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1. INTRODUCTION

In this thesis we will discuss and prove results and theorems from group the-
ory. One of the main problems in group theory is to categorize groups up to iso-
morphism. For instance, how many groups of order n are there up to isomorphism?
For which integer n is there a unique group of order n? For which integer n are
there two groups of order n?

In Chapter 2, we summaries the basic definitions and properties of finite
groups. We provide examples of groups both abelian and non-abelian. Then we
outline some important definitions, examples, and theorems about subgroups. Two
important theorems are Lagrange’s Theorem and Cauchy’s Theorem. After that
we discuss some important theorems and definitions about conjugates, normal sub-
groups, and the centers of groups, which we will need in this paper.

In Chapter 3, we outline some basic definitions and theorems about homo-
morphisms, isomorphisms, and automorphisms. Then we give the definition, prop-
erties, and some examples of the Euler p-function. Finally in this chapter we will
go over two important theorems about automorphism groups.

We begin Chapter 4 by discussing Sylow’s Theorem which plays a major role
in this thesis. Then we move to some important definitions and theorems about di-
rect products, semi-direct products, finitely-generated groups, and the fundamental
theorem of finitely-generated abelian groups. At the end of this chapter, we investi-
gate direct products and semi-direct products.

In chapter 5, we completely characterize these integers n for which there is a
unique group of order n up to isomorphism.

In chapter 6, we determine for which integers n there are exactly two groups

of order n up to isomorphism.



2. BACKGROUND

Before starting the main part of this thesis, a review is necessary. In this
section, we will provide some basic definitions, theorems, and examples of groups.

The definitions below are given by Hungerford [2, p.172].
DEFINITION 2.1: A group is a nonempty set G equipped with a binary opera-

tion * that satisfies the following axioms:

1. Closure: If a € G and b € GG, then ax b € G.
2. Associativity: a * (b*c) = (axb) *x c for all a,b,c € G.

3. There is an element e € G (identity) such that a x e = e * a = a for every

a€d.

4. For each a € G there is an element a=! € G (inverse) such that a * a™! =

a_l*a:e.

A group is said to be abelian if it satisfies this axiom:
5. Commutativity: axb = b a for all a,b € G.

DEFINITION 2.2: For n € Z*, two integers a and b are said to be congruent
modulo n, written a = b (mod n) <= n|a—0b.
The set of all congruence classes of the integers for a modulus n is called the

set of integers modulo n, denoted by Z, and defined as follows:

An important subset of Z, consists of all collection of residue classes which
have a multiplicative inverse in Z,, denoted by (Z,)*: (Z,)* = {a € Z,| there exists

b € Z, with ab = 1}.



PROPOSITION 2.3: (Z,)* = {a| ged(a,n) = 1}.
EXAMPLE 2.4: (Z¢)* ={1,2,4,5,7,8}.
Here are some examples of abelian and nonabelian groups:

EXAMPLE 2.5: 1. Z,, Z,Q , and R are abelian groups under addition.
2. Q—{0}, R—{0} and Z} are abelian groups under multiplication.

a b a b
EXAMPLE 2.6: Let G = { la,b,c,d € R, det # 0}. This is a

c d c d
nonabelian group because, for example
1 2 3 1 7 5 5 12 3 1 1 2
2 6 2 2 18 14 6 16 2 2 2 6

DEFINITION 2.7: The order of an element a in a group G is the smallest pos-
itive integer n such that ™ = 1, denoted by |a| = n. If there is no such n, then
la| = oc.

Following this definition, are two examples of the order of a group element.
EXAMPLE 2.8: 1. In the additive group Zis ,|2| = 6 since 2+2+42+42+2+2 =0

and 2-n # 0 for any 0 < n < 6.

2. In the multiplicative group Z7 ,|2| = 3 since 2-2-2 = 1 and 2" # 1 for any

0<n<3.

DEFINITION 2.9: Let G be a group. A subset H of GG is a subgroup of G if H
is nonempty and for all a,b € H then ab € H and a~! € H. If H is a subgroup of

G, we denote this by H < G.
Here is an example of subgroup.
EXAMPLE 2.10: Z < Q < R under addition.
NOTATION: If S C G then (S) is the smallest subgroup of G containing S. If
S = {a} we will denote (S) by (a).
THEOREM 2.11: If G is a group and a € G, then (a) = {a"|n € Z}.
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DEFINITION 2.12: The group (a) is the cyclic subgroup generated by a

and if the subgroup (a) is the entire group G, then G is called a cyclic group.
EXAMPLE 2.13: Z, is a cyclic group for all positive integers n.
NOTATION: We will denote a “generic” cyclic group of order n under multiplica-
tion by C,,.

It is necessary to note the following remark.
REMARK 2.14: Every cyclic group is an abelian group.
DEFINITION 2.15: The order of group G is the number of elements in GG, de-
noted |G].
PROPOSITION 2.16: If H = (a), then |H| = |a|.
THEOREM 2.17: Every subgroup of a cyclic group is cyclic.

One of the basic important theorems about finite groups is Lagrange’s Theo-

rem.

THEOREM 2.18: (Lagrange’s Theorem) If H is a subgroup of a finite group G,
then |H| divides |G]|.

Following is a brief example of Lagrange’s Theorem.
EXAMPLE 2.19: If |G| = 15 then the only possible orders for a subgroup are
1,3,5, and 15.
COROLLARY 2.20: If |G| =n < o0 and = € G then |z| divides |G]|.

