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1 INTRODUCTION

In 1946, Paul Erdos posed the following question: how often can a single distance
occur in a large finite set of points in the plane? While there has been much activity on
this and related problems (using other functionals besides distance, and looking at differ-
ent ambient settings), the best known upper and lower bounds for quantity of the original
question are still quite far apart. The pursuit of this question has led to many surprising
connections between seemingly disparate fields of mathematics and has deepened our un-
derstanding of these fields. To gain a deeper understanding of what lies at the core of this
question, there have been a number of variants explored in algebraic settings such as vec-
tor spaces over finite fields and modules over various finite rings.

Finite fields have been studied as they play a close role to coding theory, which has
many applications for compression and transmission of data. Another reason is that finite
fields provide an easier environment to study problems in analysis without having to worry
about convergence. Thus, understanding the unit distance and dot product problem in fi-
nite fields may help us understand coding theory and analysis problems. A few reasons
to study the distinct dot product problem instead of the unit distance distance problem
is that dot products are analogous to lines and have deep connections with the so called
sum-product conjecture, which we discuss later. In this thesis, we focus on the following
variant: how often can a particular dot product occur in a subset of a module over a Ga-
lois ring?

In Chapter |1, we introduce the man behind the Erdos distance problem. Then we
explore the developments made on the problem and its variants, and then the applications
these have for mathematics and industry. Next we introduce terms and results needed for
the rest of the thesis. In Chapter [2, we address the unit distance problem in the context
of single dot products over Galois rings. For Chapter 3, we extend our single dot product

result to pairs of dot products determined by triples of points (called a hinge).



1.1 Background on the Erd6s Distance Problem

How often can a single distance occur in a large finite set of points in the plane? In
this chapter, we will give background on the man who posed this problem, its history, and
its applications. To better understand this problem, we give the example below:
Example 1. Consider how many times a single distance may occur with three points in
the plane. One way to view this problem is to place unit circles and find the maximal in-
cidences between centers of circles and edges of circles. This is as each center and intersec-
tion with its corresponding edge gives us a unit distance. Thus, for three points, we may
place three unit circles whose centers form an equilateral triangle. This gives us the max-
imum number of a single distance for three points is three (see Figure . If we were to

add another point, then anywhere we place it, it must introduce at least one new distance.

Figure 1.1: Three unit circles forming an equilateral triangle.

1.1.1 Erdos. Paul Erdds was one of the most prolific mathematicians of the 20th
century (see [16]). He was born in 1913 in Hungary to two mathematics teachers. At the
age of 20 he proved Chebyshev’s theorem, an important result in number theory. When
he was 21, he was awarded his doctorate at the university of Budapest. Before the Holo-
caust he relocated to the United States of America and became a traveling mathematician,

living out of a suitcase. During his life, he proposed problems in discrete mathematics,



graph theory, number theory, mathematical analysis, approximation theory, set theory, and
probability theory. One of his peers said, “A mathematician is a machine for turning cof-
fee into theorems, and Erdds drank copious quantities.” For many of his conjectures, their
proofs and exploration would deepen and tie together many fields of mathematics. Erdos
would often also offer cash prize money for whoever solved one of his conjectures.

In 1946, Paul Erdds published a paper called, “On sets of distances of n points”
in the American Mathematical Monthly (see [9]). There he posed the following question:
How often can a single distance occur in a large finite set of points in the plane? The cash
prize for the Erdés distance problem was $500 in 1946. In today’s (2022) money, this is
over $7,000. Proving the Erdés distance conjecture would also give one a check with Erdds’s
signature.

In his paper (see [9, Theorem 2]), Erdés found that for n points, the number of
times a distance r may occur in the plane, call g(n;r), has n'*e/legloe() < g(pn:r) < p3/2,

We give an adaptation of his proof below.

Proof. By using similar reasoning as we did in Example , Erdés found g(n;r) < n3/2. Let
a = [n'/?]. For a lower bound, we consider the set of points (z,9), 0 <z <a, 0 <y < a.
This is the a x a grid of integers. Thus, we are after the number of solutions z? + y? = r%.
In another paper (see [10, §1]), Erdés shows that the number of solutions of the equation

m = p® + ¢? is greater than n®'°e(°e(™) for some 0 < ¢ < 1, and hence
g(n7 7“) > nlJrc/ log(log(n))

which completes the proof.

O

At the end of his proof, Erdds writes, “It seems likely that g(n) < n'T¢” (Ve > 0).



1.1.2 History. In this section, we give an overview of the developments toward
bounding the Erdés distance problem and the variants that arose. We will use the nota-
tion f(n) = Q(h(n)) to mean that for n large enough, there exists constant C' such that
f(n) > Ch(n). We will use f(n) = O(h(n)) to mean that for n large enough, there exists
constant C' such that f(n) < Ch(n). We will use f(n) = O(h(n)) for f(n) = Q(h(n))
and f(n) = O(h(n)). The single distance problem is often called the unit distance prob-
lem. This is as we may turn any single distance into the unit distance by scaling. The best
known upper bound to the original unit distance problem is O(n*/?) and was shown by
Spencer, Szemerédi, and Trotter in 1984 (see [27, Corollary 2]) where they consider the
number of incidences between points and circles.

After years of work on the unit distance problem with little progress, mathemati-
cians turned their gaze to a related problem. The related problem is the distinct distance
problem: For n points, how few different distances may be obtained? Let g(n) be the min-
imal number of distinct distances for n points. So, for instance, g(3) = 1 by using an equi-
lateral triangle. For g(4), we see that no matter where we place a fourth point in Figure
1.1} we will introduce at least one new distance. Ergo, g(4) = 2.

In that same paper where Erdds posed the unit distance problem [9, Theorem 1],
he also posed the distinct distance problem and conjectured that f(n) = Q(n/(logn)'/?),
where f(n) is the minimum number of distance determined by n points in the plane. He
conjectured that in d dimensions, this problem is ©(n*¢). In 2004 Katz and Tardos showed
that the lower bound on the number of distinct distances is Q(n%#%41) for n points in the
plane (see [20]). This problem was practically solved in 2010 by Guth and Katz [14, Theo-
rem 1.1], where the bound was found to be €(n/log(n)). Higher dimensional settings were
studied by Solymosi and Vu in [26, Theorem 1.1], where they showed the number of dis-
tinct distances in R? is <n%7ﬁ), as opposed to the conjectured Q(n?9). In 2008 Io-
sevich and Rudnev studied this problem in the instance of vector spaces over finite fields

[18]. This may have inspired Burgain, Katz, and Tao to study the sum-product estimate in



finite fields [4]. The distinct distance problem was further extended to the integers modulo
a prime power in 2011 by Covert, losevich, and Pakianathan [5], where they also consid-
ered the distinct dot product as well as the distinct distance problem. This idea of study-
ing dot products as well as vector spaces over rings is where most of this thesis will spend
it’s time.

Since the distinct distance problem was practically solved, many turned their gaze
back to studying the unit distance problem, but this time they studied variants of the
problem. The variant we focus on is the single dot product problem. This is in a set with
n points, how many pairs of points have a specified dot product? The single dot product
problem has been studied in the case of finite fields and integers modulo a prime power in
[15], [1], [6], and more, where different bounds and configurations are studied.

So far, in the single dot product problem, we have been looking at how many pairs
of points have the specified dot product. An extension to this idea is to ask how subsets of
points have a specified configuration of dot products.

In [1], Barker and Senger obtain upper bounds on the number triples with a speci-
fied pair of dot products. This is, for a given (a, 3) € R?, how large is the set {(a,b,c) €
P3:a-b=qa, b-c= 3} where P C R?? Such configurations are sometimes called hinges. In
[6], Covert and Senger extend the concept of hinges to finite fields and the integers modulo
a prime power. Kilmer, Marshall, and Senger, in [21], broaden the concept of hinges over

the reals to k-chains over the reals, where k£ 4 1 points determine k dot products.

