy x C? Yes Proposition 3.2
(19,1) Clo No Theorem 2.37
(20,1) Dics No Theorem 5.4
(20,2) Cy Yes Theorem 2.37
(20,3) Cs x Cy No Mathematica
(20,4) Dy No Theorem 4.6
(20,5) C2 x Cs Yes Proposition 3.2
(21,1) C7 x Cf No Theorem 2.14



Gap ID Structure Hamiltonian? Justification
(21,2) Ca Yes Theorem 2.37
(22,1) Doy No Theorem 4.6
(22,2) Co9 Yes Theorem 2.37
(23,1) Cos No Theorem 2.37
(24,1) C3 x Cy No Theorem 2.14
(24,2) Cou Yes Theorem 2.37
(24,3) SL(2,3) No Theorem 2.14
(24,4) Dicg No Theorem 5.4
(24,5) Cy X S5 No Mathematica
(24,6) Doy No Theorem 4.6
(24,7) (' x Dics No Mathematica
(24,8)  (C3 x C3) x Cy No Mathematica
(24,9) Cy x C3 x Cy Yes Mathematica
(24,10) C3 x Dg Yes Proposition 4.7
(24,11) Cs5 x Qg Yes Proposition 5.5
(24,12) Sy No Mathematica
(24,13) Cy x Ay No Mathematica
(24,14) C3 x S3 No Mathematica
(24,15) C3 x Cs Yes Theorem D and 2.25
(25,1) Cos No Theorem B
(25,2) C? No Theorem B
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Gap ID Structure Hamiltonian? Justification
Dog No Theorem 4.6
Coy Yes Theorem 2.37
Cor No Theorem 2.37

C3 x Cy No Theorem A
C2 % C3 No Theorem C
Cy x Cs No Theorem C
Cs3 Yes Theorem D
Dicy No Theorem 5.4
Cog Yes Theorem 2.37
Dog No Theorem 4.6
C2 x C, Yes Proposition 3.2
C No Theorem 2.37
Cs x S3 Yes Proposition 7.4
C3 x Dy No Proposition 4.8
D3 No Theorem 4.6
C3 Yes Theorem 2.37
C'31 No Theorem 2.37
C'39 No Theorem 2.37
(Cy x Cy) x Cy No Theorem 2.10 and 2.11
Cy x Cg No Theorem A
Cs x Cy No Theorem 2.14



Gap ID Structure Hamiltonian? Justification

(32,5) (Cy x Cy) x Cy No Theorem 2.10 and 2.11
(32,6) C3 % Cy No Theorem 2.10 and 2.11
(32,7)  (Cs x Cy) x Cy No Theorem 2.10 and 2.11
(32,8) - No Theorem 2.10 and 2.11
(32,9) (Cy x Cg) x Cy No Theorem 2.14
(32,10) Qs x Cy No Theorem 2.14
(32,11) C? x Oy No Theorem 2.10 and 2.11
(32,12) Cy x Cy No Theorem 2.14
(32,13) Cs x Cy No Theorem 2.10 and 2.11
(32,14) Cs x Cy No Theorem 2.10 and 2.11
(32,15) - No Theorem 2.10 and 2.11
(32,16) Cy x Cig No Theorem A
(32,17) M5(2) No Theorem 2.14
(32,18) D35 No Theorem 4.6
(32,19) Q) D3y No Mathematica
(32,20) Q32 No Theorem 5.4
(32,21) Cy x C} Yes Mathematica
(32,22)  Cy x (C2 x Cy) No Theorem 2.10 and 2.11
(32,23) Oy x (Cy x Cy) Yes Mathematica
(32,24) C? x Oy No Theorem 2.10 and 2.11
(32,25) Cy X Dg No Theorem 2.14
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Gap ID Structure Hamiltonian? Justification
(32,26) Cy X Qs No Theorem 2.10 and 2.11
(32,27) Cq x Cy No Theorem 2.10 and 2.11
(32,28)  (C3 x Cy) x Oy No Theorem 2.10 and 2.11
(32,29)  (C5 x Qg) x Cy No Theorem 2.10 and 2.11
(32,30) (C% x Cy) x Cs No Theorem 2.10 and 2.11
(32,31) C? % Oy No Theorem 2.10 and 2.11
(32,32) - No Theorem 2.10 and 2.11
(32,33) C? x Cy No Theorem 2.10 and 2.11
(32,34) C? % Oy No Theorem 2.10 and 2.11
(32,35) Cy X Qg No Theorem 2.10 and 2.11
(32,36) C2 x Cy Yes Theorem D
(32,37) Cy x My(2) Yes Theorem 6.5
(32,38) (Cy x Cg) x Cy No Theorem 2.10 and 2.11
(32,39) Cy x Dig Yes Mathematica
(32,40) Cy X QD1s Yes Mathematica
(32,41) Cy x Q1 No Theorem 2.14
(32,42)  (Cy x Cg) x Cy No Theorem 2.10 and 2.11
(32,43) Cy x C3 No Theorem 2.10 and 2.11
(32,44)  (Cy x Qg) x Cy No Theorem 2.10 and 2.11
(32,45) O3 x C, ? i
(32,46) C3 x Dy No Theorem 2.10 and 2.11
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Gap ID Structure Hamiltonian? Justification
C? x Qg No Theorem 2.10 and 2.11
Dg x C3 No Theorem 2.10 and 2.11

Dg x C3 ? -

(Cy x Qg) x Cy No Theorem 2.10 and 2.11

C3 Yes Mathematica

C's33 Yes Theorem 2.37

D3y No Theorem 4.6

C'34 Yes Theorem 2.37

C35 Yes Theorem 2.37
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