LEMMA 2.21: Let G be a group with identity element e. If a € G and if a™ = e,

then the order of a divides n.

Proof. Assume |a| = t for some ¢. This is means ¢ is the smallest positive integer
such that a’ = e. Divide n by ¢ using the Division Algorithm: n = tq + r for some

integers ¢ and r, where 0 < r < t. Now e = a" = a""" = d"a" = (a')%" = a".

We have a” = e and 0 < r < t. Because t is the smallest positive integer such that



a' = 1, then we must have r = 0. Therefore n = tq. Thus the order of a divides

n. [
THEOREM 2.22: If G is a group with prime order p, then G is cyclic.

Proof. Let G be a group and |G| = p. Choose any a € G that is a nonidentity
element of G. Then |(a)| divides |G|, thus |(a)| = 1 or p since p is prime. But since

|{a)| > 1, |{a)| = p. Hence (a) is all of G, so G is a cyclic group of order p. O

Another major theorem that is related to Lagrange’s Theorem is Cauchy’s

Theorem. Cauchy’s Theorem is a partial converse of Lagrange’s Theorem.

THEOREM 2.23: (Cauchy’s Theorem) If G is a finite group and p | |G| where p is

prime, then G has an element of order p.
Here is a brief application of Cauchy’s Theorem.

EXAMPLE 2.24: Let G = Zg, so |Zyg| = 9 and 3|9. There exists at least one

element of Zg which has order 3. In this case, 3 and 6 both work.

The next proposition will be used consistently throughout this paper.

PROPOSITION 2.25: If H and K are subgroups of group G, then |H K| = XL

The proof for this proposition is excluded from this paper but can be found

in Dummit and Foote [1, p 93]

DEFINITION 2.26: Let G be a group and N a subgroup of G. The element gng~!
is called the conjugate of n € N by g. The set gNg~! = {gng~'|n € N} is called
the conjugate of N by ¢g. The element g is said to normalize N if gNg~! = N. A
subgroup N of a group G is called normal if every element of G normalizes N, i.e.,

if gNg=! = N for all g € G. If N is a normal subgroup of G we shall write N < G.

COROLLARY 2.27: If H and K are subgroups of G and H < Ng(K), then:
1. HK is a subgroup of GG and

2. If K IG then HK < G for any H < G.

5



DEFINITION 2.28: Define Z(G) = {g € G|gr = xzg for all z € G}, the set
of elements commuting with all the elements of GG. this subset of G is called the

center of GG.

THEOREM 2.29: If |G| = p" with p prime then |Z(G)| # 1.

Proof. the proof for this theorem is excluded from this paper but can be found in

Dummit and Foote [1, p.125]. O
THEOREM 2.30: If G/Z(G) is cyclic then G is abelian.

Proof. Assume G/Z(G) is cyclic with generator 2Z(G). choose any g € G. So
gZ(G) = (2Z(G))k = 2*Z(Q) for some k € Z. Hence 27%g = 2 € Z(G).

eng = x"z. Given g1, g9 where g7 = 2"z and gy = x"25. ere-
Th ky G g2 € G, wh kiy and k22, Th
fore, g192 = xklzlx’”zg = xk1$k2z1zg = xk1+k221z2 = x’”*klzm = x’”mklzm =
k k1., _
T 200" 21 = gag1. ]

Now that elementary facts about groups have been examined, we will ex-

plore homomorphisms, isomorphisms, and automorphisms in the next chapter.



3. HOMOMORPHISMS, ISOMORPHISMS, AND
AUTOMORPHISMS

Roughly, a correspondence between two mathematical structures that are al-
gebraically identical is called an isomorphism. A weaker notation than isomorphism
is that of homomorphism. An isomorphism between a group and itself is called an
automorphism.

Below is the definition of homomorphism given by Hungerford [2, p.172].
DEFINITION 3.1: Let G and H be groups with operations » and o respectively.
A map ¥ : G — H such that ¥(a xb) = VU(a) o ¥(b) for all a,b € G is called a
homomorphism.

LEMMA 3.2: f ¥ : G — H is a homomorphism and ged(|H|,|G|) = 1, then
U(x) =1y for all x € G.

Proof. Let x € G then |z| divides |G| by Corollary 2.20. Let |x| = n, so 2" = 1
hence ¥(z)" = V(1) = 1 by lemma 2.21. So that |¥(z)| divides n, hence |V (z)|
divides |G]|.

On the other hand, ¥(z) € H, so |¥(z)| divides |H| by Corollary 2.20.
Therefore |U(x)| divides |H| and |G|. Since ged(|H]|,|G|) = 1, then |¥U(z)| = 1.

Hence ¥(z) = 1y because the only element of order 1 is the identity. O

DEFINITION 3.3: The function ¥ : G — H is called an isomorphism, and G

is said to be isomorphic to H (written G = H), if
1. ¥ is a bijection
2. W is a homomorphism.

With these definitions, it can be proved that the following facts are true.



REMARK 3.4: If ¥ : G — H is an isomorphism, then
e (G is abelian if and only if H is abelian
. G| = |H]
e |a| =|¥(a)| for all a € G.

THEOREM 3.5: All cyclic groups of order n are isomorphic.

DEFINITION 3.6: Let G be a group. An isomorphism from G to itself is called

an automorphism of G. The set of all automorphisms of G is denoted by Aut(G).

DEFINITION 3.7: The Euler p-function ¢(n) for a positive integer n is de-
fined to be the number of positive integers less than or equal to n that are rela-

tively prime to n.