1.1.3 Applications. This unit distance problem and variants has far-reaching
applications. We see its ideas being used in multiple industries, such as in mobile robot
swarms, big data, pattern recognition, and more.

A mathematical reason to study the unit dot product problem is that, if we fix
(u,v) and 7, then (u,v) - (z,y) = r is the same as ux + vy = r, the standard form of a line

in R2. Thus, studying the unit dot product problem helps us understand key facts about



lines. Another reason to study dot products is that the set A-A+A-A = {a1as+asay : a; €
A} is equivalent to the set of dot products of A with itself. This set has connections with
the sum-product conjecture that max (|A + A, [A- A|) > |A[>°®) where A ¢ R. This
was conjectured by Erdés and Szemerédi in 1983 in [I1] over the integers and is figured to
be true for the reals. In [31], Terence Tao studies the sum-product conjecture over many
types of rings. Hart, Tosevich, Koh, and Rudnev [I5], prove, using the Erdés distance con-
jecture, results relating to the set A- A+ ---+ A- A where A is a subset of a finite field.

Finite rings have started to be used in every day life through coding theory. This is
the theory of strings over a set and how to compress, transmit, encrypt, etc. these strings.
We are seeing codes over Z,» being used as they have a better way of defining distance
than other rings (see, [2 §8.1.1]). One of the common types of codes, cyclic, can be de-
scribed in terms of polynomials, so in [2], §8.1.3], we see Galois rings and coding theory
coming together.

Another reason to study finite rings is that they provide a test bed for complicated
analysis problems as integrals are always convergent. The prototypical example of this is
Zeev Dvir’s paper “On the size of Kakeya sets in finite fields” [8, Theorem 2|, where he
proved the Kakeya Conjecture (relates to subsets of F,; that contain a line in every direc-

tion) via simple means.

1.2 Ring Theory Background

We will assume that the reader has an undergraduate knowledge of groups and
rings. For further background information, see [7].

Throughout this thesis, we will assume that p is a given prime number. We will use
Z, to be the integers modulo p' for some [ > 0. We will use F,: to denote the finite field

of order p', this is also called a Galois field.



1.2.1 Construction of Galois Rings. We focus on Galois rings as they are the
building blocks of finite local rings which are in turn the building blocks of finite commu-
tative rings. Any finite local ring is isomorphic to a quotient of a polynomial ring over a
Galois ring. This is if L is a local ring, then L = R, ;[z1,xa, -+ ,x,]/I for some prime
p, natural numbers e, k and ideal I C R.i[x1, 22, - ,x,). In particular, Z,. = R.; =
Zyxl/(x + 1) and Fpr = Z,[z]/(f(x)) = Ry (where f is a monic irreducible polynomial
of degree k). In turn, local rings are the building blocks for any finite commutative ring
with unity (see [2, Chapter 3, Theorem 3.1.4]). We will first build up some definitions to
be able to understand what a Galois ring is. Our presentation follows elements from [2],
[17], and [24]

We will use the notation Z, to mean Z/(p') where (p') is the ideal generated by p.
Definition 2 (Basic monic irreducible polynomial). Let the map p : Z,; — Z, be the
map p(x) = r where r is remainder of x divided by p. Let the map p : Zy[z] — Z,[z]
be p(> o0 aix’) = > pla;)z;, which will apply mod p to the coefficients. Recall that
a monic polynomial is a polynomial with leading coefficient 1. A basic monic irreducible
polynomial is a polynomial f in Z,[z] such that x(f) is a monic irreducible polynomial in
Zy[z].

We know monic irreducible polynomials of a given degree exist (see [32, §2.3]). As
 is surjective, we may take a preimage of a monic irreducible in Z,[z] as our basic irre-
ducible polynomial in Z{[z]. Further, at least one of these preimages is monic as p(1) = 1.
Definition 3 (Galois Ring). Let p be a given prime. The construction of the Galois ring,
Reg, 18 Rep = Zye|x]/(f(x)), where f is a basic monic irreducible polynomial in Z.|x] of
degree k.

In particular, Z, and F,» are both Galois rings. For Z,;, we may construct as Z,[z]/(z+
1) = Ry and for F,» we may construct as Z,[z]/(f(z)) = Ri, where f(x) is a basic monic

irreducible polynomial of degree n. Thus, Z,; = R;; and Fp» = Ry,



Example 4. We will construct Ry when p = 2. We see that 2? + 1 + 1 € Zy[z] is monic
irreducible as 0 and 1 are not roots of this degree 2 polynomial. Thus, 22 + x + 1 € Zy:[x]
is a basic monic irreducible polynomial. Thus, Ry o = Zy[x]/(2* + z + 1).

In this thesis, we will study dot products over (R, ;)?. This type of structure is

called a module.

Definition 5 (Module). Suppose that R is a commutative ring with identity, 1. Then a
module, M, over R is a structure much like a vector space with the properties that for all

r,s € Rand z,y € M,

1.2.2 Properties of Galois Rings. We will now show many of the properties of
Galois Rings. One important property of Galois rings is that they are finite local rings. To
understand what a local ring is, we must first define a maximal ideal.

Definition 6. Let R be a given ring. A maximal ideal M C R is a proper ideal, that is
an ideal not equal to R, of R such that if J is an ideal and M C J C R, then J = M or
J=R.

A local ring is a ring with one unique maximal ideal. Notice that a field is a local
ring as (0) is the unique maximal ideal. We now prove some results about local rings. Re-
call that a unit is an element with a multiplicative inverse. We will use R* to denote the
set of units of the ring R.

Proposition 7. Any element of a local ring is either a unit or an element of the maximal

ideal.



Proof. Let R be a local ring with maximal ideal M. Let r € R. In the case that r is a
unit, we are done. In the case that r is not a unit, then (r) C R and hence (r) is a proper

ideal. As every proper ideal is a subset of a maximal ideal, and M is the unique maximal

ideal, (r) € M. Thus, r € M. O

Proposition 8. Any element r € R where R is a local ring has either r as a unit or 1 — r

as a unit.

Proof. Let M be the maximal ideal of R. Suppose that r is not in M, then since (r) is an
ideal, it must be contained in a maximal ideal of R or () = R and hence r € R*. As
r & M, it must be that (r) = R.

Suppose that x € M and that 1 — z is not a unit. As 1 — x is not a unit, then
1 —2 € M. This means 1 —x = m for some m € M and so 1 = x +m. As ideals are closed
under addition, 1 € M, and hence M = R. This is a contradiction. Hence, 1 — z must be a

unit. OJ

We will now build up to showing that Galois rings are local rings.

Definition 9. Let R be a given ring. A nilpotent element a € R is an element such that

there exists some n > 0 such that a™ = 0.

Proposition 10. The set of nilpotent elements lie in the intersection of all prime ideals.

Proof. Let R be a given ring. Let 7 : R — D where D is an integral domain. Let a € R be
nilpotent. Then there exists n > 0 such that aa™ = 0. Then w(aa") = 0 = 7(a)m(a™), hence
m(a) is a zero divisor. As D is an integral domain, 7(a) must then be 0. Thus, @ must be

in any given prime ideal as R/(p) is an integral domain when p is a prime ideal. ]

We will call a set nilpotent if all elements of the set are nilpotent.

Proposition 11. If a ring R has a maximal ideal M with all nilpotent elements, then M

is the unique maximal ideal of R.



Proof. Suppose that M’ is a maximal ideal of R. Then by [10j M C M’. By maximality of
M, M =M. O

Lemma 12. A Galois ring is local.

Proof. Let R,y be a given Galois ring. If a € (p), then a = pr for some r € R., and so

a® = (pr)¢ =0 and so (p) is nilpotent. Note

Z[x]
(r,p, f)

I

Re/(p) = Z,y[2]/(f),

and so as Z,[z]/(f) is a field, (p) is a maximal ideal. Thus by [11] (p) is the unique maxi-

mal ideal of R, . Ergo, R, is a local ring. ]

Lemma 13. The units of a Galois ring R, ; has

R = (Rer/(p)" x (1+ (p))-

Proof. As R, is local, the set 1 + (p) is a subgroup of the units under multiplication. As
(p) is a maximal ideal, R.x/(p) if a field and hence every non zero element of R.x/(p) is a
unit. Let S’ be a set of representatives of R.;/(p) in R.j. That is the canonical surjective
homomorphism 7 : R, — Rex/(p) is bijective when restricted to S’. Let S = 5"\ {0}.
Then S C R,. Also note, [S N (14 (p))| = 1. This implies that S(1 4 (p)) = {st : s €
Site (14 (p)} =S x (1+ () As |RS| = [Rex \ (p)] = p* = p~ D" and |S] = p* — 1
and |(1 + (p))| = |(p)| = p V¥ we see that |[S x (1 + (p))| = p* — pl=V*. Thus,
R = (Reg/(p) x (14 (p))- O
It is also known that the units R, has structure R, = Zx_; X (Zye—1)* when p
is odd or when p and e are both 2. We have R, = Zoi_y X Zy X Zge—2 X (Zye—1)*~" when

p =2 and e > 3. The proof for this is given in [2, Proposition 6.2.5]. This gives rise to the

p-adic representation for an element of R, j.

10



Example 14. When p = 2, Ry = Zy> 1 X (Zp2-1)* = Zg X Ly X ZLs.

Lemma 15. For any 0 <i <e, R./(p") = R;y.

Proof. Note that (p’) is the kernel of the map ¢ : R, — R with g(r) = p“ ‘r. Recall

by definition of R, ; where f is a basic monic irreducible polynomial of degree k. Further,
we restrict f to having coefficients in the range 0-(p’ — 1). Also, we will view R, as poly-
nomials with coefficients in the range 0—(p® — 1). This will allow us to view an element in
R; . as being also an element in R, ;. Set g(z) = p® 'z, then g has kernel (p*) and so by

the first isomorphism theorem,

Notice,

glap+arz+-- 'kalxkfl) = p* "(ap+arz+- - - akflmkfl) = la,+p Tt p T g

and so, it is equivalent to the map h : Zye — Zye with h(r) = p*'r lifted to Zye[z]/(f)
(that is applying the map to the coefficients). Notice that (p') C Z,e is the kernel of h.
Thus, by the first isomorphism theorem, h(Zye) = Z. /(p') = Z,i. Hence g is the lifting of

h, so

Re,k ~Y i
Thus, ) = R . O

11



Theorem 1.1. Let 8 be a generator of the subgroup of R;k isomorphic to Z,x_; (recall
Zy 1 = (Rer/(p)~). Let T, = {0,1,0,-- . B7"~2}. Every z € R has a unique p-adic
representation

z=z0+pa -+ +p T 21, 2 € Tey.

Proof. We proceed by induction. It is clear that the theorem holds for Ry, = F,x. Sup-
pose that the theorem holds for all 1 <1i < e. Let R = R.; and K = R/pR. Let 7 be the
natural surjective quotient map from R to K with kernel (p). Let h(x) = pz. Recall that
(p) = {pz : x € R}, which is Im(h). By the first isomorphism theorem, Im(h) = R/ ker(h).
As R has characteristic p© (recall a ring has characteristic « if k1 = 0 and & is the minimal

such number), ker h = (p®~!). Thus by Lemma (15, Im(h) = R/(p*!). Ergo,
Im(h) = R/(p°™") = Re_y.

Thus, elements of (p) = Im A have p-adic representation. As R is split into cosets by (p),
every ¥ € R has unique representation x = k + pr where k € kerh = (p¢~!) and pr € (p).
As |R| = |Imh|/kerh| and |Imh| = |Re_1x| = p® V¥ it must be |kerh| = pF. As
kerh = (p°~'), hence a cyclic subgroup of R of order p* !, kerh = F . Thus, z = k + pr
has that k € T, ;. Also, (p) = Re_1, so we have r has p-adic representation. Therefore,

has p-adic representation. O

Theorem 1.2 (Uniqueness). For any given e, k, the Galois ring R, j is unique up to iso-

morphism.

Proof. Let e, k be given and g, f be basic monic irreducible polynomials of degree k. Let
Ry = Zy|z]/(f) and Ry = Zye[x]/(g9). Let mod,(r) = r + (p). As f, g are both ba-
sic monic irreducible polynomials of degree k, mod,(R;) = F, = mod,(Ry). Let 3

and 3, be generators for R, Ry isomorphic to Z,._; respectively and 7T}, T3 be the corre-

sponding T, for each from Theorem [I.1} By Theorem [I.T, we may form an isomorphism,

12



o, between R; and R, by sending f3; to Sy and extending by p-adic expansion. That is,

d(z0+par+ .o+ pT 2 ) = 20+ p2y + ..+ po2 | where z; € Th and 2] € Th. O

For an alternative proof of the uniqueness of Galois rings (see [17, Theorem 20]).
Definition 16. We will use [p'] to mean (p?) \ (p'™).

Any r € [p'] has p-adic representation, r = p'z; + p' ™'z + -+ + plz._; where
z € Ty \ {0} and z; € T, , for j > i. Note that [ J;_,[p'] = R and that [p‘] N [p’] = 0 when
i
Lemma 17. Any s € [p] has the form s = p’u where u is the uniquely determined unit of

the form uy + pug + -+ - + p* " tue_;_; where u; € T, .

Proof. Let s € [p']. That means that s € (p’) and s & (p"™!). As s € (p'), s = p'u for some
u € R. Suppose that u is not a unit, then (u) # R and so (u) € R. As R is a local ring,
(u) € (p) and hence u = pr for some r € R. This means that s = p'pr = p"*'r, and so

s € (p't). This is a contradiction. Thus, u is a unit. O
Lemma 18. Any ideal of R, . has the form (p’) for 0 < i <.

Proof. Let I be an ideal of R . As R = |UJ;_,[p'], and I is non-empty, all a € I are
in some [p’]. Let b € I be such that b € [p/] and j is minimal. By Lemmal[l7 b = p'u
for some unit u. Thus, (b) = (p?). As j is minimal and all other elements of I have form

a = p'u for i > j, we have I = (p). O

1.2.3 Characters of Galois Rings and Their Properties. The proofs of the
main theorems rely heavily on characters, which are maps from a ring to the complex
numbers. Thus, here we give some background theorems and lemmas on characters over
Galois Rings. When the context is clear, we will write R for R, . We will use 0 to denote
the element with all zero entries in the module R?.

Example 19. We will examine Ry o = Zy[x]/(2* + x + 1) with p = 2. We will use notation

from Theorem [I.1} For finding 755, we must first find 3. Since 8 must be isomorphic to

13



Z,>_;, we will take § = z and show ord(z) = 3. As 2* =3z +3 and 2(3z+ 3) = 32 + 3z =
33z +3) +3x =2z +3x+1=1, we have ord(z) = 3. So, Too = {0,1, 2,3z + 3}. We will
use this choice of p, 3, and T35 for our examples with Ry .

Definition 20 (Trace map). Let Tr.j : R. — Z,e be the trace map with
Trep(2) =z +7(2) + 72(2) + - + 777 (2)
(here 7 = 7 0o 7"71) where z has p-adic expansion zg + z;p + -+ - + z._1p°~ ! and
T(2) = 20 +paf + -+

Lemma 21. For n € N, 7(2) = 22 +p2" +- - -4p* 12" | where z = z0+pzi+- - 49 2ey

by p-adic expansion.