Here are some relationships between n and ¢(n)
1. p(1) =1
2. ¢(p) = p — 1 where p is prime
3. o(p*) = p»1(p — 1) where p is prime
4. p(ab) = ¢(a)p(b) if ged(a,b) =1
5. (P Py i) = (pr = V(P2 — 1) (pe — Dpy" 95> s Py

Now we apply the Euler p-function to some examples.

EXAMPLE 3.8 1. o(7)=6
2. 9(9) = ¢(3%) =6

3. ¢(14) = ¢(2)p(7) = 6
The lemma below is given by Rose [3, p.82].

LEMMA 3.9: If G is a group then Aut(G) is also a group.
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Now we look at a proposition examining what an automorphism group can

be isomorphic to.

PROPOSITION 3.10: We have Aut (C},) = (Z,)* and this is an abelian group of

order ¢(n).

Proof. Let C,, = (z) and let o : C,, — (), be a homomorphism defined by
o(z) = x* for some a € Z . We know o(z) determines all the values of 0. Denote
this homomorphism by ¢,. We must have ged(a,n) = 1, because xz and z* have the
same order n if and only if ¢ is an automorphism. Define ¢ : Aut(C,) — (Z,)* by
¥(o,) = a (mod n).

Injective: Suppose ¥(0,) = ¥(0p). Then a (mod n) = b (mod n) and therefore

a = b+ kn for some integer k. Now z¢ = gb+k»

= 2°(z™)* = 2°. Hence o, = 0y, and
this proves v is injective.
Surjective: 1) is clearly surjective from the definition.

Homomorphism: We must show ¢(c, o 03) = 1(0,)1(0p). Note that for all o, o

in Aut(C,,). (040 0p)(x) = 04(0p(1)) = o4(2b) = (2°)* = 2% = o4(x). Therefore,
(o, 00p) = Y(0) = ab (mod n) = ¥(0,)Y(0p). So the map ¢ is homomorphism.
Hence Aut(C,,) = (Z,)*. O

The next proposition will be heavily used throughout the rest of this paper.

It is important to keep the corollary in mind.

PROPOSITION 3.11: Aut(C,) = C,_; where p is prime.

Proof. The proof of this proposition can be found in Dummit and Foote, Corol-

lary.19,[1, p.314]. ]

Table 1 on the next page show the automorphism groups for some given

groups.



Table 1: Automorphism Groups

Group G Aut(G)

4 4
Cy 4
Cs Cy
Cy Cy
Cs Cy
Cs Cy
C7 Cs
Cy Cy x Cy
Cy Cs
Cio Cy
Ch Cho
Cio Cy x Oy
C(13 C(12
Cia Cs
Cis Cy x O

10



4. DIRECT AND SEMIDIRECT PRODUCTS

THEOREM 4.1: (Sylow’s Theorem) Let G be a finite group of order p®k, where p

is prime and p t k then:
1. G has a subgroup of order p®

2. If H and K are Sylow p-subgroups of G, then there exists a € G such that
H=a'Ka.

3. The number of Sylow p-subgroups of a finite group G, denoted n,, divides |G|

and is of the form 1 + pk for some integer k£ > 0.

EXAMPLE 4.2: Let |G| = 45 = 3? - 5. In G, a Sylow 3-subgroup has size 9 and
Sylow 5-subgroup has size 5. By Sylow’s theorem n3|5 and ny = 1 (mod 3), hence
n3 = 1 and n5|9 and ns = 1 (mod 5) , so we have ns = 1. Therefore G has a normal

Sylow 3-subgroup and Sylow 5-subgroup.

DEFINITION 4.3: The direct product G; x Gy X ..... x G, of the groups
G1,Go, ... , G, with operations i, *g, ..... , *n, Tespectively, is the set of n-tuples (g1, g2,

where ¢; € GG; with operation defined componentwise:

(gl,gg, 7gn) * (hl, hg, 7hn) = (91 *1 hl,gg *9 hg, ceeey Gn K hn)

ey Gn)

NOTE: If Gy, Gy, ....., G, are groups, then G1xGaX.....xG,, has order |G1||Ga|.....|Gy].

DEFINITION 4.4: A group G is finitely generated if there is a finite subset S
of G such that G = (5).

THEOREM 4.5: (Fundamental Theorem of Finitely-Generated Abelian

11



Groups) If G is a finitely-generated abelian group, then

GXZ xCp X Cpy X ... x Ch,

for some 7,ny,n9,...,ns € Z, where r > 0, n; > 2 for all j, and n;4y | n; for
1< <s—1.
LEMMA 4.6: C,, x C,, = C,,, if and only if (m,n) = 1 for m,n € Z*

Proof. The proof for this lemma is excluded from this paper but can be found in

Dummit and Foote [1, p.163]. O

Here is an example of the lemma.
EXAMPLE 4.7: Cg = Cy x (5.
The next theorem holds great importance in this paper.

THEOREM 4.8: Suppose H and K are subgroups of group G such that
1. H<G and K <G and
2. HNK =1

Then HK = H x K.

Proof. The proof for this lemma is excluded from this paper but can be found in

Dummit and Foote [1, p.171]. O

PROPOSITION 4.9: Let G be a group of order pq, where p and ¢ are prime such

that p < ¢. If p{ (¢ — 1), then G = C),.