Proof. We proceed by induction. By definition, this is true for 7!(z). Suppose that for all

1 < n, the theorem holds. Then

n—1

n—1 _
+pa e pTEL

n—1

" Nz +pr + oo D 2e) = 2D
Thus,

(1" H(2)) = 7"(2)

n—1

= (20 Vel P TR

_ b p" e—1_p
=z tpxn +ootp Tz

]

Example 22. We compute the trace of 2z 4+ 3 € Ry 5. First we see that the p-adic expan-
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sion of 2x 4+ 3 is 1 4+ 2(3z + 3), so we have

Troo(1+2(3x+3)) = (14 2(3z+3)) +7(1 +2(3z + 3))
= (1+2(3z +3)) + (1* + 2(3z + 3)?)
=1+ 142032 +3)+22
=2(1+3+ 3z + )

=0.

Definition 23 (x.x). The canonical additive character x.j : Rex — C* is defined as

Xer(2) = e2miTre 1 (2)/p°

Example 24. We compute x22(3x + 2). By definition,
X223z +2) = 27 Tra 5 (32+2) /22
where

Troo(3x +2) = Trao(z + 2(3z + 3))
=2+ 23z +3) + (2% + 2(3z + 3)?)
=2+203x+3)+ 3z +3)+ 2z
=r+2r+2+3z+3+2x

=1.

15



So,

X2,2(3ZE + 2) — e?ﬂi(l)/4
— 67rz'/2

=0+

Lemma 25. The canonical additive character y is non-trivial.

Proof. From [19, §2.2] we see that Try ,op = p o Tr.y, where p, p are from Definition
. Note Try is also the usual trace from F,: to F,. Notice that from Definition [20] that
Trix(z0) = 20 + 25 + -+ + z(()kfl)p. That is Tr; ; has degree p*~! when viewed as a poly-
nomial over Ry ;. We know that |Ry x| = p*. Thus, there must exist a € R, i, such that
Tryx(a) # 0. So in particular, Try x((e(a))) # 0 where ¢ : Ry — Ry is the standard
inclusion map so that p o ¢ = id. Thus, p(Tr.x(c(a))) # 0. As p(0) = 0, Tr.x(c(a)) # 0.

Hence 27i Tre x(¢(a))/p® # 0 and hence xex(t(a)) # 1. Ergo, xex is non-trivial. O

Definition 26. Let pPi - R&k — Re—i,k by ,Ol(b() + pbl + - 'peilbe_l) = bo + pbl + -+
p°~ 1.1 where by +pby + - - +p°1h._; is the p-adic expansion of the argument (Defini-

tion .

Lemma 27. If 0 < i < e, then p; is a homomorphism.

Proof. Notice that p;(1) = 1, and that for any a,b € Ry,

a+b=(ag+by)+plar +b)+...+p a1 + be_y)

16



by the distributive property and p-adic expansion, so

pi(a+0b) = (ao+bo) +plar +b1) + ... +p ™ " Haei1 +be—i1)
= (ap+par + ...+ p " ae_i1) + (bo + pby + ...+ D bei1)

= pi(a) + pi(b).

Also, ab=3"¢_, Z;:O plajbi_j. So

e—i—1 1

pilab) = >N plajhi;
i=0 j=0
e—i—1 e—1i
=D pa) v
i=0 =0

= pi(a)pi(b).

Hence, p; is a homomorphism.

Also, p; is equivalent to the natural projection to the quotient ring Rex/(p®™") = Re—i k-
Example 28. For Ry, we see p; has codomain Ry 5 & Zoi[x]/(2* + z + 1).

Example 29. We compute p;(z + 2):

pi(x+2) = p1(z +2(1))

=X

Lemma 30. For every a € R., we have x.r(p'a) = Xe—ik(pi(a)), where . is the canon-

ical additive character for R, .
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Proof. If a € R., then p'a has p-adic expansion p'ag+---+p° *a,  with a; € T, ;. Note

Xeyk(pia) = exp(2mi Tre,kvl(pia)/pe)

which by definition of Trace (Definition gives

i g i e—14i i pk e—1+i pF e
Xex(p'a) = exp(2mi[p'a + (p'af + - - - +p Fal_)) + -+ (plaf +---+p T al_)]/p°).

e—

As R.j, has characteristic p®, the a._; through a._; terms become zero. Hence,

3 g 7 e— 7 k e— k e
Xex(p'a) = exp(2mi[p'a+ (p'al + - +pTdl_ )+ + (Pl +-+p b ,)]/p%)

e—1—1 e—1—1

= exp(2mila+ (ah + -+ p Tl ) e (al) et Tl )]/

e—1—1i

= Xe—i,k(pi(a))-

This gives the following corollary.

Corollary 31. If a € R, is given, then

Yo xerl@z) = D xeir(pil@)w).

2€pi Re i WERe—i 1

18



Proof. We use the p-adic expansion of z to obtain

> xerlaz) = > xewlalp'z+p T ai o+ P 2e))

ZEPiRe,k ZEPiRe,k

= Z Xex(P'a(zi +p'zigs + -+ 2en))

ZEPiRc,k

= D Xew(Plar(wy + plwy + -+ pT  wei 1))

weRefi,k'

where ¢ is the inclusion map ¢ : R._;; — R.;. By Lemma , this is

Yo xerlaz) = Y Xeinlpilac(w)))

ZEpiRe,k wERefi,k

= Z Xe—ik(pi(a)w)).

WERe_;

concluding the proof.

Lemma 32 (Orthogonality). Let e, k be given. For any a € R,

|IR|, a=0

> xlaz) =

2€R 0, a#0

Proof. When a = 0, then x(az) = x(0z) = 1. So

S x(az) = S 1=|R].

zZER zZER

19



When a # 0, then a = p'u for some i < e and unit v (Lemma . Then we have

> x(az) = x(p'u)

zZER ZER

= Z Xe—ik(pi(uz))

zER

As p; is a homomorphism, we may break R into cosets of ker(p;). Let S be a set of repre-

sentatives of R/ ker(p;). This gives,

Y oxtaz) = D D xeirlpiulz + )

2€R z€ker(p;) y€S

As R/ ker(p;) = R/(p®™") & R._; by Lemma [15]

ZX(GZ |ker :01 Z Xe—ik pz uy))

zER YER ik

As u is a unit, y — wy is an automorphism. So, summing uy is the same as summing over

y. Hence,

|kerp2 Z Xe— zkpzuy = Z Xe— zkpz )

yERe i,k yeRe ik

Since y € R._; ) and p; removes the upper p*~* through p*~! terms, p;(y) = y. Hence,

[ker(p)l D Xe-iklpiluy) =p* D Xe-inly

YyER. ik YyER.— ik

Since X.—i is a non-trivial character (Lemma , there exists b € R._;x such that x._;x(b) #
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1. Thus,

Xe—i k(D) Z Xe—ik(y) = Z Xe—ik(b+y)

yERe—i,k yeRe—i,k

Which as addition forms a group, summing over y — b is the same as summing over y as we

are summing over all of R._; ;. Thus,

Xe—ik(D) Z Xe—ik(y) = Z Xe—ik(Y)

YERe_i & Yy—bERe_; i

As R._; is a group under addition, this is

Xein®) D Xewin@) = D Xe-in(y).

yeRefi,k yeRefi,k

Thus, Xe—ix(b) ZyeRH,k Xe—ik(y) = ZyeRH,k Xe—ik(y). Since xe—ix(b) # 1, it must be
that >° cp . Xe-ix(y) = 0. Therefore, > x(az) = 0.

Lemma 33. If 0 < n < e is a given natural number, then

> x(p"2) <0

zERX

when n < e.

Proof. Note that
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By orthogonality (Lemma , I'=0.850 3 cpx X(P"2) = = > .c(p X(P"2). Thus, when

n+1=e > cpX(P"2) = —|(p)| = —|pRes|- In the case that n + 1 # e, by applying
Corollary 31

=) x@") = ) x(")

2ERX pzEPR. K

= Z Xe—l,k(pnw)'

WERe_1 1

By orthogonality in z, this is 0 (as n # e — 1). Thus, > 5. x(p"2) < 0 when n < e.
Further,

—|pRei| ,n+l=e

> xp'z) =

zERX 0 ,n+l<e

For more properties of character sums, see [25].

We now state the Cauchy-Schwarz inequality.

Lemma 34 (Cauchy-Schwarz). If {a;} and {bs} are sequences of complex numbers, then

() )

where z represents the conjugate of complex number z.

n
E axby,
k=1
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2 SINGLE DOT PRODUCTS

We will follow the proof by Covert, losevich, and Pakianathan [5, Theorem 1.3.2].
There they study the Erdos distance problem over the integers modulo an odd prime to
a power. They study the finite cyclic rings Z,; as such results give insights for questions
about the rationals and the integers. Their dot product result is as follows:

Theorem 2.1. Let E C (Z,)™ It || > ip(“5 %), then II(E) > 2 where II(E) =
{r-y:z,ye E}.

Their general method of proof is to estimate a counting function v(¢) (which counts
the number of pairs of points with dot products ¢). They first transform v(t) into a char-
acter sum, then use the p-adic expansion of elements of Z,, then they apply Cauchy-Schwarz,
and then they extend their main sum to over all of Z,;, then they simplify the sum using
orthogonality of characters and properties of Z,i. They get that v(t) = |E[*/p' + R(t),
where |R(t)| < I|E[p'(“z @=1/D) whenever |E| > Ip'~4/2+1/2 We now formally define v/(t)
for the Galois ring setting.

Definition 35. Let e, k be given natural numbers greater than 0. Let E C RZ,. We de-
fine v(t) = {(z,y) e EX E:x-y=t}|

The following is the key estimate for our main result.

Lemma 36. Let p, e, k,d be given natural numbers with p prime, e > 5, d > 2, and k > 1.
Then
v(t) < 2|B|/p™

for any t € R, ), whenever |E| > /6 + 3epleh—dk/2tek/2+k/2,
Lemma [36]is an application of the more technical result whose proof we delay until later.

Theorem 2.2. Let ¢, k be given natural numbers greater than 0. Let £ C RZ,. Let

23



v(t)=|{(z,y) e EXE:x-y=t}|. Foranyte€ R,

v(t) < |BP*/p* + D(t).

Further, the discrepancy D(t), has D(t) < |E|*/p®* whenever

e—1
E| > pek Z \/pdek+dik7ik (2p~ih—F + 1 + pek)
=0
We now prove Lemma [36]

Proof. Label

e—1
F=p* Z \/pdekerikfik (2p~h—k 4 1+ pch).
i=0

By Theorem [2.2] we know that
|E| > F.

Examining F', we see

e—1
F =p* Z \/pdek+dz‘k—ik (2p=F—F 4+ 1 4 p—ck)
i=0

e—1
_ pek+dek/2 Z \/pdikﬂ'k (2p=tk=k 1 4 pck)
i=0

So,

e—1
S pdik/Q*ik/Q\/Qp—ik—k +1 +p_8k~

pekpdek/Q

s
Il
=)
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For getting a cleaner bound for Theorem [2.2] we now apply Cauchy—Schwarz, which loosens

our bound to

e—1 e—1
_ };kﬂ < Z(pdik/2fik/2)2 Z \/2p7ikfk +1 _{_p,ekQ
perp \ par —
e—1 e—1
< \ Zpdikfik Z op~ik—k 4 1 4 pek,
i=0 i=0

This is a sum of geometric series or constants. Thus,

F 1— pdek—ek 1 — p—ek
_ —k —ek
pekpdek/2 \/ 1 — plh—k 2p 1—p tetep :

The above quantity in parenthesis is maximized when e grows large, £k = 1 and p = 2,

13;:: < 2. This quantity is smaller for all other choices of e, k, and p. Ergo,

giving

F 1 — pdek—ek B B
1 pdekfek

Let C = 1/(1 — p¥*~*). We may bound —fd;:% by 2pdek—ek—dktk 45 % < %

for any

B > 2. This gives,

F

- <
pekpdek/Q -

\/(C’ 4 2pdek—ck—dk+k) (2p—k 1 ¢ 4 ep—ek),

Since e > 5, k> 1, and p > 2, we have 2pF + e +ep~* <2+ e. So,

F

pekpdek/Z =

\/(C’ 4 2pdek—ck—dk+k) (2 4 ¢),
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As C = 1/(1 _pdk—k)’ pdk—k Z 2’ ‘O‘ S 1’ and C+ 2pdek—ek—dk+k S (‘C’ + 2)pdek—ek—dk+k we

have,

F
W < \/(1 + 2)plek—ek—dk+k (2 4 ¢)

S V6 T 3epdek/2—dk:/2—ek/2+k/2

Thus F' < /6 + 3epdek—dk/2ek/24k/2 and so v(t) < 2|E|/p°* whenever

E| > mpdekfdk/2+ek/2+k/2_

We now go on to show when Lemma [36]is nontrivial. As |E| < |R?Y| = p®* this

result is non-trivial when
pdek > mpdek—dk/2+ek/2+k/2,
which simplifies to

pdk’/2 Z mpek/Q-i-k/Q
pdk 2 (6 + 36)p6k+k’

dk > ek + k 4 1og,(6 + 3e).

log,,(6+3e)

So, whenever d > e 4+ 1 + -

36

, then we may take a proper subset of |R%| for Lemma
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We now get to the heart of the thesis; the technical result for the number of pairs

in Galois rings with specified dot product. We now prove Theorem [2.2]

Proof. Recall that by Lemma (32, Y- _ x(ra) = 0if a # 0 and p°* if a = 0. Since we are
after x -y = ¢, we examine > p > pX(s(x -y —¢)). This sum gives out a p* precisely
when x -y = t and 0 when z - y # t. Thus, by multiplying this sum by p~** we get the
number of x,y € E such that x -y = t. Thus, we write v(t) as below and split v(t) into the

following parts

=p™ Y > x(s@y—1)

sER x,yelE

=p *> > x(s(z-y)x(—st)

seER x,yek

=1p(t) + -+ ve(t),

where

=p Z Z X(—st).

selp’] zyek

For v,(t), we have

=p~* Y x(0(z - y))x(=0t) = |EP/p*.

ryel

This is what gives us the |E|?/p®* term for v(¢). Thus the discrepancy is

D(t):;m Z Z s(x-y—1t)). (2.1)

seR\{0} z,yeE

We now examine v;(t) for some i # e. Recall,
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=p Z Z X(—st).

s€lpt] z,yeEE

We will prepare to use Cauchy-Schwarz 34| by recognizing that

v =p YWY D xls(ay)x(—st)

€l yEE selp?]

=D WD p* D xlsx-y)x(—st)

ek yer s€[p?]

By applying Cauchy-Schwarz with a, =1 and b, = >_ 5 p—ek > sepi X(s( - y))x(—st),

) < 2 (zn) Y Y N SR

zeFE zeE yeFE se(pi] Yy €E s'€[pt]

Because zz > 0 for any z € C, we may dominate the second sum of x € E by z € R,

obtaining,

P <p?HENY DY > xsla -y = )x(=s' (e -y — 1))

z€RL Y,y s,8'€[p?]