Proof. G has Sylow subgroups C,, and C,. Also, n,|q and n, = 1 + pk for some
integer k& > 0. So either n, = 1 orn, = ¢. If n, = ¢, then ¢ = 1 + pk for some
integer k£ > 0 and so p|(¢—1) which contradicts our hypothesis p{ (¢—1). Therefore

n, = 1 and C, < G. By Corollary 2.27 C,C, is a subgroup of G. By Proposition

12



2.25, |C,C,| = ||g:|rtg‘;|| = &4 = |G|. Hence G = C,C,. We have n, = 1 or p (since

ngp) and n, = 1 + kq for some integer £ > 0. If n, = p, then ¢ = 1 + kp > p for
all k > 0, a contradiction to ¢ > p. Therefore n, = 1 and Cj, is normal in G. Now

G = C,Cy = C), x Cy by Theorem 4.9 and G = (), by Lemma 4.6. m

DEFINITION 4.10: Let H and K be groups and let ¢ : K — Aut (H) be a
group homomorphism. Let G = {(h,k)|h € H and k € K}. Define multiplica-
tion on G by (hy, k1)(ha, k2) = (h1t(k1)(he), k1k2). This multiplication makes G
a group of order |G| = |K||H|, where the identity of G is (1,1), and (h,k)™! =
(P(k~1)(h™1), k™) which is the inverse of (h, k). The group G is called the semi-

direct product of H and K with respect to ¢ (denoted by H x, K).
Here are examples of semi-direct products.

EXAMPLE 4.11: 1. C5x Cy = (z,y|lz* =3 = 1,27 lyz = y 1)

2. (O3xC3)xCy=(x?* =y =22 =1lyz =zy, v lyr =y L o7 lzy = 271).

The following theorem is also used constantly throughout the remaining

pages of this thesis.

THEOREM 4.12: Suppose H and K are subgroups of group G such that
1. H 4G, and
2. HhK =1
3. |G| =|HK]|.

Then G = H x, K for some ).

Proof. Let ¢ : K — Aut(H) be given by 1(k)(h) = khk~!. Then one can check
that G = H xy K. O

13



REMARK 4.13: If H and K are groups and ¢ : K —Aut(H) is the trivial homo-
morphism, i.e. ¥ (k1) =id, for all k; € K. Therefore (hy, k1)(ha, ko) = (h1t(k1)(he), k1ks) =
(hihg, kiks). Hence H xy K = H x K.

LEMMA 4.14: Let |G| = pq where p and ¢ are primes with p < ¢, where p|q — 1.

Then there is a nonabelian group of order pq.

Proof. By Cauchy’s Theorem, G has elements of orders p and ¢, and therefore cyclic
subgroups C, = (x) and C, = (y). We have Aut(C,) = (Z,)* which has order ¢ — 1,
and since p|g — 1, there is an element d € (Z,)* of order p by Cauchy’s Theorem.
There is a non-trivial homomorphism ¢ : C, —Aut(C,) defined by ¢(y)(z) = 2%
The group C, x4 C, has order pg and since ¢ is not the trivial homomorphism, it is

nonabelian. O

LEMMA 4.15: If there are g non-isomorphic groups of order d and d|n then there

are (at least) g non-isomorphic groups of order n.

Proof. 1f C; are non-isomorphic groups of order d where i = {1,2,....,g}. Then
C; x Cyjq fori = {1,2,...., g} are non-isomorphic groups of order n by The Krull-
Schmidt Theorem. O

THEOREM 4.16: The center of a direct product is the direct product of the cen-
ters Z(Gy X Go X X.... x G) = Z(Gy) x Z(Gy) X ..... X Z(G).

LEMMA 4.17: Z(C, x C,) = 1.
Proof. We have Z(C, x C,) = 1,p, q, or pq.
1. If Z(C, x C,) = pq then it abelian group which is contradiction.

2. It Z(Cy x Cp) = p then |[(Cg x C,)/Z(Cy x Cp)| = EL = ¢. Hence (Cy

Cy)/Z(Cy x Cy) is cyclic. So it is abelian, which is contradiction.

14



3. If Z(C, x Cp) = q then |(C, x C},)/Z(C, x Cp,)| = B = p. Hence (C, x

?_

Cy)/Z(Cy x Cy) is cyclic. So it is abelian, which is contradiction.
Therefore Z(C, x C,) = 1. O
LEMMA 4.18: If ged(| K|, |Aut|H|) = 1, Then H x K = H x K.
Proof. By Lemma 3.2 and Remark 4.13 we have H x K = H x K. m

On the next two pages Table 2 and Table 3 show groups of small order (up

to isomorphism) and comments about these groups.
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Table 2: Groups of small order (up to isomorphism)

Order n No.of Groups Abelian Groups Non-abelian Groups
1 - 1 Ch -
2 2! 1 Cy -
3 3! 1 Cs -
4 22 2 Cy, Oy x Gy -
5 5! 1 Cs -
6 213t 2 Cs Ss
7 7! 1 Cy -
8 23 5 Oy, Cy x Cy, Cy x Cy x Cy Ds,Qs
9 32 2 Cy, O3 x C4 -
10 2.5 2 Cho Do
11 11! 1 Cn -
12 22 31 5 Cia, Cg x (Y Ay, D12,C5 x Cy
13 13! 1 Cis -
14 2171 2 Cha D1y
15 3t.51 1 Cis -
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Table 3: Comments on groups of small order

Abelian Groups Non-abelian Groups Comment
4 - -
Cy - Order p
Cs - Order p
Cy, Cy x Cy - Order p?
Cs - Order p
Cs Ss Order pg and p | ¢ — 1
Cr - Order p
Cg, Cy x Cy, Cy x Cy x Cy Ds.,Qs Order p?
Cy, O3 x Cs - Order p?
Cho Dqo Order pg and p | ¢ — 1
Ciy - Order p
Cha, Cs x Cy Ay,D19,C3 x Cy -
Ci3 - Order p
Cy D1y Order pg and p | ¢ — 1
Cis - Order pg and ptq—1

17



5. UNIQUE GROUP OF A GIVEN ORDER

For p prime, up to isomorphism, there is a unique group of order p, namely
C, by Theorem 2.22 and Theorem 3.5. Also there are other cases that do not have
prime order, but there is a unique group of that order. For example the only group
of order 15 is ('15. In this section we completely determine when there is a unique

group of a given order n.