We make use of Lemma [17, which gives that s € [p’] has the form s = p‘u in which u is a
uniquely determined unit of the form wu; + pug + - - - + p* " tu._;_; where u; € 1. . Thus as

s,s' € [p'], we let s = p'u and s’ = p'v. This gives,

P <p?MEIY Y > X0 (uy = vy) - 2)x(p't(u — v)) (2:2)

zERT ¥,y piu,pivept]
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=pMED D Y D x (wy —vy) - 2)x(p't(u—v))

Yy plu,pivelp] ze RY

=p *ME| Y S D x0 uy —vy') - )x(p't(u—v))

yeE | y'€E, plupive[p’] z€R?

p*(uy—vy')=0

+ D Y X wy —vy) )X (pt(u —v))
y’GE, piu,pivelpi] rER4
p' (uy—vy')#0

By orthogonality in =, when ever p’(uy—vy’) = 0 we get a factor of p* for each component

of z, so a factor of p?*. When pi(uy — vy’) # 0, we get a factor of zero. Thus,

i) < (B2t Y x(0't v — ).

vy €L

p' (uy—vy')=0

plu,pive[p’

We now split this sum into,
i) < T+ 11,

where [ has u = v and II has u # v.

Lemma 37. For I, we have

’]| < |E|2pdek+ikd7ek7ik.

Proof. For I, we have

I=|Ep™=2* N x(p'tlv —u)),

yy'€E

p*(uy—vy')=0
plu=p'vE[p’]
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which as u = v,

I=|[E[p™=2* 3" x(p't(0)).
Yy el
plu(y—y')=0
p'u€lp’]

Let E(y) =1 when y € E and E(y) = 0 when y ¢ E. As u is a unit, p'u(y — ') = 0 is the

same as p'(y —y') = 0. As x(p't0) = 1 does not depend on u, we have

I=|Ep™2* ) > EEWY)

y,y' €R?
p'(y—y")=0
_ ‘E|pdek—26k‘<p(e—i)k o p(e—i—l)k) Z E(y)E(y’)
vy R
p'(y—y')=0

Note

> EWEW)
vy €RT
p'(y—y)=0
is count of (y,9') € E? such that y — ¢’ € (p¢~*)%. This we may bound above by taking

an arbitrary y € E and seeing that there are, at most, [p*~*R| = p* many choices for each

component of 3'. This gives

Y EWEW)<> . Y 1< I|Ep*

Yy €RT YeE  y'er?
p*(y—y')=0 p'(y—y')=0

Thus,

17| < ’E’pdek—%k(p(e—i)k _ p(e—i—l)k)’E‘pikd < | E|Pplektikd—ch—ik
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For I we have v # u. So,

IT=|[E[p™>*> " Y x@'t(v—u)).

YEE y'eB, plupvelp’]
p' (uy—vy')=0
UFEV

Let v = b and a = u/v. This gives us,

IT=Bp**2*y " 3" x(p'th(1 —a))

YeE y'€E, plup'velp’]
p'b(ay—y')=0
UFv

= II,+II,,

where I1, has 1 — a being a unit and /1, has 1 — a being a non-unit.

Lemma 38. For 11, we have,
|[Iu| < |E|2pdek+dik—2ikz—k| + |E|2pdek+dik—ikz.
Proof. For I1,, we have that as 1 — a is a unit,

II, = |E[p™ 2+ " Y x(@'th(1 — a)).
YEE y'€B, pluplve[p’]
p'b(ay—y')=0
uFU
1—a€R} ,
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As b = v and p'v € [p'], b has the form b = uy + pug + ... + p* " tu._;_1 where u; € T,
by Lemma . So, summing over p'b € [p’] is the same as summing over b € R}, ;. As

a =u/vand 1 —a # 0, it must be that u # v (allowing us to drop it from the restriction

on the summation). This gives,

11| < |Ep™2R> " 3 xesix(th(1 — a)).

E .,/ X
Yeb y'eE, beR} |

pib(ay—y')=0
1—aeR) ;.

Since p'b(ay — y') = 0, and b is a unit, we must have ay — ' € (p°~%)4, so

[IL] < B2 EY 7 3 xeman(tb(1 = a)).

X
YEE y'eEB, beRY

ay—y'€(pe~")?
1—a€R”

e—i,k

As a is a unit, and ay — v’ € (p°~%)9, it must be that for each choice of y, that ¢’ is in a
coset of (p°~%)9. Being the case that x._;x(tb(1 — a)) does not depend on y nor y', we can
bound ay — ¢’ € (p¢~")? by summing y € F, and summing ¢/ € —ay + (p¢ %)%, giving

|(p*~")%| = p'®* many choices for /. Pulling out this factor of p¥, we get

L] < [Blptet-2+iae 3™ 5™ SY (1 — a)).

yeE 1—a€R}_,  bER |

As b sums over R}, by Lemma 33, we have that I7, = 0 whent ¢ (p*"').
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When ¢ € [p¢~"~!], we have, by Lemma ,

|11, < ||Elp**2+ N " N " —|pRe ikl

yekl 1—a€R:_i &

which then simplifies as follows:

11| < | |Elp* 2R BN R il lpRe—ia|

< ‘_ |E|2pdek726k+idkp(efi)kp(efi71)k‘

< ‘_|E|2pdek+dik72ikfk‘ .

In the final case that ¢ € (p~*), we have x(¢tb(1 — a)) = 1, and so

|Ifu| < |E|pdek—26k+idk Z Z |R:—i,k|'

yeE1-aeRX .,

Which then simplifies as follows:

|[Iu| < |E|pdek_26k+idk|E||Rexfz‘,k||ReXfi,k|
< ‘E|pdek_2€k+idk’E’pQ(G_i)k

S ‘ E ‘ 2pdek+dik—ik )

Thus,

1I1,] < |_|E|2pdek+dik—2ik—k| | E|2pledik—ik
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Lemma 39. For I1,,, we have
|]In| < |E|2pdek+dik—2ik—k‘

Proof. Recall v =b and a = u/v. For I, we have 1 —a being a non-unit, hence p'(1—a) €

(p'™1). Also this requirement already makes satified u # v. Thus,

I, = [E[p™=*> " Y x(@'th(1—a)).

YeE y'€E, pu,piuelp’]
p*b(ay—y’)=0
p'(1—a)e(@' )

As summing over p'u € [p'] is the same as summing over p'u/v € [p'], we have,

L= |Blp™ =2y Y x(p'th(1 —a)).

YEE y'cE, p'bplacp’]
p*blay—y')=0
p'(1-a)e(pt!)

Recall p'a € [p'] means that a = ug + pz1 + ...+ p° " 'z.;_; for some unit ug and z; € T,
by Lemma . As 1 —ais not a unit, a = 1 4 pr for some r € R, ;. This means that the

restriction p'(1 — a) € (p"*!) restricts p'a € [p'] to the subset p'a € p’ + (p'*'). Thus,

I, = |B|p**=2* Y > X(p'tb(1 — a)).

YEE y'€E, p'belp’], placp’+(p'tT)
p*b(ay—y’)=0

By letting ¢ = p'(1 — a), we have

I, = |E[p™>*+ > x(tbe).

YEE y'eE, p'belp'], ce(p't)
p'b(ay—y')=0
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As p'b(ay — i) = 0 means ¢’ € ay + (p°~ )¢ and we no where else depend on ¥/, we may

bound this sum by summing ¢ € (p°~%)¢. This gives,

11| < Bl 3 3 (tbe).