DEFINITION 5.1: A square-free integer is an integer that cannot be divided by

any perfect square number other then 1.
Here are a few examples of square-free integers.

EXAMPLE 5.2: 1. any prime p is square-free integer.
2. 15 is square-free integer.

3. 12 is not square-free integer since 2% | 12.

LEMMA 5.3: Let n = p{'py*........ py* where the p; are distinct primes for i =
1,...,k and let ¢ denote the Euler ¢-function. Then ged(n, p(n)) = 1 if and only if

a; =1 for 1 <i <k (ie nis square-free) and p; { (p; — 1) for i # j, (1 < 4,5 < k).

Proof. (<) Ilf a; =1 and p; 1 (p; — 1), so n = pipa........ pr and o(n) = (p1 — 1)(p2 —
1)....(pr — 1). Hence ged(n, ¢(n)) = 1 since p; 1 (p; — 1).

(=) Let n = p"p52........ p**. Assume ged(n, p(n)) = Lthen ¢(n) = (p1 —
(p2 — 1)....... (pr — Dp?* >t pt . We must have a; — 1 = 0 for all i =
1,2,...., k, otherwise p; divides ged(n, p(n)) = 1. Therefore o;; = 1 for all 7. Also, if

pi | p; — 1 for some j, then p; is a common divisor of n and ¢(n), a contradiction.

Therefore p; {p; — 1 forall i # j, 1 <i,5 <k. ]

Before proceeding we need to know the definition of a solvable group and

the statement of the Feit-Thompson Theorem.
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DEFINITION 5.4: A group G is solvable if and only if 1 = Ny < N; <IN, <. <

N; < N1 = G such that |N;1/N;| = p; where p; is prime number.
THEOREM 5.5: (Feit-Thompson Theorem) Every group of odd order is solvable.
Now we come to one of the main result of the thesis.

THEOREM 5.6: Let |G| = n = pi'p5*....... pp* where n € Z*. Then there is a
unique group of order n (up to isomorphism) if and only if ged(n, p(n)) = 1, where

¢ denotes the Euler ¢-function.

Proof. (=) We want to show if there is a unique group of order n, then ged(n, ¢(n)) =
1. So, we will show if ged(n, p(n)) # 1, then there is more than one group of order
n. Assume ged(n, ¢p(n)) # 1. There are two cases by Lemma 5.3.
Case 1: Some «; > 1, then ged(n, p(n)) > p;. So there exist two non-isomorphic
abelian groups: Cp, x Cp, x C, 2, and Cp2 X C,, 2. Therefore there is more than
one group of order n.
Case 2: All ; = 1 and there are p;, p; such that p;|p; — 1 for some 7,5 € {1,2,...,k}
where i # j. Without loss of generality let ¢ = 1 and j = 2. By Lemma 4.14 |
there is a non-ableian group H of order pip,. Then H x Cy/;,p,) and C,, are a non-
isomorphic groups of order n.

(<) Assume ged(n, ¢(n)) =1, s0 n = pipa........ pr and p; 1 (p; — 1) for all 4, j,
where pq, ps..., pi are distinct prime numbers.

We will prove by induction on k that Cy,,,.. p, is the only group of order
p1p2----Pk-
(1) If £ = 1, then n = p;, where p; is prime and we know that any group of prime
order is isomorphic to C,,. Therefore, the result holds for k£ = 1.
(2) Assume by induction that the result holds for & = r, that is the only group of
order pips....p, (up to isomorphism) is Cp,p,.. p, -

(3) Now want to prove the result for k = r + 1, where r + 1 > 1.
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CLAIM: |G| is odd.
PROOF THE CLAIM: Let us suppose |G| is even. Then |G| = 2ps.....p,41. Since

r+ 1 > 1 there exists py > p; = 2, so ps is an odd prime. Therefore 2|ps — 1. So
by Lemma 4.14 and Lemma 4.15 there are two non-isomorphic groups of order n.
Therefore |G| must be odd.

By the Feit-Thompson Theorem G is solvable. In particular N, < G. With
out loss of generality let |G/N,| = py, then |N,.| = ps....p,+1 and hence by induction

we get N, = C

‘bo..pr1- By Cauchy’s theorem, there exists an x € G such that |z| =

pr - Let H = (z) then |HN,| = [l = 2Pzt — |G] So since HNN, = 1, N, <
G and |[HN,| = |G|, we have a semidirect product G = N, x, H where ¢ : H —
Aut(N,) is a homomorphism, and Aut(N,) = (Zp, . p...)", where |(Zp, p...)"| =
@(pa-...pri1) = (P2 — 1)(ps — 1)-....(prs1 — 1). Since ged(|H|, [Aut(N,)|) = 1, then by
Lemma 3.2, ¢(z) =id. Hence G = N, x H = N, x H by Remark 4.13. Therefore,

G=N,xH=C(, x Cp, = Oy, pry- Hence Cpp,. p.., 1s the only group of

2..--Pr41

order pipa....pri1- ]

Here is an example of a unique group of given order.