YeE y'e(pe—t)d, pibelp?], ce(p'tt)

Which, by Corollary [31] (supressing p;) and pulling out 3’ € (p¢~%)? is

|II|<’E‘ dek— 2ek‘ ez ‘ZZ Z tbC

yEE plbe ¥4 ] CERE i—1,k

By Lemma [32] orthogonality in ¢, we have 7, = 0 when ¢ ¢ (p°™~!). Otherwise,

u—[n’ < ’E’pdek—%k }(pe—i>d| Z Z Z 1

YEE pibe[pt] c€Re—i—1,k

|E|pdek 2ek| e— z |Z Z |Re . 1k:|

YEE pibe[pi]

We now bound [7,, by the size of each index of summation’s domain. Thus,
11| < | B2 o) B [P']] | Remim1a] -

A8 [Re—imr il = p 75 )] = [(0)] = [(0™)] < [(0)], and [(p')] = p?F,
|11, < |E|2pte=dkpdek-dik—2ek(e~i-1)k

We simplify this to

‘[[ ’ < |E’2 dek+dik—2ik— k
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Recall,
(11| < |IL] + |11,
which by Lemmas [38 and [39] give,

|I]| < }|E|2pdek+dz‘k—2ik—k| + |E|2pdek+dik—ikz‘ + |E|2pdek+dik—2ik—k

S 2‘E|2pdek+dik—2ik—k + |E|2pdek+dik—ikz'

As |v;(t)|? < |I| + |1I] and by our bounds on 1] and I (Lemma [37),
’Vz' (t)|2 < 2’E’2pdek+dik72ik7k + ’E|2pdek+dz’kfik + |E’2pdek+ikdfek7ikh (23)

Thus the discrepancy, D(t) = ’Zi& vi(t)], has

e—1
D(t) < Z \/2|E|2pdek+dik—2ik—k n |E|2pdek+dz’k—ik + |E|2pdek+ikd—ek—ikz
i=0
e—1

IN

\/|E|2pdek+dik—ik (2p=ik=k £ 1  pek),
0

i

Thus,

e—1
D(t) < |E| Z \/pdek—i-dik—ik (2p—ik—k + 14 p—ek> (2_4)
i=0
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So as we want v,(t) > D(t), we must have

‘E|2/pek > |E| Z \/pdek—i-dz’k—ik (2p~ik—k 4 1 + pek)

E| > pek Z \/pdek+dik—z’k (2p~ik—k 1 4 p=ek)

This concludes the proof of Theorem [2.2]

We also have proved the following two corollaries.

Corollary 40. Let e, k be given. With R = R, ,

72ek‘E‘ Z Z Z uy — vy ) )X(pit(u — U))

y,y' €E piu,pive[p] z€RI

S 2|E|2pdek+dik—2ik—k + |E|2pdek+dik—z’k + |E|2pdek+ikd—ek—ik

whenever

]E[ > pek Z \/pdek+dik7ik (prikfk +1 +p*6k)
Proof. By Equation [2.2] and Equation [2.3] this is immediate.

Corollary 41. Let e, k be given. With R = R,

—ek Z Z ]3 y—t)

seR\{0} z,yeL

< |E| Z \/plektdik=ik (9p=ik—k 4 ] 4 )=ck)
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whenever

e—1
E| > pek Z \/pdek+dik—ik (2p~ =k + 1 + pek)
i=0

Proof. By the definition of D(t) (Equation and Equation [2.4] this is immediate. O
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3 PAIRS OF DOT PRODUCTS

Now we extend the single dot product problem to subsets of points that have a
specified configuration of dot products. The first such problem we study is for hinges of
dot products, which asks for a given set of points and given («, ), how many triplets of

points (a,b,c) have a - b=« and b-c = 3?7 Figure shows a representation of a hinge.

Figure 3.1: A hinge.

The argument for this section follows and extends the paper “Pairs of Dot Prod-
ucts in Finite Fields and Rings” by David Covert and Steven Senger [6], where they obtain
bounds on the number triples of elements from subset of a given ring with specified dot
products. The rings they consider are F,i and Z,, the finite field of order p' and the inte-
gers modulo p'.

Definition 42. Let I, 3(E) = {(z,y,2) € E* : 2 -y = a,x - 2 = 3} where E C R for a
given ring R.

The bound that Covert and Senger get for I, s(E) is for a, 8 € R,. They find

when E C (F,)? that,

T, 5(E)] = 'f—J,(l +o(1))
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whenever |E| > p“F") for some constant c. In the case E C (Z,)?, they find,

Mo 5(E)] = 'f—z’lu To(1))

whenever |E| > cp®~4/2+1 for some constant c.

Their method of proof is to convert |II, 3(F)| into a character sum. Then they
split the sum into three terms, I, I1, and II1, based on if their two indices of summa-
tion for orthogonality are zero. When both of these are zero, we get the expected bound
of |[E]3/p*. For case I1 where one and only one index is zero, it simplifies to the sum of
two single dot product sums, for which bounds are known by [15]. For /11, where both are
non-zero, it reduces to a product of single dot product sums.

The reason that they studied hinges is that it relates to the sum-product problem.
Their result extends the results of Hart et. al. [I5] from a single dot product to a pair of
dot products over Z,. and F,x. Here we will further extend the field by considering Z,
and F . simultaneously by having our ambient setting be the module (Reg)?.

Lemma 43. Let d > 3,e > 5,k > 1. Let E C (R.;)? and suppose that a, 3 € R.j. We

have the bound
2| E3 |
erk

[Has(E)| <

whenever

‘E| 2 356/8pd8k_dk/2+6k/2+k/2.

This lemma relies on the more technical Theorem [3.1] whose statement is below and whose

proof is given later in this chapter.
Theorem 3.1. Let d > 2, £ C (Re,k)d and suppose that a, 8 € R, ;. We have the bound

|E7]

Mo p(E)| = e (1+0(1))
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whenever

e—1
]E| > max <pek Z \/pdek-l-dik—z‘k (2p—z‘k—k 11 _,_p—ek)7 A /2g>
i=0

where

dek—2ek __ 1

G = plek+2eky, (Qp—k:p

dek—ek
—ek\ P -1
am g T+ >—)

pdk—k -1

We now begin the proof of Lemma [43]

Proof. By Theorem we know that this is true whenever

e—1
|E| Z max <pek Z \/pdek-i-dik—ik (2p—ik—k + 1+ p—ek‘)’ A /2G>
=0

where

dek—2ek __ 1

G = plek+2ek, (2p—kp

dek—ek
—ekn P —1
B+ )

pdkfk —1

By Lemma |36], we know

e—1
pek’ Z \/pdekerikfik (prikfk +1 _*_pfek) < mpdek—dk/2+ek/2+k/2
1=0

whenever e > 5, d > 2, and k£ > 1, which is given. We focus now on getting a nice upper

bound on G. Recall

G = plek+2ek, <2p—kp

dek—2ek __ 1 pdek—ek -1
pdk—Qk -1

1 —ek
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As1/(B—1) <2/B for any B > 2,

dek—2ek __

1 dek—ek 1
G < deek—l—Qeke (2p—kp el +p—ek)p )

dk—2k dk—k
p p

+ (1 —I—p_ek)p

dk—k
p

dk—2k
p

pdekuek dek—ek
S 2pdek+26k€ (2p—k )

< 2pdek+26ke (2pfk+dek726k7dk+2k + (1 +pfek)pdekfek7dk+k)
S 2p2dek+ek7dk+ke (2pfek 4 (1 _i_pfek))

< 2p2dek+ek7dk+ke (3p76k + 1)

Recall, e > 5,p > 2,k > 1, so the part in parentheses is maximized when e =5, p = 2, and

k = 1. Thus,

G S 2p2dek+ek—dk+k‘e (3(2—5) + 1)
S 2p2dek+6k7dk+k‘e<35/32)

S p2d€k+€k7dk+k€(35/16)'

Thus, we have that this lemma is true whenever

B > max< /6 & Bepfleh—dk/2tek/2k/2 \/2<35/16)ep2dek+ek—dk+k> '
As \/35e/8pdek—dk/2+ek/2Hk/2 >\ /G 1 Zepdektek/2=dk/2+k/2 gince e > 5, we have that

|E| Z 356/8pd8k_dk/2+ek/2+k/2.
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This is non-trivial when |E| < p?*, giving

pdek Z 356/8pdek—dk‘/2+ek/2+k/2
pdk/Q Z 356/8pek’/2+k’/2
pdk Z 356/8p8k+k’

dk > ek + k +log,(35¢/8)

Thus, this resut is non-trivial when d > e + 1 4 1log,(35¢/8) /k.