EXAMPLE 5.7: Let |G| = 255 = 3-5-17. Then the only group of order 255 (up to
isomorphism) is Coss = C3 x C5 x Cy7 since 31 (5—1) ,34(17—1) and 51 (17 —1).
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6. TWO GROUPS OF A GIVEN ORDER

In this section we prove when there are exactly two groups of a given order

up to isomorphism.

LEMMA 6.1: If there are ¢, : K — Aut (H) homomorphisms and there exists

an automorphism « : K — K such that ¥ = ¢ oa. Then H xy K = H x4 K.

K — Aut(H)
| <
K
Proof. Consider Q : H x, K — H x4 K given by Q(h, k) = (h, a(k)).
To show H x, K = H x4 K we need to check that 2 is a bijecttion homo-
morhism.
First we need to show that 2 is bijection. Since « is bijection, €2 is a bijec-

tion.

Now we need to check that €2 is a homomorhism.
Q((ha, k1) - (ho, ko)) = QP (k1) (ha), kikz) = (hitp (k1) (he), a(kiks))
On the other hand,

Q(ha, k) - Qo k) = (hia(kr)) - (haa(ks))
= (ho(a((k1))(he), a(ki)a(ks))

= (h1p(k1)(ha), a(kikz))

Hence Q((hy, k1).(ha, k2)) = Q(hy, k1).Q(hg, k). Thus Q is homomorphism. We
conclude that H x4 K = H x4 K. O
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THEOREM 6.2: If |G| = pg where p < q are primes, then

1. Ifptq—1, then G = C, x C,. Thus, there is only one group of order n up to

isomorphism.

2. If p| g—1, then either G = C, x C,, or G = C,, x4 C,. Thus, there are exactly

two groups of order n up to isomorphism.

Proof. When p 1 (¢ — 1), this is Proposition 4.9. By the proof of Lemma 4.14, G =
Cy x4 C, for some homomorphism ¢, where ¢ : C, — Aut (C,) = (Z,)*. There
are p homomorphisms ¢; : C, — (Z,)* given by ¢;(z) = r,0 < ¢ < (p —1).
Since ¢y is trivial homomorphism, C, x4, C, = C, x C,, and G is cyclic of order pq.
Each ¢; for i # 0 gives a non-abelian group C; x4, C,. We now show that these are
all isomorphic. The map « : C, — C, defined by a(x) = 2 is an isomorphism
for1 < i < (p — 1) because ged(i,p) = 1, and ¢; o @ = ¢;. By Lemma 6.2,

Cy X, Cp = Cy Xy, Cp for 1 <i < (p—1). O

We now give an is an example of theorem 6.2.

EXAMPLE 6.3: Let |G| = 21 = 7 -3 where 3 < 7 and both primes. We have
3|7 — 1 hence there are two groups of order 21 which are G = Cy; = C3 x C7 and
G =20«

SPECIAL CASE: If |G| = 2p where p is prime, then the groups of this order (up to
isomorphism) are Cy, and Dy,

THEOREM 6.4: If |G| = p* with p is prime, then there are exactly two groups of

this order (up to isomorphism) namely Cp2 and C, x C,,.

Proof. Since |G| = p? with p is prime, then the center |Z(G)| # 1 by Theorem 2.29.

In particular, by Lagrange’s Theorem |Z(G)| = p or p°.

1. If |Z(G)| = p?, then G = Z(G), hence G is an abelian group.
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2. If |Z(G)| = p then |G/Z(G)| = p*/p = p, thus G/Z(QG) is a cyclic by Theorem

2.22. Since G/Z(G) is cyclic G is an abelian group by Theorem 2.30.

By the Fundamental Theorem of Finitely-Generated Abelian Groups, we

may conclude, G = C)2 or G = C), x (), O

THEOREM 6.5: If |G| = p*q where p and ¢ are distinct primes, such that ptq—1
and ¢ 1 p?> — 1 then there are exactly two groups of this order (up to isomorphism)

namely C)2, and C, x C, x Cj,.

Proof. Let pt ¢ — 1 and ¢q 1 p* — 1 By Sylow’s Theorem n, = 1 (mod p) and n,|q,
so the divisors of ¢ are 1 or ¢, but it cannot be ¢ because by assumption p { ¢ — 1.
Therefore there is a unique Sylow p-subgroup denoted by H and H < G. Similarly,
by Sylow’s Theorem n, = 1 (mod ¢) and n,|p?, so n, = 1, p, or p?. Also since
qtp*—1, then n, # p*. If n, = p then ¢[p—1 so ¢|(p—1)(p+1) hence ¢q|p* —1 which
is contradiction. Therefore n, = 1. So there is a unique Sylow g-subgroup call it K
and K < G. By Lagrange’s Theorem since the only divisor of |H| and |K| is {1},
HNG = {1}. Hence, |HK| = 74 = |G| So G = HK. Since H 4G, K 4G,
HK = G and H N K =1, then by Theorem 4.9, G = H x K and since K = C, and
H=CporCyxCyothen GEHXK=ZCprxCior GEHXxK=C,xC,xC,. [0

Here is an example of Theorem 6.5

EXAMPLE 6.6: Let |G| = 45 = 3%-5 where 3 and 5 both primes. We have 3{5—1
and 51 9 — 1. Hence there are exactly two groups (up to isomorphism) of order 45

WhichareG%C45%C’g><C'5 andG%ngCg,XCg)%Clg,ng.
THEOREM 6.7: Let |G| =n = p*p32........ p¥. Then there are exactly two groups

(up to isomorphism) of order n if and only if:

I. All o; =1, and p,|ps — 1 for exactly one pair (r,s) or
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II. There is exactly one a; = 2, and all the rest are equal to 1 with p; { p; + 1 and
pif p; — 1 for any (i, j).

In case I, either G = C,, or G = (Cp, x C,,.) X Cp/p.p,, Where Cp, x C,, is the unique
nonabelian group of order psp, up to isomorphism from Theorem 6.2.

In case II, G = C), or G = Cp, X Cp, X Cyy 2.

Proof. (=) We will prove this by contraposition for three cases:
Case A: If o; = 1 for all 4, then we have two cases:

(a) Assume there are two pairs (r,s) and (r/, s") such that p,|ps — 1 and
pr|py —1. So we have G = (Cp, X C,, ) X Cjpp, = G1, G = (Cpr xCpyp ) X Crpppr . = Go
or G = C,,. By Theorem 4.17 we have Z(C,, x Cp, ) = {1} and Z(C,, x Cy) = {1}.
By Theorem 4.16 Z(G1) = Cyjp,p, and Z(G2) = Cyjpp. If Gi = Gy, then

PsPr = Ps P hence we have two cases:

1. p, = p and ps = py. This contradict the fact that (p,, ps) # (pr, ps)-

2. p, = pg and ps = pv. Now py = p, < ps = pr < Py implies py < py which is

contradiction.

(b) If there is no pair such that p,|ps — 1 then by Theorem 5.4 there is a unique
group of order n.
Case B: If a; = 2 and o; = 1 for all i # t, then we have two cases:

(a) pilp; — 1 for some 1, j, so there are two abelian groups which are C,, X
Cp X Crpp2 and €y, X €2 and a non-abelian group of order p;p; winch is C,
Cp; X Crypip; -

(b) Assume p;|p; + 1. This implies p; divides |Aut(C),, x Cp,)| = |GL2(Z,,)| =
(p? — 1)(p? — p;) by Dummit and Foote [1, p.136]. By Cauchy’s Theorem there is an
a € Aut (C), x C),) of order p;. Define ¢ : C,, — Aut (C,, x C},) by ¢(z) = «a.
This is non trivial, so (C}, x C},) x C,, is non-abelian. Hence we have ((C,, x C,,) »

Cp;) X Crypop, 18 a third group of order n.

24



Case C: If ., > 3 or ay, o, > 2 for some 7, s.
(a) Assume «a, > 3, then we have three non-isomorphic abelian groups which

are:
L Gy x Cp, X Cp, X Cly s
2. Cp, x Cp, X Cpppa
3. Cp 5 X Chyp.

(b) Assume ay, . > 2, then we have four non-isomorphic abelian groups which are:
L Cp, X Cp, X Cp, X Cp, X Cypppe

2. Cpe x Gy, x C, X C

/pEp?

3. Cpr X Cpr X Cp2 X Cn/p%pz

s s

4. Cpe x Cp2 X C

/pEp2-
(<) We show that if either

1. All @; =1, and p,|ps — 1 for exactly one pair (r, s) or

2. There is exactly one oy = 2, and all the rest are equal to 1 with p; { p; + 1 and

pi tp; — 1 for any (3, 7).

Then there are only two groups (up to isomorphism) of order n.

First we assume that all a; = 1, i.e |G| = n = p1pa...pk, and p,|(ps — 1) for
exactly one pair (r.s). Note that k # 1 because if £ = 1 then |G| = p and there is
only one group of order p. We will prove our claim by induction on k.

Base Case If k = 2 then we have n = p;p, and without loss of generality p;|ps — 1.
The result follows by Theorem 6.2, part 2

Induction Hypothesis Assume the result holds for m > 2.

Inductive Step We want to prove it holds for &k = m + 1. We have two cases:
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(a) If n is even, so n = 2pq.... thus we have 2|p— 1 and 2|¢ — 1 which contradicts the
uniqueness of (r, s).
(b) If n is odd, by the Feit-Thompson Theorem G is solvable and thus there is an
N < G such that |G/N| = p;, where |[N| = n/p; = pip2...pi—1Pit1----Pm1- By the
usual argument, G = N %, C,,, for some .
(i) Suppose p; = p,. Since |N| = pipa....pr—1DPr+1----Pm+1 and p, { pg — 1 for any
ps||N| and po||N|, hence by Theorem 5.6 N = C,,,,, .

Let ¢ : Cp, — Aut(Cryp,) = (Znsp, )" = (L, ) X (Zipy)* X ... X (Zyp, ,)* X
(Zp, )¢ X oo X (Zp,)* be a homomorphism, where |(Zyp,)*| = (p1 — 1)(p2 —
Deoi(pr—1 — (g1 = 1) eece(pr1 — 1)eeeei(pr — 1). Now pp|ps — Land p, { p; — 1
for j # s, Therefore the action of €}, on C,, is trivial except possibly when j = s.
Thus C,,/p, Xy Cp, = Cy if 1 is trivial. G, . Xy Cp, = (Cp, X Cp) X Cypp, if 1 18
non-trivial
(ii) Suppose p; = ps, so we have p, { ps—1 in N for any ps||N| and p,||N|, Theorem
5.6 implies N = C,, /.. Therefore G = C,,,,, 3y Cp, where ¥ : C,, — Aut(C,,p,)
is a homomorphistn, AU(Corp.) = Zpupaprspesnn) s A0 Zpppe1prsreome) | =
(p1 = D (p2 = 1)ee(ps—1 = D(psyr — 1) (pr — 1),

Since ged(Aut|N|, |K|) = 1 then by Lemma 4.18 G = C,,/,, x Cp, = C,p, X

Cp, = Cy,. Therefore, G = C,, ), X Cp, = O, . Hence C), is the only group of

Pl
order n = pyps....px When p; = p,.