We now begin the proof of Theorem [3.1]

Proof. For the sake of brevity, we will use R to stand for R.j. Let x denote the canonical

additive character of R (Definition [23)). Recall that,
Mas(B) = H@,y,2) € Ex Ex B ia-y=ayz-z =B},
As we want -y = « and = - z = 3, the character sum becomes

Mas(E) =p* > > x(s(z-y—a)x(t(z-z—B))

s,teR x,y,z€F

=p Y D x(=sa)x(tB)x(x - (sy —t2))

s,teR x,y,z€F

= [+ 1T+,

where I has s =t = 0, I has s or t equal to zero but not both, and 1] has s # 0 and

t#0.

For I, we see

I=p2* 37 37 y(=0a)x(08)x(x - (0y — 02)) = p~2*| EJ". (3.1)

s=t=0z,y,z€E
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For IT and III, we will use Theorem [2.2] from Section [2| which requires that

|E| > p* Z \/plektdik=ik (9p=ik=k 4 | 4 p=ck)

which is given.
For I, as either s = 0 or t = 0 but not both, we may split the sum as two sums

with either s =0or t =0,

IT=p* (—ek Yo xGlwy—a)+p > Y x(t(xz— )). (32)

sERt=0 x,y,z€E teR,s=0z,y,z€E

Notice that this is the sum of two v(¢) from Theorem 2.2l Thus by Theorem we have
IT < 4|E|*/p**.
For I11, we have as s,t # 0,

[[11] < |p 2 Z Z s(x-y—a)x(tB—z-2)) (3.3)

s,;t€Re k\{0} z,y,2€E

which we then prepare for Cauchy-Schwarz. So,

|[I11] < _28kZZZX s(z-y—a) ZZX —x-2))
z€E yeE s#0 t#0 zeE
< S sty )| 3 e z>‘
zeRA |yeE s#0 t#0 z€E

44



By Cauchy-Schwarz,

1/2 o\ 1/2

DD xt@-z—-5)

xERd t;ﬁo zeE

(I <p LY 1D x(s(a -y —a))

r€ERA | s#£0 yeE

<p **III, - 111,

Notice that I11, and 111z are similar, so we will examine [11,. With I1], we pre-

pare to apply Cauchy-Schwarz a second time,

e =>" D> x(s@-y—a)

r€R | s#£0 yeE

So,
=3 (Y |0 | X st y-ap ||| - (3.4)
z€R? | i=0 se[pt] yeE

Which by Cauchy-Schwarz is

[[Io%gzeil ;:ZZX s(x-y—a))

rzeR4 =0 clp’l yek

<ZZ Z SN s oy—a) | [ Y xstzy—a))

e R4 i=0 =0 \se[pt]yel selp’] yeE

<e ZZ Yo D xs(zy—a)x(e(x -y —a)).

r€R1 1=0 s,s'€[pt] y,y'€E
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Recall that by Lemma (17, s € [p]| means s = p'u for some unit u. Likewise s’ = p'v
allowing us to relabel s, s’ € [p’] as p'u,p'v € [p']. Since x is an additive character, we may

rearrange the terms in the innermost sum to the below:

[IIQ<eZZ Z Z p'(uy —vy') - z)x(p'alv —u)).

z€RI 1=0 y,y' €E piu,pive[p’]

So,

HI2<€ZZ Z Z p(uy —vy) - z)x(p'alv —u)).

zeR4 i=0 y,y'€E piu,pive[pi]

We introduce a factor of |E|p~2¢ into the outer-most sum to prepare it for Corollary

I11% < (|E|p~2*)- eZ\Elp‘MZ Y xWuy —vy) - 2)x(palv —u),

z€R4 y,y' €EE piu,plve(pt]

which by Corollary [40] is

e—1
< <‘E|p72ek)fle Z (2’E|2pdek+dik72ik7k + ‘E‘Zpdekerikfik +’E’2pdek+dikfek7ik) )
=0

Which then simplifies as follows
e—1

[[[2 < |E| 1 26k€Z|E|2 dek-+dik—ik (2p7ikfk +1 _i_pfek).
1=0

e—1
= ‘E‘pdekJrQeke Z (zpfkpdikf%k + pdikfik + pfekpdikfik) )
=0
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This is a sum of geometric series, so summing each term in 7 gives,

dek—2ek __

1112 < |Elpteire (9p B Tl g P 2L
o pk=2k — 1 Pk —1 )

Let

dek—2ek __ 1 pdekfek _ 1>

1 —ek
+( +p ) pdk_k_l

F — |E|pdek+2ek6 (2p—kppdk_2k —

By equation we have IT112 < F'. Likewise [UZ2 < F. Ergo, 11,1115 < F.
Thus as [[TI| < p~2* 11,111,

[I11| < p 2*F. (3.5)
Putting I, 11, I1I together, we see that
I+ 11+ 111 < |EP/p** +4|E|?/p** + p~2*F

As we want [+ 1T+111 = |E3|/p**(140(1)), we need show that I[T+I1II = (|E[?/p**)o(1)
when |E| is of sufficient size. Note that by definition of F', we have e|E|p®* /p** < F/p*k.
As 4|E|?/p** < e|E|pik /p** for any size of E (recall E C R? and |R| = p*), we need
only have 2p~2FF < |E[3p~2¢F,

Let G = F/|E|. This gives rise to the inequality,

’E’3p—2ek Z 2p—2ekF
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which simplifies to

|E)? > 2G
|E| > V2G

Thus, as we used Theorem earlier in the proof and it requires

e—1
|E| > pek Z \/pdekerikfik (prikfk +1 _|_pfek)’
i=0

we must have

e—1
]E] > max <pel~c Z \/pdekerikfik <2p7ikfk 1 _i_pfek)’ A /2G> )
i=0
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4 CONCLUSION

We studied a variant the Erdés distance problem in the context of Galois rings. As
F, and Z, are both a kind of Galois ring, we generalize bounds for those much-studied
rings. For future works, we would like to extend the known results on Galois rings with
dot products to arbitrary local rings, dot product configurations with cycles, improve bounds
for small sets, and re-examine the known theory through the lens of spectral graph theory.
Throughout this thesis, we only used fairly elementary character sum estimates for Galois
rings. We conjecture it will be straightforward to find and use character sum estimates for
other types of local rings as well so long as they have a p-adic representation.

The author is currently working on extending the results to tree configurations.
This in turn leads to bounds for an inverse matrix multiplication problem. One of the ap-
plications of the trees result is a result for vector matrix multiplication. We expect to be
able to use a similar result for matrix-matrix multiplication to give a result for dot prod-
uct configurations with cycles.

It is possible that further improvements could be made to sharpen these bounds
and we did not consider small sets. For studying the Erdos distance problem in finite rings,
using character sum estimates and spectral graph theory are the common routes. To the
author’s knowledge, only character sum estimates have been used in the case of Galois
rings and so better results may be obtainable with spectral graph theory.

This work helps tie together much of the current theory of the unit distance prob-
lem in the context of dot products over finite rings. This theory also has applications in
additive combinatorics in bounding number of solutions to matrix equations. Just as Ga-
lois rings are the building blocks of finite local rings, we hope this thesis may be a building

block for this area of mathematics.
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