(iii) Suppose p; # p, and p; # ps. We have pg||N| and p,||N|. Since |N| has m
prime factors, by induction we have N = C,,,, = Ny or N = (C,,, XCy, ) XCh ppops =
Njy. As usual G = N x (), for either choice of V.

Case 1: N = Nj. Since ged(|C, |, | Aut(Ny)|) =1, by Lemma 4.18 G = C,, ), X Cyp, =
C,.

Case 2: N =2 Ny. Now Aut((Cp, % Cp,) X Cr/popep) = Aut(Cp, x Cp, ) x Aut

(Ch/prpsps)- We have [Aut(C,, x C,. )| = (pr — 1)p, (Walls, p 459-462). Hence
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|AUt((Ops X Cm) X Cn/prpspi)

=p(pr =D (1 =D (p2—=1)-....pr = 1)-.(ps = 1)... (P — 1).
By the hypothesis p; does not divide any of these factors. So by Lemma 4.18, G =2
((Cp. % C) % Cojprp) X Co, = (Cp, 3 Cp,) X G

Now we will prove the second part (IT) of the theorem. Assume there is ex-
actly one oy, = 2, and all the rest are equal to 1 with p; { p, + 1 and p; { p; — 1 for
any (i, )
We prove this part by induction on k.
Base Case: If k = 1, then |G| = p? and hence G is abelian, then G = C, x C,, or
G = ()2 by Fundamental Theorem of Finitely-Generated Abelian Groups.
Note: If k£ > 1, the hypotheses imply n is odd.

Induction Step: Let k£ > 1, so n is odd , hence G is solvable, so N < G. Since |N| =

n/p; = pip2.--Pi—1Pit1---Pk, We have two cases

(i) If p; = py, then |[N| = n/p; = pips...ps...pk, where [G : N] = p; . Choose

z € G\ N, then z”* € N. We have N = C,,/,, = {y}. Then zyz~" = y*, therefore
y = xPrys P = ¥ Hence a” = 1 mod p;ps....ps...pr. Therefore the |a| = 1 or

pe. Since the order of a in [(Zy,py..p) | = (01 — 1)(p2 — 1).....(pr — 1). So |a| =1

Therefore xy = yx.

(ii) If p; # p; then by induction N = C,, ,, = Cp2 x C,

n/pipi

or N = (), xC, xC,

/pipi-

By Cauchy’s Theorem there exists a subgroup isomorphic to C),. Assume we have

G = N xy, Cp,,where ¢ : C,,, — Aut(N).

IEN = Cp,, [Aut(Crpp,)| = [Aut(Cp)|- [Aut(Cpy )| - [AUL(Cp2 )]
|Aut(Cp, )| So | Aut(Chyp,)| = (01 —1)(p2 —1)...(pi = 1)...pe(pr — 1)....(px — 1). Since

p; does not divide any of these factors, by Lemma 4.18, C,, ,, X C,, = C,,.

N = Cp xCp xC, |Aut(Cy, x Cp,) x (C, )| = |GLy(Zy,)] -

pi—1

/Pipit /Pipi
[(Znjzp) | = (07 = 1) (07 = pe)(pr = D) (p2 — 1) )ooe(Pr — 1) = pe(pe — 1)*(pe +
D(p1—1)(p2 —1)..... (]f—\l)(pk —1). Since p; does not divide any of these factors,

by Lemma 4.18, G = (), x C), x C, X Cp,. O

/P?pi
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Below are examples of theorem 6.7
EXAMPLE 6.8: 1. Let |G| =165 = 3-5-11. Then there are two groups of order
165 (up to isomorphism) which are Cig5 = C3 x C5 x C1; and (C1y x C5) x C3
since 5[(11 — 1), but 34 (5 —1) and 31 (11 — 1)

2. Let |G| = 2275 = 5% - 7- 13. Then there are two groups of order 2275 up to
isomorphism namely Cog7s = Chs x C7 x C13 and C5 x C5 x (7 x (13 since

T4(G+1),134(5+1),74(13=1),5¢(3—1) and 51 (7T —1) .
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7. CONCLUSION

Let f(m) be the number of groups of order m up to isomorphism. For exam-
ple f(15) =1 and f(21) = 2. In this thesis we have characterized these m for which
f(m) =1 (Theorem 5.6) and for which f(m) =2 (Theorem 6.7).

One future research topic would be determine when f(m) = 3 or f(m) = 4,
i.e. there are exactly three groups and exactly four groups of order m up to isomor-
phism.

One may ask if for every n is there an m such that f(m) = n?. For instance,
can we find m such that f(m) = 57 Yes, f(8) is the number of non isomorphism
groups of order 8 is 5 namely Cy, C3 x Cy, Cy x Cy x (5, Dy, and ()g. Experimental
evidence indicates the answer is yes for all n, but this is another topic for future

research.
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